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Complex Numbers
Studentsy Learning Owteomes &QO

After completing this unit, the students will be : /

\g

»  Identify complex numbers, complex conjugate, absolute ve@r modulus of a complex

number ?

Apply algebraic properties and perform basic operatj complex numbers.

Demonstrate additive identity and multiplicativ &1 y for the set of complex numbers.
of

Find additive inverse and multiplicative invgfs

a omple)®mber z.
Demonstrate the following properties @

o lzl=l|-z|=1lz]=]-z|

vV v v Vv

=z +7 1 Z
o z,+z,=2+z, & Zl Z 5 ( ] Zj,zz;to
2

»  Apply the Geometric i retation oélex number, modulus of a complex number and
algebraic operatlon mplex
»  Find real and 1 part ex numbers of the type (x + iy)" and

+zy2¢0 where n==+1and n =+2.

Ve the simultaneous linear equations with complex coefficients.

INTRODUCTION

his unit introduces the fascinating world of complex numbers, beginning with their
identification and the exploration of related concepts such as the complex conjugate,
modulus and their representation in both algebraic and geometric forms. Students will
apply core algebraic operations and understand how complex numbers obey
properties. The unit also extends to evaluate expressions involving powers and
quotients of complex numbers, extracting real and imaginary parts and solving
simultaneous linear equations with complex coefficients.




Complex Numbers |

Before we explore complex numbers, let’s first consider the question: "Is there a real

number whose square is negative?" To answer this question, we can examine a few
simple examples. Let’s take a look at equations 1 and 2 for better understands

Equation 1: x* - 1=10

N W B W
2
«I'\/\]

-2
\ vV

'. ; Equation 2 has no real solution,
o= 1. N ® % since the graph of /(x) =x* + 1
fx) = sses th is at does not cross the x-axis.

@ and (1, 0).

This is beca squaring any real number never results in a negative value. Therefore,

ife 2 has a solution, we need to introduce a new kind of number, an imaginary
, defined as the square root of —1. This imaginary unit is represented by the

mbol i (iota). The imaginary number i tells us that ;> = —

Simplify the following:

Qi i’ i) ® (i) iV (iv) i
@ Solution p @ | Do you know?
(i) iT=i% xi=PPxi=(1)yYxi=-i Complex numbers are essential for

. " 4 4 many technologies like smartphone
(i1) =) =E)"=1 signal processing and MRI imaging.
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(iii) iV =% i=P)Pxi=(1)Y¥xi=i

s 1 1 1 1 ll.xi i
i

(iv) iP=—= L

i itxi @)Pxi (=D)?xii i 0 -l

We have observed that the equation x*> + 1 = 0 has no solution within the real #fumber
system. To address equations like this, we expand the real number sysinclude
new types of numbers, leading to the development of the complex% ef s

rectangular form. ‘\
<

The idea of complex numbers first emerged in 16" century, whdn Italian

ystem in

Mathematician Gerolamo Cardano discovered that equati uld still be

solved when they involved the square root of negati ber. In the 18"

century, Carl Friedrich Gauss (German Matheggticigh and astronomer) & i
Gerolamo Cardano

expanded this early idea. (1501 - 1576)
A complex number is a number expre@g&e fo%’\; iy, where x and y are real
numbers and 7 is the imaginary uni d by z%

N5 Rectangular F&of a C@plex Number

A complex number is he formygx iy (or x + yi), where x and y are real

numbers, x is called@al pa is called the imaginary part of the complex
number.

(1) the complex number is said to be pure imaginary.
(i) \&v

i It is customary to denote the standard rectangular form of a complex
$® number x + iy as z and we write x = Re(z) and y = Im(z).

For example, Re(5 —7i) =5 and Im(5 -7i)=-7

= 0, the complex number is said to be real.

Equality of Complex Numbers

Two complex numbers z, = x; + iy, and z, = x, + iy, are said to be equal if and only
if Re(z,) = Re(z,) and Im(z,) = Im(z,). 1.e. x, =x, and y, =y,.
For example, if a +if =-2 + 5i,thena =-2, f=5.
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7 » Complex Numbers 4

If 2x—1) + (v +4)i =5 + 7i, then find the values of x and y.
@ Solution P Giventhat 2x— 1)+ (y+4)i=5+7i

Since the two complex numbers are equal, their real and imaginary parts must be equal.

2x—-1=5 , y+4=7
2x=6 y=7-4 &

x=3 y=3
i 4§
1. Simplify the following: Q}
i i° (i) ' (i) (ZiN? (iv) 27i°2
v) "+ (i) @ +it+it+i) u%“J (viii) i®xi”
2. Write in terms of i. v

(i) 2++—4 (i) (m}&w iv) v2-v3
<g<</

3. Find the values of x and y. %
() (x+5)+(y—23)i ) (Gx+2)—(4—1)i=5+3i

(i) Q+i)x+(1- 21)@ 4i s\o\ (iv) (I-dDx+QR+i)y=4-i
v) (3x—1)+(2@)l—

Algebr pe@n& on Complex Numbers |

AN
1.2.1 @ Multlphcatlon of Complex Numbers

If z=x+1y k € R, then we define kz = (kx) + (ky)i or (kx) + i(ky)

1
T ming diagram shows kz for k= 2, 5 -1
ImA ml ml

2z

S S S
rd rd rd

O Re 0] Re %) Re
k=2 k= k=-1

—Z

Figure 1.3 Figure 1.4 Figure 1.5
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5 » Complex Numbers

| W2y Addition of Two Complex Numbers

If z, = x, + iy, and z, = x, + iy, where x|, x,, y, m? z+z,
and yz € R, then ) or (xl +x2_s,y1 +y2)
. . NEUE Sl
z,tz, :(x1+ly1)+(x2+ly2) - " l
=(x1+x2)+i(y1+y2) @
From figure 1.6, also by the parallelogram o)
XLV

law of addition,

_ . 0 Re
zptzy =0 T xy) iy, ) *\gure 1.6
The fundamental rules for addition, subtraction, multiplication and ision of complex numbers
were formulated by the Italian mathematician Rafael Bo 1 (1526 — 1572). He is widely
recognized as the firstto establisha systematical gebra f lex numbers.

(Example (&

Add (3 + 4i) and (5 — 2i). Q/

@ Solution b Q 6
(3 + 4i) + (5 — 2i) \ \

=(3+5)+(4-2)i O 5\0

=8+2i

Subtra omplex Numbers

Ifz, =x, + iy, =X, +iy,, where x|, X,, ¥, ¥, € R,

g Tiy) — (0t iyy) = —x) Ti (v, —y,)
= z1 +(~z,)

@ =, Ty T (x, —1y,) y Re
= (xl _x2) + l(yl _y2) - Or(xl Xy Vi — yz)

_Z2

then z, —

Figure 1.7

Simplify: (i) (8 +2i)— (5 — 6i) () (4-30)-(@2-50)
0 @+2)-(5-6i)

:8+2i_5+§i . Ifz,—z,=4 +6iand z,= 3 —2i,
=(8—5)+(2i + 60) then find z,.
=348
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| p Complex Numbers 6

)  (4-3i))—(2-5i)
=4-3i—2+5i
—(4-2)+(3+5)i=2+2i

Multlpllcatlon of Two Complex Numbers

Let z, =X, iy, z, =X, T iy, &

then 222 (x, + ly1 (o, +iyy)

1(x2 + iyZ) + i)ﬁ(xz + iYQ) QO
=X x2+x1y2i+y1x2i+i2y1y2 ~g~\'
=(x1x2—y1y2)+i(x1y2 +y1x2) &@ =—1
(i) Simplify: (3 —4i)(5 — 6i)
(i) Ifz,=2+3iand z,=4+7i, then find z, ZZY
@ Solution P 2+ 30) (4 + 7i)

i) (3—4i)(5-6i) CU
= 3(5 — 6i) — 4i(5 — 6i) sing \Q

=15 — 18i — 20i + 2472 tiy X@z) = (XX, = yyy) + iy, tyx,)
=15- (18 +20)i — &Q Z)z, x4-3xT)+i2xT+3x4)

SR-21)+ (14 +12)i
—15-38i—24 \ .
—_13+26
— (15— 24)—38/ = -9 :

D1v1s1qn@ 0@ xNumbers

Now, 2 & Dy 2, #0 . Simplify:
,+ iy, 1+2i .
(2+19)
j ' 3-i

AT X% Y,

Q X, 1y, X, =iy, 2. Find the complex number z:
$® _ x1x2_ix1y2+iy1x2_i2y1y2 it 23
(xz)z_(iyz)z 2+i
_ X% iy, — %)+ v, 2=
X+, '
_ XX + V1Y, —EH(X), — VX))
X +Y)

XX+ 0V, l(y1x2 _xlyz)
x22 +y22 +y2
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L/ e IR
3+4
Express 2

- in the form of x + iy or x + yi.

—7i
. 154210 +20i +287°
@ Solution D 3+4i 3+4i 5+7z.: : 2
5-7i 5-7i 5+7i (5)° = (7)
_15-28+(21+20)i as =1 O\L~
25449 O
_ —13+41 \Q
74 X\
_-13 4 \

TRy &Q’

Properties of Complex Numbers

The complex numbers satisfy the %omplex numbers satisfy
following properties under addition. the followmg properties under
Ps tion.
(i) Closure Property % i sure Property
For any two complex number and z,, %ny two complex numbers z,
the sum z, + z, is also a complgx number, {‘an z,, the product zz, is also a
complex number.
(ii) The CommutaQProper (ii) The Commutative
For any two compl@l erszflandZ,, Property
Zz + % For any two complex numbers z;
and z2,
\ @ 15T 55
(iii) “The Associative Property (iii) The Associative Property
F three complex numbers z,, z, and z;,| For any three complex numbers
@ (zytz,) tzy=2z +(z,+z3) z.z,and z3,
$ (2, 2y)zy = z,(2,25)
(iv)  The Additive Identity (iv) The Multiplicative Identity
There exists a complex number 0 = 0 + 0i | There exists a complex number
such that, for every complex number z, 1 =1+ 0i such that, for every
z+0=0+z=z2 complex number z,
The complex number 0 = 0 + 0i is known zxl=1xz=z
as additive identity. The complex number 1 =1+ 0i is
known as multiplicative identity.
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v) The Additive Inverse (v) The Multiplicative Inverse
For every complex number z there exists a | For any non-zero complex number
complex number — z such that, z, there exists a complex number
z+(=2)=(-=2z)+z=0. w such that, zw=wz =1
—z 18 called the additive inverse of z. w is called the multlphcatlv
inverse of z. w and it is de by

21
‘ (vi)  Distributive Property of Multiplication Over Addltlo@

For any three complex numbers z,, z,, and z,

212y +2;) = 2,2, - 2,2, and (Z; +2,) Z, =

If z=— 7 — 4i, then show ind the additive inverse

thatz+0=z.
@ Solution P
z+0=(=7-4i)+(0+0i) i{ive inverse of z=-7+ 10i
=_T7_4;i+0+0i @)=7—10i+(—7+10i)
=—7-4i=z =7-10i—-7+10i =0
Shows z+ 0=z (0 is the additive iegtity Find multiplicative

Verify the mul&catlve

Letz=4-3i

identity for z=3—2i. 1
@ Solution P zx1 % 2i)(1 M Multiplicative inverse of z = 13
¢ 93 + 0i i | Then z ' = _
9 =3 _ = 4—3j
N+ 006 29 IENTEE S T
AQ) =3-2i+0i- 0 (4-3i)(4+3) (4" =)
=3-2i=z o, 4+3i 4430 4 30
;=

Hen&@iﬁedthatle =1xz=2z 16+9 25 25 25

N i

1. Simplify and write in the form a + bi:
(1) (2 +5i) + (3 —zi) (i) (16 —3i)+ (9 +2i)
(i)  (9-20)—(7-3i0) @iv) (11 +9i)—(9-7i)
(V) (3 +4i) (2-3i0) (vi)  (5-2))(3—-40)
(vi)) (B-5)+2—-4) (viii) (5 +2i) + (6 — 3i)
2. Write additive inverse for each complex number:

G 3+2i (i) 4-3i  Gi) 5-7 (i) _§+§i
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3. Find multiplicative inverse for each complex number:
() 4+5 (i) 6+2i (i) 7-3i  (iv) S5-4i
4. Ifz,=2+5i,z,=1-3iand z, = 2 + i, then verify that

(1) z,+z,=2,+z (11) 2,2, = 2,2, N l
(iii) (z+z)+zy=2+(z,+z) (iv) (2,2,)zy = 2,(2,2;) O
(v) Z+ (_Zl) = (_Zl)+ z,=0

2—i
6. If (2x+iy)(1—i)=4+2i,then find the values ofx&
7. Find the values of @ and b, if (a + bi)(1 + 3i) =8 + 11

Complex or Argand Plane

1+i)° Q
5 If A+ = x+1iy, then find the values of x and y. ~\L\v

A complex number z = x +iy is exclusw rmme@y an ordered pair of real
number (x, ). The numbers 2 — 5i, i are ent to (2,-5), (8, 0) and
(0, —7) respectively. In this manner %p]ex = x + iy can be represented
by the point (x, y) in the coordipat

If we consider x-axis as real a&ld y-axi magmary axis to represent a complex
number, then the xy-plane is d co lane or Argand plane. It is named in

honour of the Swiss mat ician J Ar and (1768-1822).

A complex number 4 @ sent: nly by a point, but also by a position vector
pointing from the él to th mit. The complex number, the corresponding point
and the Vecto al typically denoted by the same symbol, z. Geometrically, a
complex Q can be interpreted either as a point in the complex plane C or as a
Vector in the"Argand plane.

2 1t Im A
bp------- ea T ib a+tib
i
]
]
]
]
|
[0) C'l >Re 0 >Re
Complex number Complex number by a
as a point. position vector pointing

from origin to the point.

Figure 1.8 Figure 1.9
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Here some complex numbers are plotted on the complex plane.

344
([}

]m ' N

— N W R W

4+i

543 210

A\ 4

1

A\ 4

2 3 4 5

EN

Figure

Conjugate of a Complex

The conjugate of the complex number
The complex conjugate of z is de
number z, simply change i by —z

product of a complex number

For example, (1 + 2i)(

Geomi

1&
1 defi

11
Z. !Orlnst g

its ¢ @e is a real number.
:@»: (12207 =1+4=5
?ic Re

N
OO

RS
A

x%e complex number x — iy.

the conjugate of the complex

8i is the conjugate of 3 + 8i. The

ation of Conjugate of a Complex Number

Geometnca]{zéonjugate of z is obtained by reflecting z on the real axis.

&

A

—4
Im4
: 3
i 2
[}
E 1
a ! »
-4 -3 -2 -1 1 2 3 4°
! =i Re
[}
! =2
[}
! =3
[}
—4

44

y

Figure 1.11

A
Im

4
3
2
1

3+3i

73 2 10

=i

A 4

e e et e —----
S
A

w
|

w

<.

Figure 1.12
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11 » Complex Numbers

Two complex numbers, x + iy and x — iy, are known as conjugates of each other. Conjugates are
particularly useful when dividing complex numbers. By multiplying both the numerator and the
denominator by the conjugate of the denominator, the complex number in the denominator can be

transformed into a real number.
Properties of Complex Conjugate &
For any two complex numbers z; and z,, we have O
property)ID = - = 4 A\
Proof: Let z; =x, +iy,, z, =x, + iy,, where x,y,,x,, 1, €R +
Now, z,+z, = (x,+iy,)+(x,+1y,) &Q
= (q+x,) +i(y+y,)
= +x)—i(+y,) = X, +XxX,—1
= (=) +(x,—iyy) =2t 2
If z,=4+3 22=5+2®1provﬁ\l@zﬁ= zZ, +z,.
@ Solution Pz, +z, = 4+3i+5+ *Si., O

Proof: & z,= x, tiy,

d z, = Xx,+iy, wherex,y,x,,,€R
@ 212, = (% +iyy) (x, + iy,)
= (02 =y ) Tilx, y, +y1X,)
Therefore: zl_z2 = (xx, =y, +i(x,y, +¥,x,)
= (5X, =0, —i(x, Y, + 31 X,) - (@)
and 7, 2, = (x, +iy,) (x, +1iy,)

= (x; —iyy) (6 — iy,)
= (X% =) —i (¥, Tyxy) .. (i)
From (i) and (i1), we get
25, =71
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p Complex Numbers 12

If z,=3+4i,z,=2+ 3i, then prove that zz, = z, z, .

@ Solution B Now, z,z, = (3 +4i)(2+3i)
=6+9;+ 8 + 12i?
=6+17i-12

——6+17i N-
T =6 17i () O
and Z z, = (3 — 4i) 2 - 30)
=6-9i—8i+ 12/ \\9
—6-9i—8i— 12 +
z,z, ==6—17i &@

From (i) and (i1), we get

e /\VV

Property ¥ (—lJz = = (5H*0) @
Proof: Let z; = x1 iy @ @\
and z, =x,+1iy,

Now. 2L — n+to, o _ x1+ lyz y1y2) l(x1y2 YiX,)
Z X, + 1y, @ X, ‘\J@ X5+Y;
and (i’ + 1) )N, —0ix,) .. ()
2

Vs
o P 5= "jysl
A@ 2 X, =,

_ (=) (x, +iyy)

Q (x, =1y, (x, +iy,)
<

. o 2
_ NN Ny, —iy XYY,
2 2
X+,

iz (x1x2+y1y2)+i(x1y2 _y1x2) (11)

= 2 2
2 X, + ),

From (i) and (i1), we get

N
22 22

NOT FOR SALE-PESRP



13 p Complex Numbers

If z,=5+4i,z,= 3+ 2i, then prove that (Z—l)= i
2 Zz
S5+4i
@ Solution B LH_27H
Z, 3+2i

_ (5+4)(3-2i)

(3+2i)(3—-2i) Wi | Skilled Practice!
15-10i +12i —8i° Take any two co bers and
= prove that:

(3)* = (2i)’
(i) z +z,
2342 Vo ZQ&
T 9+4 CRON
3 _B+2 23 2, j: (2 0)
22 Zz
2 ()
Zy
Z _
Z,
.. (i)

From (i) and (i1),

D I|IHN I "/0\'

Pro n

e

Ifz—7+31 then prove that z = z.

Il
= % N
I+

N
o=
NI NN N~

|I Il
=
_|_
<

@ Solution P z=T7+3i
Then z=7-3i
z=T7+3i=z
Hence, proved z = z
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p Complex Numbers 14

Modulus of a Complex Number |

Im4
Just as the absolute value of a real number measures its {’(x, ¥)
distance from the origin on the real number line, the v E
modulus of a complex number measures the distance éﬂ i
from the origin in the complex plane. Notice that the y &

distance from the origin to the point P(x, y) lies along a !
radial line and forms the hypotenuse of a right triangle, Q :
where the horizontal and vertical sides have length x and 0 ‘\ MR

>
e

y respectively. gure 1.13

Definition

If z = x + iy, then the modulus of z is denoted by | z | defined as | z | =Jx’+)°.
For example, (i) |i|=|0+1i|]=+0>+1> =1

(i) [3-5i|=(3) +(=5)> = N5 = /34
Properties of Modul 98’
.Property )n |Z| =|E| &Q @

Proof: Let z=x+iy \
Then |Z| =X+ O s\o .. (1)
... (i1)

umber

Now z= x—1

R
From (i) and (ii Q
« ¥

If z= 5+ 4i, then show that |z|—| |

z=5+4i

| z|= V) +(4)
= [25+16 =41 .. ()

Now z=5-4i
12| ={(5) +(-4)
— [25+16 =41 ... (i)

From (i) and (i1), we get
|z]=]z]

NOT FOR SALE-PESRP



15 p Complex Numbers 7

Property )B)  |zI=|-z|=Z|=|-Z|

Proof: Let z=x+iy
Then |z| = {x*+? .. (D)
= 2] = x=iy| = =+ (=p)’ O\l~

X+’ ... (i1)
Z=Xx—yi =>z=x+yi ®
F[= x4y . (i) Q:\‘
Here z=x—iy asz= x+iy «
—z=—Xx+iy ?\
|-2[= (=0 + () &?“

x>+ y?

(- \&
From (i), (i1), (iii) and (iv), we have @ (b.
BRIEE \——4\ <
Property JE) zz=|z[ O\
Proof: Let z=x 4@ s\
z \Qy 0

Now %(x +iy)(
Q= -y
‘:S =X = (")

Q X —( %) as i’=-1

@ =x*+y* =|z[ as Izlzm
Hence, zz = |z |

(Example 419 Ifz =5+ 3/, then show that zz =|z[’,

@ Solution p) z=5+3i

N

Z=5-3
2z = (5+3i)(5-3i)
= (5 —(3)*

= (25 -(9%)

NOT FOR SALE-PESRP



p Complex Numbers 16

= 25—(-9)
=25+9 =34 .. ()

121={E 37
2p=[Jor o7 |
SF

=25+9 =34 ... (11)
From (i) and (i1), we get O

zE=|z|2 \\9
A
__&

1. Find the modulus of the following complex numbers

. 4 .
(i) 4+3 (i) —5-4i A A G ENCENEY
2. Ifz, =2+ 7i and z, = 4 — 3i, then veri h?

, - — _ .. N z z
(1) z,+z,=2z+z, (i1) @2 =z \@ (i) (Z_; J= z
3. If z =5 — 2i, then verify that @

(i) =z Qi) |Z|%‘|®' i) |z]=]-7
(v) zz=|z[ Os\(v) =|-z

=|-z|
4. Ifz=4 - 3i, then yfe ytha &4— |—Z|.
5. Ifzy =2+ 31,@ aluate:
o) Ri? Im (21 22)

@ Real and Imaginary Parts of Complex Number
of + iy)" and ( l,le,wherex2 iy, #0and n==+1
X, + iy,
and n==+2
iy)"

Nl

whenn=+1

Let z = (x + iy)" be a complex number.

(i) For n=1
We have z = (x +iy)"
= x+iy

Re(z) =x, Im(z)=y
(ii) For n=-1
We have z=(x+iy)’!
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1 )i | Skilled Practice!

X+iy Find real and imaginary
—1iy parts of (x + iy)" for

X
T () —iy) _

e A
_x2+y2 OO
__x iy Q
x’+y' x4y’ ~\§.~

R = o) = &QJ

Find real and imaginary parts of (4 ?{

@ Solution P Letz=(4+ 31)— &?N
(4+31) \@
1(4-3i) @ @'
(4+ 31)( §
25 25
Re(2) \%, zn%é\i
nd real and imaginary parts of z = (4+ 31)
€ Solutiony 2= (4+3)”

1

$® (44 3i)
_ 1 __ 1

@)+ G +2(4)(3i)  16—9+24i 743
Re(z) = ,
1 2
- 7+ 24i [m(z)zz—E
Y
(7-24i) :

T (7+24i)(7—-24)
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p Complex Numbers 18

7—24i
49+576
7-24i
625

Ry 61:

625 625 O
Re(z) = é , Im(z) = —% ®

Find real and imaginary parts of z = (i-ﬁ- l ?
4+3i Y ?‘
Soluti =
@ Solution p) : (3+2ij &?\
342 Q
4+ 3
_ (3+20) (43,
(4+31) A8 6
5 AR
_12-9 6z i+6
(Q; é 16 +9
6 25 &25

—, Im(2) -1

25

1+i)?
Find real and imaginary parts of z = (1 lj .

@ —1i
& (i
_(1—1) (=i =i} (1—i—i+i® )
- T T ST | T T e
1+1i 1+i 1-i 17 —i

Re(z) =-1, Im(z)=0
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Solution of Simultaneous Linear Equations with
Complex Coefficients

More than one equation which are to be satisfied by the same values of the variables

involved are called simultaneous equations or a system of equations. $
Solve the given simultaneous linear equations Wi mplex
coefficients forzand w:

5z-3B3+i)yw=7-i )®
Q-iz+2iw=4 ~\~

@ Solution p 5z-GB+Hw=7-i .. () @
2-iz+2iw=4 .. (i1)

(Step :) From equation (i), we solve for w in te

5Sz—B+i)w=T7-i &?\

B+iw=5z-7+ @
(Step II ) Putthe expresswn&w 1n eq uat (11) (Step '_TD

RS

Put z = 2 in (iii)
2—-i)z+2i ’
( +1i 3& we get

2-i) (i \21<5z—$:4<3+z> L@+

3+i

(6+2i 10iz — 14i + 2 =12 + 4i

3+i

ZAﬂL )z +10iz—14i—-2=12 + 4i E =1

l)z +10iz—-14i—-2=12+4i

@ —iz+10iz-14i-2=12+4i
Tz+9iz=12+4i+ 14i + 2

Tz+9iz=14+18i
z(7+ 91) = 2(7 + 9i)

Hence, z=2,w=1

_ 2(7 + 9i)
T7+9i

z=2
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Fercs: S0

1. Find the real and imaginary parts of the following complex numbers:

i) (8-3i) () (5+3i)" iy (4-5i)" l
v (437 @ [ _1 (i) (ﬂ O
443 2% O

N2
(vii) ( 122 j +
1+
2. Solve the following simultaneous linear equatiorfs With complex coefficients
for w and z:
(1) 3z+Q2+iw=11-1i (i1) 2?73+i)w=9—i
Q2-i)yz—w=-1+i —iz—iw=-1+1i

(1) z—4w =3i ﬁ z+w=3i
2z+3w=11-5i O 2 @22
(v) 2z+3+iw=1 @
—z—(l—i)w=2‘ @%
1

1. Four possible answerQe given ikth following questions. Choose the correct

answer:
O
(i  P+i :6\
N\

(a) (b) (c) 1 (d) 2
(i1) rt of (2 —37) (2 + 3i) is:
—3 (b) 1 (c) 4 (d) 13

@ Imaginary part of (2 — i) (2 + i) is:
$ @) 0 ) 1 © 7 (d) 9

(iv)  x+ iy will be pure imaginary number, when:

(a)y=0 (b) x=0 (c)i=0 (d)x=0,y=0
(V) What is additive inverse of 5 — 2i?
(a) 5+2i (b) -5 -2i (c) 5-2i (d) -5+ 2i

(vi)  What is multiplicative inverse of z =1 + 1‘7 .

1 |
(@ 1-i (b) i (c) ———l (d) —$+$1
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(vii) Ifz=4-3i then 2z =

(a3 (b) 9 (c) 16 (d) 25
(viii) Conjugate of 9 —4i is:
(a) —9—-4i (b) 9 +4i (¢) 9+9i (d)4-9i
(ix) Ifz=4+4i,thenz+z = &
(a) 8 (b) 8 +8i (c) 8i (d) (0
(x)  Ifz=5+4i, then |z| = \Q
(@9 (b) 25 (c) 41 *@’ J41
(1) Is “0” a complex number? Explain. @

(i1) What is the result of multiplying a complex nu ber by its conjugate?
(ii1))  State the condition for two complex n &‘B be equal.

Simplify: UV

(i) i (ii) 11 111) (=)™

(iv)  (3-4i)(5-6i) (v)

4. Find additive and multlphcatlv

7.

8

Ifz, = 3+4i and 22—2+3$\te Verlfy

(i) z7z= z1+zzQO(u) 5@4 Z (i) (i—lj:?
\ 2 2
- .

(iv)  |z|= | 2= (vi)  zz= |Zl |2
Ile 5+4i a + 21, the
Q@ (ii) i—l (i) zzZ, V) |75
2

Finehgeal and imaginary parts of z = (2 + 7i)~'.
he given simultaneous linear equations with complex coefficients for z and w:

z+2-i)w=4+i

; N
$ iz+@B+i)w=3+3i

9.

Solve (3 — 4i) (a+bi) =1 + 0i and find the values of a and b.

10. Solve the equation for x and y:

B-2)(x+yi)=2(x—-2yi)+2i—-1
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QuadraticEquations .
®o°

Stwdenty Learning Ouwtcomes
gAfter completing this unit, the students will be@hlé to: /

»  Solve quadratic equations of the form ax’+bx+c=0, a(# 0), DY ¢ are real numbers by

factorization, quadratic formula, completing square and g
rs between

»  Find the intersecting point graphically when intersect?&

o alinear function and coordinate axes. two linear functions.

o alinear and a quadratic function.

»  Sketch and interpret the graphs of the %{ nction K%Fbxﬂ? a(# 0), b and c are
ﬁ01en

real numbers.

Establish relationship between roo ratlc equations.
Form a quadratic equation whed goots\are glven

Find discriminant of a given ic equatl

Identify the nature of roots o dratlc through discriminant.

Solve quadratic i 1nequa 1C8yn one u

Solve problems ef ng th formula

Solve fractlon ns tha% reduced to quadratic equations.

Apply the c of quadratic ‘®quations and quadratic inequalities, to real world problems

(such @7 sics, engineering and finance, i.e. calculating max and min heights in
09% otion, determining the maximum price on a company’s budget, stability of

population, growth of business, the relationship between hours worked and amount earned

o0
SN TRODUCTION)

This unit explores into the study and applications of quadratic equations, a

vV Vv ivvvVvYvVvyy

fundamental concept in algebra with wide-ranging uses in both academics and the
real world. Students will learn to solve quadratic equations using factorization, the
quadratic formula, completing the square and graphical methods. The unit also
explores how to sketch and interpret the graphs of quadratic functions and examines
the relationship between the roots and coefficients, as well as how to form equations




h& Iililin » Quadratic Equations and Inequalitiesl

from given roots. Key concepts like the discriminant are used to determine the nature
of the roots, whether they are real, repeated or complex. Students will also solve
quadratic inequalities, tackle equations involving formulas and fractions and
graphically identify points of intersection between linear and quadratic functions.
Finally, the unit emphasizes practical applications, demonstrating how atic
concepts are used in different fields.

{@0
1

An algebraic expression is a combination of constants and variables j th the signs of
arithmetic operations. +

For example, 5, 3x, 2x-7y, 3)? — 5y — 2 etc. @
A polynomial in one variable ‘x’ is an expression of the form:

Px)=ax"+a, X" '+..+ag+a,
where ay, a,..., a, are real numbers and 7 is a non-negative 1%
If a, # 0, then degree of polynomial is 7.
For example, 5x> —x +7 is a polynomial of degree
Quadratic Equation J ( ) Q)

A quadratic equation is a second dc@yno% 10n in one variable.

For example, the following equationgfare quadrafic gfuations:
()  2@+3x+7=0 g\ O\
() x*-5x-4=0 ’&s\

(i) 376yt <§ Q)

If a, b, ¢ N # 0 and b # 0, then equation ax? + bx + ¢ = 0 is called the standard
form of} t U

adratic equation in x.

If @ ="0Pthe equation ax? + bx + ¢ = 0 becomes bx + ¢ = 0 which is a linear equation.

= 0, the equation ax’> + bx + ¢ = 0 becomes ax’> + ¢ = 0 which is pure quadratic
quation.

Solution of Quadratic Equation of the Form
ax? + bx + ¢ = 0, wherea,b,ce Rand a# 0

u Factorization Method

The solution of a quadratic equation by factorization is based on the following result:
If x+)(x+m)=0,thenx+/=0orx+m=0, where /,me R. This is called zero
product property.
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Now if either of the factor
x + 3 or 3x — 2 is zero, then

——

p Quadratic Equations and Inequalities 24

Solve by factorization method: x” +% x=2

@ Solution P x2+%x =2

3 +7x =6

3 +7x—6 =0

32+ 9x—2x—6 =0
3x(x+3)-2x+3) =0
x+3)3x-2)=0

their product is zero. So,

x+3=0o0r3x-2=

AZ

[multiplying both sides by 3]

@ | Do you kuo v

An equation in which _variable ‘appears in the denominator
of one or more terms 1 d a fractional equation.

\25 are fractional equations.
x+5 @

Solve by fac%%tlon meth x#0.

N

SO

| Multiplying both sides by LCM

? é > of the denominators.
é 3) (2x)(4x—6) 1.e., 2x to eliminate denominator

—3x =8x—-12

Q 2x2 —11x+12 =0

22 —8x—3x +12 = 0

2x(x—4)-3(x—-4) =
2x-3)(x—-4) =0

2x—3=0o0rx—-4 =0

x=E or x=4
2

) .13
Hence, solution set is {5’ 4}.

[ Transposing all terms to left
| hand side of ‘=’ sign.
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E Solution of a Quadratic Equation by Completing Square Method

Solve by completing square method: 3x* — 32 = —10x

@ Solution P 3x>—-32=-10x

(Step 1 ) Simplifying equation so that the terms in x* and x are on
the equation and the term without x on the other side.

O

3x*+ 10x=32 [Transposing]
(Step 11 Make the coefficient of x> unity and positive by du{@‘&g throughout by
the coefficient of x2.
, 10 32 &
X+ —x==
3 3
(Step 111 Add to each side of the equation thv\&re of half the coefficient of x.
, 10 (5Y 32 (5Y
X+—x+|= | ==+|=
3 3 3

x + = & Ké\
(Step V) é‘né square root of both the side.

E
3
11 5 11
X+—=—  or x+-—=——
3 3
11 5 11 5
X=———= 0or X=————
3 3 3 3
6 _
x=—=2 or x=ﬁ =—51—
3 3 3
1

Hence, solution set is {2,—5 3

method.
(i) 5x¥-18=2
(ii) 2x*—7x=-20

A a
Q S ! Skilled Practice!
6 ( *Solve by completing square

© | Challenge!

The square of every real quantity is non-
negative and therefore greater than
zero. Thus, (a — b)’ is non-negative i.c.,
a’ —2ab+b’>0.Do you agree:

x+y
>
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! Solution of a Quadratic Equation by Quadratic Formula

Derivation of Quadratic Formula by Completing Square Method
After suitable reduction and transposition every quadratic equation can be written in

Now, ax>+bx+c=0

We can rewrite the equation as: O

(Step )  ax’?+ bx =—c [Transposing] Q

(Step 11 Dividing by a (the co-efficient of xz) on both s@ the equation.

b
x? t—x=——

the form: ax’>+ bx+c¢=0, wherea, b, ¢ are real numbers and a # 0. |

(Step III) We add square of half of the co-e?kgt of x i.e; ( j on both side

of the equatlon
6

b (bY
XH+—x+|— | =|— | ——
a 2a @
expressed as:

| = b
(x+ j 2& :\ x2+—x+£=0 since, a # 0

-
()| <e:nember!

+ bx + ¢ = 0, can equivalently be

a a

(Step V) T’@ square ro§ of both the sides.

S

St

X+ _a =% 2u Moving a term from one side of an
equation to the other by changing
—b b> —4dac . its sign is called transposition
or x=—+—— """ [Transposing]
2a 2a
. ~b+~b* —4ac
2a

This is the quadratic formula.
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Solve by using quadratic formula: 3x* + 7x — 6 = 0.
@ Solution P 3x*+7x-6=0 (given)

ax*+bx+c=0 (standard form)
Comparing the given equation with the standard form. $
a=3,b=7,c=-6 O

Substituting the values of a, b, ¢ in the quadratic formula.

—b+\b” —4ac \Q
- fa ®~\L\'

—7+./(7)* —4(3)(~6)

A
2(3) v

=T £49+72 71«/121 &;

’ M6 \&
7411

6 A recta n is of QK+ Bm

—7+1 1 —7-11 se, whosg dimefisions |

= 6 4 4) metr| & d k& metres. 8

A ller re portion of ©

-18 E

I

— ﬂ , e garden nsions & metres oimetres
6 6 . and 2 levelled Find the
2 area o elled portion of the ~ —k metres—
3 o&
aNE
Hence, 5% t is 3 -3

ﬂ@ltion of Quadratic Equation by Graphs

@e the quadratic equation graphically means to find the points where the graph

uadratic equation crosses the x-axis. The x-values of these points are the solution
of the quadratic equation. If the coefficient of x” in the
quadratic equation is positive, then the graph will be U The graph of a quadratic
shaped and if the coefficient of x’in quadratic equation is function is called parabola.
negative,then the graph will be n shaped. To sketch the graph of quadratic function,
we find its vertex by completing square method. a(x — /)’ + k is called the vertex form

of quadratic function having vertex (%, k) and a is the coefficient of x’.
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@ Solution P (i)
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28
Sketch and interpret the graph of quadratic function

y=2x*—x-10.
Solve the quadratic equation 2x> —x — 10 = 0 graphically.

Let us sketch the graph of y = 2x*> — x — 10.

(i)

y=2

B 2 2
DL § x2—lx+(lj —(1j -5
2 2 4 4

_ , -
Y [ B
4 16
(1Y 81 1Y (25,0 X
=2 (x_Z) 16} 2("‘2) TP 1 2/3 4
) @4
1Y 81
=2|x—— | —— =2(x-0.25)]
4 8
Compare it with y = a(x — h)’ + k. So, (1,-9)
(0.25, —10.13). To sketch the gr 1 (0.25,-10.13)
function we take some more poifgs. Figure 2.1

By plotting the pom;ts

quadrati

N

QD
; .}'13 sketched above. The graph of the given

—2.5

opens upwards and it intersects the x-axis at

ic functlon% 2% —

(-2, 0) and (2. (®) | Remember!
(ii) The mntersects the x-axis at x = 2.5 For finding the xZSOhItiOH of
quadratic equation ax*+ bx + ¢ =0
and —2. Therefore, roots of the quadratic el i off el w6 G
u@ x> —x—10=0are 2.5 and -2. the graph of quadratic function
é solution set is {2.5, —2}. y=ax’+bx+te.

rrcise S0

1. Write the following quadratic equations in standard form:
(1) 3x—1=2x7 (i1) 2x(x+1)=412x+3)
(iii)) 2% —4x=4x+7 (iv)  4(3x—2)=9x
+
v 2+t os-Licag wiy 201 .00
X X 20-x  «x
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2. Solve the following quadratic equations by factorization method:
(1) ¥ -x-6=0 (i) x*+3x-28=0
(iii)) 6x*+13x-5=0 (iv) x2—§x=%

3x=8_5x=2 1202 _5

") o) oo Lo

x—2 x+5 1 q
3. Solve the following quadratic equations by completing squ@ od:
7

()  22+5c+2=0 (i) 2+x=42 ~\.
(i) 122+ 7x=12 vy 3 L vel3
2—7 Nx-37 72
11 -
(v) ———=£ ;X #—13 (V1) SN =1—i,x¢—7,—7
1+x 3—x +7 x+7 4

4. Use quadratic formula to solve the Qf g equ S:
() 2% -5x+3=0 Q/ @z,b;&wo

(iii) 2x*+7x=15 (iv) 11="7x
(v) x+4 =2 ;&43 — Zx_l,x;&—l,l
xX— 4 x-3 5\0 x+1 x—1
5. Solve the follow1 adratlc atfons graphically:

i -3 Q $O () x2-5x—14=0

(iii) 2 x +6 (iv) 4 +12x-27=0

m_\l(l‘@lg Intersection Point(s) Graphically |
Finding Points of Intersection of a Linear Function
nd Coordinate Axes Graphically

a
\ N\ . . . . . .
Find the points of intersection of y = 2x + 4 with coordinate axes

graphically.
@ Solution ) y=2x+4 is an equation of a line. Now, we draw graph of y = 2x + 4.
Table of values
X 1 _4 To draw a straight line, it is essential

to have at least two distinct points.

y 6 -4
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We plot points (1, 6), (—4, —4) and join these points.
Ay

6| #1,6)

0,4
AmmEEG , OF

T8 —7 —6 —5 —4 3 2—1(2) 12345678'0
p 0
-6 ~\§
e A<

vy

Figure 2.2 v
Point of intersection on x-axis is (—2,0) and the popat (%ersection on y-axis is (0, 4).
PRI Finding Point of Interse&l;o

f Two Linear Functions

Graphically <: ) @
w 7 If x+y=6 and Sx% 2, the their point of intersection

graphically.

@ Solution P x+y=06and 3§ + = 12 as two linear equations. We draw graphs
of both of tHes§ equ
C O O

atig@

; \ Table of values for 3x + y =12
x B\ — O x 0 2
Y N y 12 6

Poings ge:X0, 6), (— 4, 10) Points are: (0, 12), (2, 6)
Noww&;nts for both of these equations.

3¢

S 6 420 > N&w AB is the graphofx +y =06
=2 «—
4\ B CDis the graph of 3x +y =12
YA

Hence, the point of intersection is M(3, 3).

Figure 2.3
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»Ji.1» Finding Points of Intersection of a Linear Function and
a Quadratic Function Graphically

Ify=2+3xandy=2x"+7x—4, then find their points of intersection

graphically.

@ Solution ) We draw graphs of both of these equations. $
Table of values for y = 2 + 3x O
X 0 —2

O
)'; : 2_4—4 ~\’§
Now, y=2x"+7x—4 E— 2 - )&Q}
zz(x +;x 2) Z(x +7x+(7 - 7?27
ZZKHZJ ———2 g) {?)%’L@

=2(x+1.75)-10.13
So,  the vertex is (—1.75, —10.

Y—4 "0 | 1

Q’ Y AN 4] 5

We plot points of b§ uatlgs ;&Araw their graphs.
& Aky
<

y=2+3x
1,5
X

+2)

$®‘1098765 123 456 7 8 910
0,4

175,

~10
—10. 13)_12

v
Figure 2.4

Points of intersection are : (1, 5) and (-3, —7)
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1. Find the points of intersection of the following linear equations with
coordinate axes graphically:
i) x+y=8 () x-y=1 (iif) x—zyﬁl‘
(iv) x-2y+2=0 (v) Sx—-5y=1 O
2. Solve the following system of linear equations graphically: Q
(1) x+y=8 (i1) x—y=1 (1i1) xyz
3x—-y=4 x+2y="7 ~\7x+y=

(iv) y=2x+2 (v) 3y=2x+8 &

3x+2y=4 x+ty=1
3. Solve the following equations graphically: ?\
(1) y=8x-32 (ii) y+x 2
y=x'—6x+8 — 10

Relationship Betwew Ro@‘ﬁd Coefficients of
a Quadratic Equ

The standard form of a quadra&:quatlon 1&x +bx+c=0,a#0anda,b,ceR.
The roots of this equation ar

—b+:§b5 4ac2x —\/b —4ac

Let these roo{

A@ a=—b+\/b2—4ac ﬂ_—b—\/b2—4ac
2a e 2a

N@': Sum of the roots = « + f3
$Q) b+ b —dac  —b—b*— dac
2a 2a
~b+~b* —dac —b—b* - dac

2a

—2b _-b
2a a

S = Sum of the roots = — Coefficient of x

Coefficient of x?
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P = Product of the roots = aff

i (_MMJ(—Z;— b2—4acj

2a 2a
i <—b>2—(mf b —da0) O\L‘
- (2a)(2a) - 4a’ O
=b2—b2+4ac_4ac:£ )@

4a® 44

a ~\~
tant
P = Product of the roots = < = M@
a Coefficient of'™x

(1) The standard form of a quadratic equation is ax? ;- ?‘Z 0 where a#0 and a,b,ce R.

b
(i) Sum of the roots = —— , Product of the r
a

(iii) When the coefficient of x* in a quadrad

e Sum of roots is equal to the co f x with'si anged.
e Product of the roots is eq @ constant te

(iv) If the constant term of ax +c 0 , then sum of its roots = — and

products of the roots Q

(Example £0) Find goduct of the roots of the equation 3x°+5x—12=0
t solvm

@ Solution J" andard form of the quadratic equation is ax*+ bx + ¢ = 0, where
a# 0 and &sd, c € R. The given equation is 3x*> + 5x — 12 =0.
Here 3, b=5, c=-12

&@S Sum of the roots = b —2
-12

P = Product of the roots = - T =4
a

Find the sum and the product of the roots of the quadratic equation

X>+6x+8=0

@ Solution P Coefficient of x? is unity.

Sum of the roots =— 6 [Coefficient of x with sign changed]
Product of the roots = 8 [Constant term]
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Form a Quadratic Equation When Roots are Given

The standard form of a quadratic equation is ax? + bx + ¢ = 0,where a # 0 and a,
b,ceR.

Let o, p be its roots. We have established a relation between the r\%.and
coefficients.

S = Sum of the roots=a+ﬁ=_é ’@
P= Product of the roots =aff = —
= &e J

The given quadratic equation is ax®> + bx + ¢ =

Dividing this equation by a, we get Q
X+ b x+ £ =0 & E

a

Writing this equation in terms of o,/
X —(a+p)x+aff =0 %ng(

or x> — (Sum of the roots) x uct of =0

or x¥-Sx+P=0 O s\o
Form th@\atlon 8@6 roots are % and % .

@ Solution p M@q -
>4

3 4
xz—éx—ngr—l:O
3 2
x2—£x+l=0
12 2

12x* —17x +6 = 0 is the required equation.
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Method-II

Roots of the required equation are %

-hlw

S = Sum of the roots =

2
P = Product of the roots % 3 = 1 ... (i1) +
3 4 2 @
Required equation is &

¥ -Sx+P=0
Putting values of S and P in above equation E
, 17 1

X —Ex+5—0 [Fron%@&

So, 12x* —17x+6=0

If a, p are Qf the % x> — 7x + 10 = 0, then form

o +1and 25 + 1.

an equation e roots G
m As a, ,8({% roots %& x + 10 = 0, therefore
a+pf= N ,B—E— 10 ... (i1)

S =Sum of roo & ¢ required equation=2a + 1 + 23 + 1
A —2(a+p)+2
=2(7)+2=16

P Z@ct of roots of the required equation= 2a + 1)(24 + 1)
=d4apf +2(a+p)+1

$ = 4(10)+2(7) + 1 =55

The required equation will be
¥ -Sx+P=0
x> —16x+55=0  [Putting values of S and P]

(Example 4K) Find the condition that the roots of ax> + bx + ¢ = 0 may be equal
in magnitude but opposite in sign, where a # 0.
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@ Solution p ax’+bx+c=0 (given equation) @ | Challenge!

Let o, —a be the roots of this equation If one root of the quadratic
b equation is twice the other
S = Sum of the roots =a. + (—a) = —— and their product is 8,
a find the equatiog and both
b roots. {}‘
0=—-—  where a#0 0
a

b =0 is the required condition.

Fisiers: 301

o &

1. Form a quadratic equation whose roots are given ‘t%v. _
i) 4.9 (i) 5.7 ?ﬁi) =2

55
. -3 7
) =7 v) {;} jg WU 24+3,-2-3
2. Find the quadratic equatio oots % ing by 2 than those of

roots of x> + 9x + 20 = O

3. Find the equation Whoseﬁ)e re doug:F roots of x> — px + ¢ = 0.
4. If o, B are the roots quago\@ 2x +4 =0, then find the equation

whose roots are:
i) u)s é"ﬂ (i) 20 —E,zﬁ —07
(iv) 201,206 —1

5. Find ndition that roots of ax® + bx + ¢ = 0 should be reciprocals of each
other"
d the value of k, given that one root of x> — 2k + 4) x + (7Tk+ 1) = 0 is 3.
Find the value of m in the equation 2x* + 3x + m = 0 when sum of its roots is
equal to double the product of its roots.

8. If , 3 are the roots of x> + ax + b = 0 and o?, 3* are the roots of x> + Ax + B =0,
then prove that 4 = 2b — a?, B = b°.

9. If o, B are the roots of x* + px + ¢ = 0, then find the condition that
1
@ a=p (i) a=—
B
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Discriminant of a Quadratic Equation J

The quadratic equation ax? + bx + ¢ = 0, where a # 0 and a, b, ¢ € R has two roots.

Let these roots be o and f3.

_ —b+~b*—4ac —b—~b* —4ac O$
2

Now, a = and S =

a 2a
Discriminant QO
a

The expression b° — 4ac, under the radical sign in quadratic is called the
Discriminant (Disc.) of the equation, ax’ + bx + ¢ = OK ines the nature of

character of the roots of the equation.

Nature of the Roots of a Quadra uation

Before proceeding to discuss the nature or cha@e roots of a quadratic equation,
it is important that the students should clearly tingui@lmong the terms rational,

irrational, real and imaginary. \
Now, \/E or 5, 4%,% are ratio a real.@g ,\/5 are irrational and real.

V=3, =7 -4 are imaginané\nreal. &
As we know that the tw&o of 2%@+ ¢c=0, where a #0anda, b, c € R
b+ ;) 4«10@ J 4ac .
a \

are o = p=
Then we have @@)wing results:
(1) I 4ac > 0 and is a perfect square, then the roots are rational (real) and

ufiequal.
i If b — 4ac > 0 and is not a perfect square, then the roots are irrational
(real) and unequal.
iii)  If b* —4ac = 0, then the roots are real and equal.
(iv)  Ifb* —4ac <0, then the roots are imaginary (complex conjugates).
By applying these tests, the nature of the roots of any quadratic equation may be
determined without solving the equation.

Examine the nature of roots of the following quadratic equations:
(i) 3x*-8x-2=0 (i) 4P+4x+1=0
(iii)) 2x*+3x+4=0 (iv) x¥*+4x+3=0
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@ Solution D (i) Here,a=3, b=-8,c=—2| ()  Here,a=4, b=4, c=1

Disc :b2—4ac Disc. =b2—4ac
8R40 (@ - 4D
PR —16-16=0

=64+24=88>0
L . e As the discriminant is zero. efore,
As the discriminant is positive but not a

the roots are real and equa

perfect square. Therefore, the roots are
irrational and unequal. (iv)  Here,a=1, b :@c -

(iii) Here,a=2, b=3, c=4 Disc. @
Disc. = b* — 4ac 4 (H(3)

~ 37 -4 () & 2
= >
—9_3) 4 2°>0
—_23<0 As tigeadiscriminant is positive and
Which is negative. Therefore, the roots are fed’square. Therefore, the roots
imaginary. & onal and unequal.
If the roots of ax? + bx + ¢ = ational then — 4ac must be a perfect square.

(Example 45 Find the value ofklf 10n (@ +(Qk—Dx+(k—1)=0

has equal roots.

D Herea=k+1, .g
D1@i b z@ (roots are equal)

_1)_
~1)=0
AR — 4k +1-4k2+4=0

R
Q‘)Q 4 =5

N\
4
24"

1. Examine the nature of roots of the following quadratic equations:
(1) 3x2-9x—-2=0 (i) x*+6x+9=0
(iii) 2x*+4x+5=0 (iv) Tx*—6x-1=0

(V) 5x2-2x+10=0 (vi) x*—-8x+16=0
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2. For what values of ¢, the roots of 3x* + x + 9¢ = 0 are real and unequal?

3. If the quadratic equation 16x> + 7px + 49 = 0 has equal roots, then find the
values of p.

4. If the quadratic equation 4u” + 8u + g = 0 has unequal and real roots, find the

possible values for ¢.
5. Find the value for m, if the quadratic equation mx’ — 8x + 1 = &Qeal and

equal roots
Solution of Quadratic Inequalities in O&lknown J

INEGUENGA In Mathematics an inequality is a relatlf& makes a un-equal
comparison between two numbers or other mathematical *expressions. We have

learned how to use the inequality symbols < (less thai)!™ (greater than), < (less than
or equal to) and > (greater than or equal to)
Here we learn how to solve quadratic ineq ? ir? one unknown.

ratj

There are following four steps to solve ineq 1@
(1) Solve the corresponding eq@ (i1 &etermme intervals.
(ii1))  Test points in each 1nte i Conclusion.

Solve the ineq Q >0.

@ Solution p x> -5x+6 >©

(Step D Solve the Qsp associated equation.

Set t ratlc sion equal to zero (0) to find the roots.
{ S5x+6=0
q X—2x+6=0
(x—2)(x—3)=0  [Factorize]
Nowd 2=0 or x-3=0

, utions are x = 2 and x = 3.
¢, critical points (2, 0) and (3, 0).

tep 11 ) Determine intervals

The critical points divide the number line into three intervals.

Interval 1: x <2 r<?

Interval 2: 2 <x <3 2 \ \ \ \

Interval 3: x >3 - 2 ] 0 1 2 3

+4-0
=

V

S

g
8

v
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(Step II1) Test points in each interval.

Choose a test point in each interval and substitute it into the inequality.
Forx=1:(1-2)(1-3)=2>0.

So, this interval satisfies the inequality.
Forx=2.5:(2.5-2)(2.5-3)=-0.25<0. O*
So, this interval does not satisfy the inequality.

Forx=4:(4-2)(4-3)=2>0.

So, this interval satisfies the inequality. ‘\:
(Step IV) Conclusion: &@
0

The solution of this inequality x> — 5x + 6 >

isxe (—0,2) U3, ©) ?s

Solve the inequality 2x* — SK?‘

@ Solution P 2x*—5x+2<0
(StepD Solve the correspon agsoci tlon
2x? —5x+2% %
2x° —4x —x
2(x - 2)— 1(x§v
(2x - & For solution, we use open

Now, 2x-1=0 Of interval (a, b) when equation has

So, the solutions ar }\ < or > sign and closed interval
% [a, b] when equation has < or >

Here, Crlﬂ@s are (; j and (2, 0) sign.

(Ste@ Determine Intervals
$%tical points (%, 0 J, (2, 0) divides the number line into three intervals.

Interval 1: )c<l
2
Interval 2: - 2 73452
nterval 2: —<x<
2 . P | 1 | 1 I 1

1
< T T T T T L) L)

Interval 3: x>2 -—© 2 -1 0 1 2 3 4 ©
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(Step II1) Test points in each interval.
Forx=0:(2(0)—1) (0—2) = (-1) (-2) =2 >0,

So, this interval does not satisfy the inequality. \ l
Forx=1:2(H)-1)(1-2)=(1)(-1)=-1<0, O

Forx=3:23)-1)B3-2)=(06-1)(1)=5>0,
So, this interval does not satisfy the inequality. &Q

(Step IV) Conclusion:
The solution of the inequality is: xe [% , 2}_ ?\
BT =«

1. Solve the following inequali 6
(1) ¥ +3x—4>0 2x*—8x+6>0

(i) x2+x—-6<0 Os\ s\@) X —6x+9<0
V)  4x? -, (GQSO ’\ (vi) —x*+3x=2>0
N

\
Cha@the mect of Formula J

A formula;ﬁ!es the precise relationship between various measurable quantities in
a problem &m8ituation in an equation form.

So, this interval satisfies the inequality. ,@

D 4 C
on the right is of a rectangle. Its
1s ¢ units and width is w units. Let P
its perimeter. W W
Now, P=l+w+/l+w
=20+2w A / B

P =2(/ + w) units
We have constructed a formula for perimeter (P) of a rectangle. In the above formula
P =2 (¢ + w), the letter P on the left-hand-side is defined as the subject of the
formula, while the letters on the right-hand-side are called terms of the formula.
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Perimeter (P) of square of length (¢) is P = 4/.
We change the subject P and rewrite this formula as / = lP, ¢ has become subject of

the formula. If value of P is given, then we can directly find the value of /.

The area of a circle is 4 = z7°. Make r the subject of the @la.
@ Solution P A=11? r@
[ris\alwdys pos\'\@

.6

5
1. Make F the subjecyof the fo 12&7=— F232).
o Tormg 5 (F=32)

2. The formul%@din@nterest is [ = PRT.
(a) Mﬁ the subjed of the formula.

(b) @ke T the subject of the formula.
3. Mak®®a’ the subject of the formula S=2a+ (n—1) d.

4. Qe volume of a cylinder is given by the formula, V' =7z7°h. Make ‘h’ the
@subj ect of the formula.

The area of a trapezoid is A = % h (b, +b,), make h the subject of the formula.

6. If y = mx +¢, then make ‘x’ the subject of this equation.

7. Perimeter (P) of a rectangle is P =2 (¢ + w), make ¢ as the subject of this
formula.

8. The equation of a parabola is y* = 4ax, make ‘x’ as a subject of this equation.
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If P=S- C, where S is selling price and C is cost price. Make S as subject of
the equation.

10. Volume of the cone is V' = %m*zh, make ‘%’ as subject of this formula.

P |
Applications of Quadratic Equation in Real Wd@’ J
A ball is thrown upward with an initial velocity of: . Calculate

the maximum height it reaches above ground level. Calculate ti return to the

ground.

@ Solution p) Maximum height &

At its highest point, the ball’s velocity is zero. Sv\%ave the following quantities:

Initial velocity = v; = 20 ms™

Final velocity = v/=0 ms~ Q \Q

Gravitational acceleration = g =—10 W@ (b,
Distance (displacement) = s = ?

The relevant equation of motiokis V> = v,‘2§2gs

Substituting values of v;, vrafd 8, we g
6@20)2 0)%

Max1mu§me of Return: When the ball returns to the point from which it was
thro displacement (s) is zero. We have the following information:

@ Displacement =5 = 0
Initial velocity = v; = 20ms™!
The equations of motion describe the
Gravitational acceleration = g =—10 ms~ relationship between displacement, velocity,
Time=¢ =? time and acceleration for objects moving in
a straight line with uniform acceleration.

=20m

The relevant equation of motion:

1 First equation  :v,=v,+at
_ 2 . 1
S=vit+t ng Second equation :s =i+ 5 at’

s - L2 2
Putting the values of s, v; and g Third'equation  :v; =, + 2as
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1
0=20r+ E(_IO)ZZ

0=20¢—5¢*

0=1720->5¢] O¥
20
Now t =0 sec or 20-5r=0 = t=—@

(1) t = 0 sec. means, the ball had zero displacement at the @3 was thrown.
e

(11) t = 4sec. means, the ball returned to the ground aft
time or the required time.

A company models its pro pees in thousands) by the
equation P(x) = —2x" + 80x — 500, where x iv& ice per item (in rupees). Find the
price that gives the maximum profit and cafCulate‘the @um profit.

sec, it is the return

@ Solution P P(x) = —2x"+ 80x

Since -2 < 0, the parabola openiﬁ ward and vegtex glves the maximum point.

_ b N 80 \
" 2a 2 —4 $<>a
Hence, the price per, it t gives smum profit is Rs. 20.

@9) = 4@ 80(20) — 500

— _2(400) + 1600 — 500

é We can also find vertex by
A =300 (in thousands)

-b
using x = _——,
HenegMmaximum profit is Rs. 300,000. . 2a 4 f( )

A ball is thrown upwards from the ground. Its height after ¢
N ,
eConds is modeled by:

h(t) = =5¢ + 20t (in metres)
For what time interval is the ball at least 15 metres above the ground?
@ Solution P Here, —5¢+20t>15
—5£+20t—-15>0
5£-20t+15<0
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By solving the quadratic equation 57 — 207+ 15 = 0.

 —(=20)%/(-20)> — 4(5)(15)
B 2(5)

20 ++/400-300
L S*
20 ++/100

10 §

20x10

© 10 &QJ
~20-10 20+10

10 710 ?\
=1,3

So, the ball is at least 15 metres high when seco?

odeted by (t) =-2¢* + 40t + 800, where ¢ is years
since 2020. Find the y@when ulation will be at least 1000.

2. A company mo@ proﬁ‘@;housands of rupees by the equation:
P(x)=-5 ere x is the price per item in rupees.
Find the @ha‘[ gives maximum profit.

3. % olls down an incline and covers a distance given by the equation
0.5¢ metres, where ¢ is the time in seconds. Find the time when the car
@ travelled a distance 12.5 metres.
4. @A ball’s height (in metres) after 7 seconds is /(¢) = —4¢" + 24¢. For what time
interval is the ball at least 20m above the ground?

1. A town’s population is

5. A ball is thrown upward with an initial velocity of 40ms . Calculate the
maximum height it reaches above ground level.

6. A freelancer’s earnings follow the model E(h)=-2h"+40h, where E is
earning in rupees and /% is hours worked per week. What is the maximum
number of hours he should work to maximize earnings?
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EW EXERCISE

1. Four possible answers are glven for the following questions. Choose the correct answer:

(1)

(i)

(iii)

(iv)

)
(vi)

(a) 3,-3 (b) 3,3
(vii) 3 and 2 are the roots of: Q@

The type of the equation 2x*> —x + 1 = 0 is:
(a) quadratic (b) linear (c) third degree (d) Pure qua&%’g
What is the discriminant of x> + 5x — 5 =07

(a) —20 (b) 20 (c) 25 (d) 45 O
The solution set of 3x* — 9 = 0 is: Q
@ (3} 0) (53 (©) (+43) éﬂ:}fs‘ ;

Sum of the roots of 3x2 + 5x — 12 =0 is: &
5 5 12

(@) 3 (b) 3 (©) 3

Product of the roots of 3x* + 5x — 12 =

@ 3

(a) —4 (b) 3 4 ' (d 5
What are the roots of (x —3) (x @&
@ -3, {& (d) 9,0

(@) ¥*+5x+6=0 (b) ¥ Jox +5=0

() x*—5x+6=0 ¥ +6x—5=0

(viii) Ifb*—4ac>0 a d perfec e, then the roots of ax? + bx + ¢ = 0 are:
(a) equal nequ \ (c) imaginary (d) irrational

(ix) Ifh*—4ac @then th of ax® + bx + ¢ = 0 are:
(a) u @ (b) irrgtidhal (c) imaginary (d) equal

(x) l&‘ “ofx—2c=bis:

N

6.

\ &

x+b (b)b—x

2. @Ve the following quadratic equations by factorization method, by completing

uare method and by quadratic formula:
(1) 8x?=x+7 (i1) 2> -x—10=0

Form a quadratic equation whose roots are; 6, %

Examine the nature of the roots of the following equations:

(1) 15+ 11x+2=0 () x¥*-x-1=0

If a ball is thrown upward with a Velocity v the maximum height it reaches
can be determined by using a formula 4 =
v the subject.

If the equation x> + 2(1 + k)x + &%= 0 has equal roots, then find the value of £.

2 g Rearrange the formula to make
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Stwdenty Learning Outcomes O
gAfter completing this unit, the students will be ahlé t

Display information in the form of matrix of order 2. &@

Solve situations involving sum, difference and product of two matgices.
Calculate the product of the scalar quantity and a matrix.
Evaluate the determinant and inverse of a matrix of order

Solve the simultaneous linear equations in two Ki?

vVvvVvVvVvYyy

sing matrix inversion method and
Cramer’s rule.

»  Explain, with examples, how mathematicsf’plays key rofeyin the development of new
scientific theories and technologies. ( atical and simulations are used to
design and optimize new materials an@ and to nd the behaviours of complex
systems such as the human brain ). @

» Apply concepts of matrices r world p (such as engineering, economics,
computer graphics and physws :

r? INTRODUC l‘ON

The evolution of thg“iTee es’ is the result of attempts to obtain compact
and simple met r solvindsystem of linear equations. In 1850, it was James

Joseph Syl e Enghsh Mathematician and lawyer who used the word matrix. In
1858, A yley published Memoir on the theory of matrices which was
remarkable f0r containing the first abstract definition of a matrix. The mathematicians

Jame eph Sylvester (1814-1897), William Rowan Hamilton (1805-1865) and

Cayley (1821-1895) played important role in the development of matrix

ry. English Mathematician Cullis was the first to use modern brackets notation

r matrices in 1913. The knowledge of matrices is absolutely necessary not only

within the branches of Mathematics but also in other areas of science, genetics,
economics, sociology, modern psychology and industrial management.

Matrices J

A matrix is a rectangular array in shape, whose elements (entries) are written within
square brackets in a specific order, in rows and columns. The arrays obey certain
algebraic operations.
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Generally, the matrices are denoted by the capital letters of the English alphabets
while their elements are denoted by the small letters.
4|4 b B=[5 7] c-|°
e. = b = 3
. c d 2

-2 0 00 10
D = , E= , F=
Dl ol QOk
The time table in schools, flight schedule at air-port or arrival & parture time
of trains at the railway station are written in the matrices form

Rows and Columns of a Matrix

Row: Entry or entries written in the horizontal line gr hnes orm the row or rows of
a matrix.

Column: Entry or entries written in Vertlcal s form the column or columns
of a matrix.
For example, Column 1 Column 2 lumn mn 4

i ¢ ¢ @’ % <+— Row 1
A=|1 Q % 2| «— Row2
9 0\8 4] Rows

Matrix A4 has 3 rows and 4 col@

Colum Colu Column 3
<+<— Row 1
é 10 <«— Row 2

11 <+— Row 3

Matrlx Bh rows and 3 columns.
c=[5]

@IC has 1 row and 1 column.
Elements or Entries

1 2 3
If A= { 45 6 } ,then 1,2, 3, 4,5, 6 are called elements or entries of matrix A.

Order or Size of a Matrix

If a matrix 4 has ‘m’ number of rows and ‘»’ number of columns,then the order or
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5 -1 0
size of the matrix 4 is m-by-n. Order of matrix B=|9 2 3 |is 3-by-3. If order of
0 1 2
a matrix is 3-by-4, it means it has 3 rows and 4 columns. It does not mean 3 by 4 = 12,
however 12 gives the number of elements in the matrix. O¢

Equal Matrices O

Two matrices 4 and B are said to be equal if and only if they are EQ order and
their corresponding elements are same

2 3 4-2 3 <
For example, A= , B= are equal matrices.
4 -2 4 4-6

Similarly, C=[ a b], D=[3 4] will be equal trh%?f and only if a=3 and b = 4.

L 1

1 Write the number of rows and col each matrix
0 0 6
C= [ & —10 11 ],
0 O

E %9 .
[ S@Ofeacﬁé\ :

2. Write th

0 1
35 03 4
, C= , D= ,E=|3 4|, F=[5]
56 5009 s 6

of the following matrices are equal?

3 ich -
@ 0 3 9 2x3 2-1
A=41 B = | C=|2x2 4-2]|,
) ) | 4+4 3+0
- 6 1 -
5+4 3-3 3
D= ’ E=14 2|, F=
-8 +1 g 3 13+1 1

a+2 c¢-3 5 8
4, If = ,then find the values of @, b, ¢ and d.
b-1 d+4 6 4
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2x+1 4 9 4
5. If = , then find the values of x and y.
7 5 7y
Ca+b 2d-1] [10 5
6. If = , then find the values of @, b, c and d.
13b+2 4 11 ¢
p+ 5 6 5
7. If P = , then find the values of p and ¢. O
11 p-2¢q 11 0

Types of Matrices J ~\’S»Q

(i) Row Matrix: A matrix having only one row is ca d%w matrix.
For example: A =[0 1 4], B=[a b], C =[a] are é&natrlces of order 1-by-3,
1-by-2 and 1-by-1 respectively.

(ii) Column Matrix: A matrix having only or@n;l is called a column matrix.

For example: 4=|4|, B= { & are\®m matrices of order
3-by-1, 2-by-1 and 1- bthct cly. 6a

(iii)  Zero matrix or Null m
If all the entries in a are 1@ s called zero matrix or null matrix.
Itis represented by, Q

For example are zero matrices of order 1-by-1, 2-by
0 0
-2 and 2- @espectl
(iv)  Squ rlx A matrix in which number of rows is equal to the number
0 mns is called a square matrix. A matrix of order n-by-n is often referred
as a square matrix of order n.
é@ a b c
$ For example: 4 =| d c¢ [ |is a square matrix of order 3.
g h I

4y G, 4
In a square matrix A=|a,, a, a,,
4 4y Gy
a,,, ay,, ay, are called entries of principal diagonal or main diagonal or leading

diagonal.
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(vi)

(vii)

(viii)

Rectangular Matrix: If the number of rows and number of columns in a
matrix are not equal, then it is called a rectangular matrix.

a 407 .
For example: 4 Z[a b] , B = ,C= | are rectangular matrices.

b 8 3
Diagonal Matrix: A square matrix is called a diagonal matrix if at 1 y one
of the elements of its main diagonal is non-zero and non-diagonal el are zero.

ool RS
For example: 4=|0 3 0|, B= are dia 1 i f ord
p L) 3} gona@ s of order
00 4 &

3-by-3 and 2-by-2 respectively.

Scalar Matrix: A diagonal matrix is calle ar matrix if all the entries in
the main diagonal are the same and n

0
For example: 4=(0 2 0 é}) are scalar matrices of

order 3-by-3, 2- by-2 an -by respe ivel§.

Identity Matrix or U atrl ar matrix is called an identity or unit
matrix if all of 1ts d1ag0 1es are 1.
?1 . 100
For exa @ Jé , R=10 1 0 |are identity matrices of
001

1 2-by-2 and 3-by-3 respectlvely We represent these matrices as:

A scalar matrix and identity matrix are also

notscalar or identity matrices.

\? 10
& }’ L=1010 diagonal matrices but all diagonal matrices are
0 0 1

(ix)

Transpose of a Matrix: A matrix obtained from a given matrix by interchanging
the rows and columns is called the transpose of the given matrix. If 4 is a matrix,
then its transpose is represented as A",

I 8
124
For example: 4 = = A'={20

8 05 45
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(x) Symmetric Matrix: A square matrix A4 is called symmetric if it is equal to its
transpose. i.e., 4" = A.

23 123
For example: If 4 = , then4'= =4
3 4 3 4

Thus, A4 is a symmetric matrix. $
(xi) Skew-Symmetric Matrix: A square matrix 4 is called skew-@etric if
A =-A.

F le:1f B=| > |then B'=| © ~\~
or examplie: = en
P 50 &Q}

Thus, B is a skew-symmetric matrix.
(xii) Negative of a Matrix: The negative of a matgg 4 is obtained by multiplying
each of'its elements by —1. It is denoted b)ﬁ—

For example: If4=[3 -6], then

“A=[3 6]

1. From the following magriccs, identif b matrices, row matrices, column
matrices and null matr & B
%\ o 1o
A=[5 7 8] I\' C= ;
0 1
7
00
D= \ %: 0 , F=|1
9

5 )
1 6 3 5 8 5 -5
=3 > B= > (C= > D= >
$ 4 1 0 4 -2 2 7
_4 -
3
4
5

2 30 1 35
E= 1| > F=[5 3 7]-G=|1 3 4| . H=|4 4
15 0] 15 2 3 5 2
3. Identify diagonal, scalar and unit matrices.
1 0] 50 3.0
A = ’ B= C = ’
0 1] 0 5 0 0
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oo

4. Find transpose of each of the following matrices:
3 25 \E
23
=[ },B=7 ) :[ _24], D=3
4 5
6
5. Find negative of the following matrices:

[—3 0} [ 3 3}
= 5 B=
5 6 2 2
6. If Az[z 3} and B = [7 } then veri ?\
4 5 &? :
i A)=4 (1) @

2 3 4 \6
7. Show that L=|3 -2 5 |4 met@.

4 5
N

N\ .
Algebraic O eMim’l{'watrices J

Basic operations onm

(1) Multlple nofa by a scalar.
(i1) Ad, subtraction of two matrices.
(111) %llcatlon of two matrices.
Therg isgno concept of dividing a matrix by another matrix.

Multiplication of a Matrix by a Scalar

a b c
or a given matrix 4 = { } and a scalar k, we define a new matrix k4

e f

{ka kb ke
as

= , that is, each element of 4 has been multiplied by a scalar
kd ke Kkf

) ) -a -b —c
k. In particular if k=—-1, then —4 = .
-d —e - f
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Addition of Matrices

If 4 and B are two matrices of the same order, these can be added, then their sum
denoted by 4 + B, is a matrix of the same order. They are said to be conformable
for addition. 4 + B is obtained by adding the corresponding entries ofed fnd B.

O

382 4 1 -2
(Example £® 1t 4=|5 3 1|,B=|3 0 6 thenﬁndA+g§+A.
6 0 7 2 3 4

3 8 2 4
@ Solution » Giventhat A=|5 3 1|, B=|3 6
6 0 7 2 ?ﬁ

Order of 4 = 3-by-3 and order of B = 3-by-3.
[3+4 8+1 2-2
Now, A+ B=|5+3 3+0 1+6
16+2 0+3 7+4

[4+3 148 2+
and B+ A=|3+5 0+3

re conformable for addition

7 9
- 7
246 3 4+7 311

Subtrat\@ of @es

If A and B are tw@ces of'th e order, they can be subtracted and their difference
is denoted a @ r B — A, it is again a matrix of the same order. They are said to be
conforma& subtraction. 4 — B obtained by subtracting the corresponding entries
of Bfrom 4.

5 9 36
= , B = ,then find 4 — B and B — A.
4 8 2 1

59 36
, B =
|4 8} {2 1}

[5-3 9-6 2 3
Now, A-B= =
14-2 8-1 2 7

[3-5 6-9 -2 -3
and B-A4A= =

12-4 1-8 -2 =7
WeseeA—B#B—A
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2 4 (3 4 1 . ,
(Example ££)) If 4 = B = , then find 4 + B and B — 4, if possible.
15 52 7
2 4] 3 4 1
@ Solution p) 4= ,B =
15 527

Order of 4 is 2-by-2 and order of B is 2-by-3.Therefore, 4 and B are not co@‘mable
for addition and subtraction.

Commutative and Associative Laws of Ad@f Matrices
E Commutative Law of Addition of Matrices @

For any two matrices 4 and B of same order 4 + B = A. This law is called
commutative law of matrices with respect to addition?s

1
Let A=4
7

1
Then A+B=|4
7

+ 2+ &+ 4 3 6
0\91 b6+2 =8 7 8 ..(0)
é—si 77 9

$® (341 142 3+3] [4 3 6
=|4+4 245 2+6|=|8 7 8 ...(11)
77 9

_0 +7 —-1+8 0+9
Hence, from (i) and (i) 4 + B=B+ A4
Commutative law of addition of matrices holds.

E Associative Law of Addition of Matrices

For any three matrices 4, B and C of same order (4 + B) + C=A4 + (B + C). This law
is called associative law of matrices with respect to addition.
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1 2 3 31 3] 020
Let A=|4 5 6|, B=|4 2 2|, C=|3 0 3
7 8 9 0 -1 0 111
1 2 3][3 1 3])]o 20 ~|
then (A+B)+C =[|4 5 6|+|4 2 2||+|3 0 3 O
78 9] 10o-10] [1 11 Q)
[1+3  2+1 3+3] [0 2 0 \\9
=|4+4 5+2 6+2(+[3 0 3 +
740 8-1 9+0] |1 1 1 Q’

4 3 6| [0 2 0] [4 5
:878+303:11?~ (D)
7 7 9] |1 1 1 10
1 2 3] (3
and A+(B+C)=|4 5 6|+||4 @a
7 8 9] QIO
1 2 3 01 340
=4 5.6 4+;\L 2+3
9 0 1+1 0+1

3 3 3 4 5 6

Q’}456+ 2 s|=|11 7 11| .
A 7 8 9| [1 0 1] |8 8 10
om (1)and (ii) (A+B)+ C=A4+ (B+ ()

e law of addition of matrices holds.

Additive Identity of a Matrix

¢ additive identity of a matrix is a matrix that, when added to any matrix 4 of the
same order, leaves it unchanged.

Mathematically, 4 + O = 4 = O + A, where O is the zero matrix (also called the
additive identity matrix).

1 23 0 0 0
Let A=14 5 6|, O=/0 0 O
7 8 9 0 0 0
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Then A+0=

and O+A4=

o DO O O
o L D 0 N

S O O o0 W N
OOOI\OO\w

Additive Inverse of a Matrix ‘\\9

The additive inverse of a matrix A is another matrix —4 such t
A+ (—4)= 0= (-A4)+ A.
3] 2

Let A=| 4 . then —d=

Now A+(-A)=| 4

(—A)+A=|-4 =2 ®+ 4%0)

1. WTAof the following matrices are conformable for addition and
tractlon?

&@A 5 1 : B=m . Cc=[5 2] - D=E ﬂ E=[2] -
1] sz . H=[3] M:UJ

-1 1 2 3 0
2. If X ={ }, Y= [3 4} and Z = {O 2}, then find the following:

i)  X+7Y (i) Y+ 7Z (i) 4X-Z
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(iv) X+2Y+3Z (v) X—-4Y+Z i) Z-Z
3. Find the additive inverse of the following matrices:

o [5T ot _al i | 2 v s— |0
(i) P= - i) 0=[9 -3] (i) R= 2 3 v) §= 0 1

2 3 3 4 1 -2 ‘
4, If A= , B= andC = » then verify the fo g:
-3 2 5 6 0 5
(i) A+B=B+4 (ii) (A+B)i§9+(3+0)

(i) QA+B)+C=24+B+C)  (iv) 3&@, 34+ 3B

5 6] -5 -6
5. If A= 2 and B = - }, then shm?a‘B is additive inverse of 4

and 4 is additive inverse of B. &Q
6 2] 8 -1
6. If A= o 3 and B= 3 @erify l@

i) (A+B) =A'+B' Q @%A—B)tzAt—Bt
Multiplication oéﬁic@

A matrix A4 is said to be c@mable f&multiplication with a matrix B if the number
he n

of columns of 4 is em@ e @of rows of B.
Thus, if A4 and given %\atrices of order m-by-n and n-by-p respectively,

then the pr é matrices 4 and B is denoted by 4B and its order will be m-by-p.

The order B is m-by-p = number of rows of 4 by number of columns of B.

a
(@) | K>member!
v

t be same
\ g ﬁ mus —l M
Number of Number of

rows of 4 mt by-# n_by_f columns of B
Product AB is of order m-by-p

Let us explain the concept of multiplication of matrices with the help of an example
from our daily life.

Talmeez purchased 7 books and 6 pencils at the rate of Rs. 20 and Rs. 3 per article
respectively from shop No. 1 and he purchased same number of books and pencils at
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the rate of Rs. 22 and Rs. 4 per article respectively from Shop No. 2. Majid purchased 5
books and 8 pencils from Shop No. 1 at the same rate Talmeez purchased. Majid
purchased same number of books and pecils from Shop No. 2 at the same rate Talmeez

purchased.
We show their purchase in the form of tables. $
Table 1 Table 2 O
Talmeez 7 6 Rate per book

Majid 5 8 Rate per penc14&2f
' Amount paid by Talmeez at Shop No. 1. S ?\
7% 20+ 6 x 3 =158 rupees ?7'
Amount paid by Talmeez at Shop No

7% 22+ 6x 4 =178 rupees Q
Amount paid by Majid at s Q.
5x20+8x3—124rué %11
p°No. 2

Amount paid by Majid a
5><22+8><4—1 peesx ..(1v)
We show entries (Q@ two ta the form of matrices.

. O 10 Table2
6\ { {20 22}

é 5 8 3 4
Calculati&&iven above is shown in the form of matrix.

\Q [7x20+6x%x3 Tx22+6x%x4 e
@ 5x20+8x%x3 5x22 +8x%4 see (1)3 (11)7(111) an (IV)

QN X
(158 178

124 142}
(9 7] 2 6
For example, A= ,B=
4 3] 58
(9 7112 6
Now, AB=
4 3| [5 8
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[9x2+7x5  9x6+7x8
| 4x2+3x5 4x6+3x8

__[18-%35 54—%56}__{53 110}

8+15 24+24 23 48 N l
@| Remember! O
For Multiplication 0
If A and B are two matrices and we multiply 4 with B, wh Q
1) Number of columns in 4 = Number of rows in B. e&‘

(i1) Multiplication of two matrices A4 and B is written as 4B.

(ii1) To find AB, we start with the first row of 4 and muli z’dch element with
the corresponding elements of the first column of B and%add the products. This
gives the first element of the first row of the prodwm AB.

Next, we multiply each element of the firgtrowl of 4 with the corresponding
elements of second column of B and at t p%. This give the second element
of first row of the product matrix 4B.

Similarly, we multlply all the rovfs of with c@umn of B and add the

products to get remaining ele% matrix
o ! fze)
nd:

If 4=

331ble (ii) BA, if possible.
@ Solution P ber of s in matrix 4 =2
umbe 0 s in matrix B =2

Thus, 4B is p0551b
a

al + bn am + bp
- cl+ dn cm+dp}
$ Number of columns in matrix B =2
Number of rows in matrix 4 =2
Thus, BA is also possible
[ m||la b
BA=
ol ]
B {la+mc Ib+md }

| na+ pc  nb+pd
We note that 4B # BA
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(Example ) 1f 4= . B
5 -3
(1) AB, if possible.
@ Solution P (i)

Thus, AB is possible

Number of columns in matrix 4 =2
Number of rows in matrix B =2

—
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-2
{ { }, then find:

(1)) B4, if possible.

o+

Now AB= _2 0 -2 \; | Skilled Pra ‘Eic 2!
5 -3 1 .
- If4 = andB=[ },then
— 2x (_2') 0x1 . 1
- |5 ><( 2) + ( 3)>< 1 and its order.
-4+ 0 _ ?\
—10- 3 - 13 ?*
(ii) BA =
Number of colum matrix B
Number of I matr1

Thus, BA is not possib
Commuta

2
4

aw o®tlpllcatlon of Matrices

} 02

211 s
AB =
5 o
Q) C[5x1+2%x0  5x5+2x%x(=2)
$ 3x1+4%x0  3x5+4x(-2)
[5+0  25-4] [5 21 i
340 15-8]| [3 7 -
1 5[5 2
Now BA=
o 2l
x5+ 5 %3 1x2+ 5 x4
0x5+(=2)x3 0x2+(-2)x4
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[5+15 2+20] [20 22 )
“lo—s o0-8| |-6 —g| ~W

From (i) and (i1), it is verified that AB # BA

Thus, commutative law under multiplication does not hold in general in the
multiplication of matrices.

Associative Law of Multiplication of Matrices

If A, B and C are any three matrices, then (4B)C = A(BC) is cal iative law
of multiplication of matrices.

n X
N o} N [2 1} ®+

21 0 3
AB_‘l 0][2 1 1(2)+0(0) 1(1)+ +0 1+0 21
12 1]lo 3] 20+ 1(0) 2(1 "4+ 0 2+3 |4 s

[2 1} [1 2}
Now, (4B)C

45

T2+ 14) 22) +1 2+4 6 4]
- 4(1)+5(4) 4(2) 2 g| 0
Be= 0 3 4 OB\

. 2(1)+1(Qz(2)+ 2+4 4+0} {6 4}
0(2

o(ly 0+12 0+0| [12 0
w0 {3 T 0

4{1(6) +0(12) 1(4) + 0(0) { 6+0 4+ 0} {6 4} (i)

Q 2(6) + 1(12) 2(4) + 1(0) 12+12 8+0 24 8
@ rom (i) and (i1)

$ (A4B)C = A(BC)
ssociative law of multiplication of matrices holds.

Distributive Laws of Multiplication Over Addition
and Subtraction

(a) Let A, Band C be any three matrices, then distributive laws of multiplication
over addition are as follows:
(i) AMB+C)=AB+AC (Left distributive law over addition)

(1) A+B)C=A4AC+BC (Right distributive law over addition)
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1 2 31 1 0
Let A= N B: , C:
0 1] 2 4 5 2
1 2] ([3 1 10
AB+C) +
0 1]{|2 4|75 2

1 2[4 1
1o 1][7 6

14+ 2(D) 1) + 2(6)

1 0(4) + 1(7) 0(1)+1(6)} Q}+

[4+14 1+12} [18 13} & 0
0+7 0+ 6 7 6

1 2] 3+4 1+8
AB =
0 1_ 0+2 0+4
1 2] 1 + 10
AC =
0 1_ 0 +
AB+AC_'7 9' 11 + 11 9+ 18 13 )
"2 4] 2+5 6\2 7 6 !
Hence, from (i) and (11)
A(B + + AC
Slmllarly, we can V d1s @ve law over addition.
IfA4, B an any thiee atrlces, then distributive laws of multiplication
over s b n are as follows:
(1) —(C)=A4B-AC (Left distributive law over subtraction)
(A B)C AC-BC (Right distributive law over subtraction)
4 3 2 1
@ A= , B= , C=
0 1 1 2 0 1

Seol L

0 1|1 2] o1
1 2[4-2 3-11 [1 2][2 2
o 1“1—0 2—1}{0 1“1 J
1(2) + 2(1)  1(2) + 2(1)
“lo) + 10) 0(2)+1(1)}
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[2+2 2+2] [4 4 .
Lo+l 0+1] |11 ()

1 20[4 3] [1#+2() 13) +2(2)
0 1|[1 2] [04)+1(1) 03)+1(2)

_[4+2 3+4] [6 7 O\l‘
0+1 0+2} L 2} O
ol P
:'1(2)+2(0) 1(1)+2(1)} &

AB =

| 0(2) + 1(0) 0(1) +1(1)
(240 1+2
10+0 O+1 1

6 7 .
AB—-AC= ...(11)
|1 2 2 -

Hence, from (i) and (11)

o AB@c o‘

Similarly, we can Verlfy distribu’ over subtraction.
3.4.4 U0 ‘}@ve I of a Matrix
The multiplicati ntlty of a“natrix is a matrix that, when multiplied with any

matrix 4, d s@changelt. le,AI=14=4

1
2 3 0] _[2()+3(0) 2(0) +3()]_[2+0 0+3] [2 3]_
14 1]lo 1] |40y +10) 40) +11)| [4+0 0+1| |4 1|

Lot 02 3_[f@+o@ 16)+o)
o 1|4 1| 0@+ 1(4) 0@3)+1(1)

[2+0 3+0_23_A
l0+4 0+1] |4 1|

Hence, [ is multiplicative identity of a matrix 4.

Qz
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)

1. Find 4B and B4, if possible.
i A—_1 2 B—3 2 i A=[1 =2],B= .
O a=| o) B=|) L) 6 B=| Q~|
_ 1 2
(i) 4 4} B=[2 5] (iv) 4 11 X 1}
111 = , = 1v o ,
4 2 31
. 30|\
1 5
1 2 2
V) A:{ } B=[2 4 &QJ
31 1
1 6
. . -1 51
2. Verify each statement, using 4 = { { } and C= [1 4}.
(1) AB #+ BA (i1) C) AB—-AC

(iii)  A(BC)=(4B)C Q/ (iv)NBC) = C'B’
(v) (B+C)A=BA+C.

Qs\1 ﬁnK@a ues of a and b.

’\:en find the values of x and y.

fcative InVerse of a Matrix J

terminant of a Matrix of Order 2
a,

} be a matrix of order 2. Then the determinant of 4 is defined as:
ay,

= a,ay —ayd,

ay-” Ay

a b a b
_ . _ .7 _ - .
For example, Let 4 = L d} be a square matrix. Then || _‘c>\d ad—bc is

called the determinant of matrix 4 and ad —bc is called value of determinant. We can
note that the elements of 4 and the elements of |A| are the same. The brackets [ |

of the matrix is replaced by two vertical lines | |” in the determinant.
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g8 2
Find value of the determinant of B = L }

3

8 2
CSolution B [5]-;

columns and colum WS.

Singular and Non-Singular Matrices \\9

A square matrix 4 is said to be singular if |4| = 0. A square % A is said to be
non-singular if |4]| # 0. @

The value of the determi is not
=8x3-4x2 altered by changing th;m nto

4 8
For example, Let A4 =
2 4

=4x 4 - 8 z 16=0
Thus, matrix 4 is a singular matrix. (b\'g

7 3

4
Now |4 = ‘

For example, Let M =

Now |M| 7>< 9

O
n smgul trix.

1nt of a Matrix

Thus, matrix M

3.5.3 ﬁ&
The adjoint™of a square matrix is an important concept in matrix algebra, especially

when ing the inverse of a matrix or solving system of linear equations.

oint of a square matrix 4 of order 2 is obtained by interchanging the diagonal
ents and changing the signs of other elements. It is denoted as Adj 4.

4 2 . 1 -2
If A= ,then Adj 4=
-6 1 6 4

Multiplicative Inverse of a Non-Singular Matrix

4
We know % and % are multiplicative inverse (or reciprocal) as the product (% X EJ

is 1.
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Similarly, if we have two square matrices of same order ()| Remember!
and their product is a unit matrix, then these matrices are  The inverse of a singular
called multiplicative inverse of each other. matrix does not exist.

Let 4 be any square matrix and there exists a square matrix B having the same order
as 4 such that AB = B4 = I (a unit matrix). Then 4 and B are multiplicati\NEa‘erse

of each other. Hence A4 '=4"'A=1.
We denote multiplicative inverse of 4 by 4™ ’&O
Adjoint Method to Find Inverse of a Squar_\~ trix
a b ) . ) . .
Let A= { d} be a non-singular matrix, then multlﬁtlve inverse of A4 is:
c

A" = % &?\?\

8 5 <2>' Caza
L 3 s@nd multiplietive inverse of 4 and verify that

AA_l = A_lA &O " (]
\ @© | Challenge!
e Q 2 1 3 4
@ Solution P 4 3 0 If A= L :l, B= L 4:| , then verify

&?= 8 5 (AB)—I —B'g!
QM4 5

|A| -c a

A Can we say it is also a Reversal Law of
=8%x3—-5x%x4 Multiplicative Inverse?
\Q =24-20=4%0
'@on-singular matrix, so 4! is possible.
$ A =L Adja
|4
1|3 -5
:ZL4 J
3 5
A= 4 4
|:— 1 2
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Let us verify that 4 and 4~! are multiplicative inverse of each other.

- 3 -5
and AA7 = 835 4 4
4 3

-1 2
:_8x%+5x(—1) 8x(%fj+5x2 0&
4x%+3x(—1) 4x(_7r5J+3x2 ~\’:\9

_[6-5 —10+10] _[1 0] _, «
3-3 -5+6] |01
L. 1] 3 -5][8 5
Now,  A'd= -
4|-4 8J|4 3

(3X 8+ (-5) X4 Q,SH 5 }

1
4| (-4)x8+8 4)X®' 3

Thus, A4~ = A‘i@

3 -5
8 2 2
Hence, Aﬁ’ and | 4 4 | are multiplicative inverse of each other.

-1 2
< ol
N 4 -2 2 o
\Example £ Prove that 4 = 6 4 and B= 3 are multiplicative
B = 1
2
inverse of each other.
1
. | 4 -2 b2
@ Solution p) Giventhat4 = ,B=
6 4 3
2
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Now,
1 3 1
_ 1 = 4x 14 (2)%x= 4x —+(-2)x1
4 =2 2 2 2
e alls |7 3 I
- 5 1 (—6)><1+4><5 (=6) x 5+4><
[4-3 2-2] 10 g
C|-6+6 3+4| |0 1]
_1 1 If 4 is a singulat\gitrix i.e; | 4| =0,
5 4 -2 so in suc ase, there is no inverse
and BA = 3 {—6 4} ofn@
— 1

(_
3
5x4+1><(—6) —>@)+1
[4-3 —2+2]
16-6 -3+4l¢ 1

Thus, AB=BA=1 O \
4 - N 2 o

Therefore, A = 6 . and Bs are multiplicative inverse of each other.
& !

L2
i 1
_ 1X4+5X(_6) 1 x Kg\
3

2

8
4= { : 10} is a singular matrix, then find the value of x.
e
(@ b 1=

8 1. . .
} is a singular matrix, then |A| =0

© | Challenge!

Take any 2 by 2 matrix and check
whether it is singular or non-

=10x—-5x8 =10x—40
Since, A4 is singular, therefore,

| A| =10x—40=0 singular. Also find its adjoint.
ie. 10x=40
= x=4

NOT FOR SALE-PESRP



—

» Matrices and Determinants 70

1. Find the values of each of the determinant.
. 105 .. - 3 8
D P W5 S O\l‘
2. Find whether the following matrices are singular or non-smgula
53 7 21 13 5 2.0 \Q
A = , = , C = ,
3 2 2 6 7 3

6
3. Find the value of x when A4 = {: } isa singula&ﬁ

4. Find the adjoint of the followmg matrlces
{a b} —3
A= , B=
c d
5. Find multlpllcatlve inverse of t mg
0 50 (i) 40 8
Voolo s 7 Wols 2

(iv) E 53} Q &10 (vi) {_42 —53:|
\.
fA= { é ﬁ% nd prove that A4 =474 =1.
h

e following matrices are multiplicative inverse of each other.

' 83@2 -1 2 1 4 15 4—E
SAEY W L)

é)@ -3 2|73 2 2 8]°| ,
Prove that (4B)' =B"'A"", if
, -3 2 2 -1 . 1 2 0 -1
(1) A= , B= (i1) A= , B=
5 6 -3 2 g8 0 5 2

Solution of Simultaneous Linear Equations J

A linear equation is an algebraic equation in which the highest power of the variable
is 1. A general form of a linear equation in two variables is:

ax + by = ¢, where a, b, c are real numbers, x and y are variables and a, b # 0.
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Simultaneous linear equations are a set of two or more linear equations with two or
more variables that are solved together (simultaneously) to find a common solution.
The general form of system of two linear equations in two variables is given below:

ax+by=m
cx+dy=n &
where a, b, ¢, d, m and n are real numbers. O

Here, we will find the solution of two simultaneous equations in tv&@ables by the

following methods: +

()  Matrix Inversion Method &

(i1) Cramer’s Rule ?\
3.6.1 i i v

Matrix Inversion Method &

Let ax+by=m (
and cx+dy=n
. . ax + by m
These equations can be written 1n atrlx fo
cx + dy n
a b

@? and B=
QQ}M

ow if | A| # 0, then (i) can be written as:

$® AX =B
and A7'AX =4"'B [pre-multiply by 47']

—ad bc
d

IX =4'B [as A4 =1]
Thus X=4"'B [as I X = X]
x_Adid

|4
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H_{i T [ [

y ad —bc ad —bc an —cm

ad — bc

o dm—bn  an—cm O$

= ’y_
ad —bc ad —bc O

Solve the following by matrix inversion method: Q
2x+3y=13 .\L\'
4x—5y=—7 <

@ Solution p) Giventhat 2x+3y=13 «
4x — 5y =-7 ?\
Writing the equations in matrix form: ?\

X =4"B
2 3
A=
_4 _5_
2 3
=1, _s
=)= -3
=-10-12
=-22%#0

o [-5 -3
Adj A= [ }
4 2
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Therefore A = L AdjA4

|4
_ 1 {—5 —3}
2214 2 \b
Now X = A~'B can be written as OO
x| 1 -5 —37[13 ®
MR- 4
_ R4
1 [(5)x13+(3)x(-7)

22 [(4)x 13+ 2x(-T7)
1 [-65+21 &Q
-22|-52-14
1 [—44 Q/
- E 6 © | Challenge!

Take any two linear equations in
2 O two variables and solve them by
& matrix inversion method.

Thus X, O
Solution K@Z 3)} %

Gabriel Cr§' was a Genevan mathematician. Cramer showed

Qm Mathematics from an early age. At 18 he received
h

rate in Mathematics.

1750 he published Cramer’s rule, giving a general formula for the
solution for any unknown in linear equation system having a unique

solution, in terms of determinants applied by the system. This rule is still Gabriel Cramer
standard. (July 31, 1704 - January 4, 1752)

Cramer’s Rule

Consider the following system of linear equations.
ax+by=m
cx+dy=n
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These equations can be written in the matrix form as
a b x| |m
c d| |y Y
AX =B () \l.
a b X m O
Where 4 = , X = and B =
c d y n

If |A| # 0, then from equation (i) *

44X = 4-'B [pre multiplicati&y -
IX - 4B ?\
or X =4"'B [as IX ?N
A4
X = Adj 4 x B { )4
4 |4

dm bn

4]

y —cm+an

é)Q 4]

$ dm—bn an —cm
or xX= , V=
|4 4]

m b a m
or _In d‘ _ A _le _ m
4]~ [ Al
Use Cramer’s rule to solve the system of equations:
2x+3y=13

4x - 5y=-7
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@ Solution p 2x+3y=13

- Sy=—

Matrix form of the equations is: Take any two linear equations in
two variables and solve them by

{2 3}|:x:| |:13:| using Cramer’s rule.
4 =5|y| |-7 O\l‘

Here, we have O
2 3] 13 3] 2013 \\,Q
A_L —5}"4"_{—7 —5}’4_{4 —7} Q}+
2 3 &
4 —5‘ ?\
= (2)(=5)-(3)(4) ?~
—_10-12 &
=-22%#0 QQ \@

13 3 4 %? 2 13

'AX'z‘—7 —5‘ \Q ~|4 _7‘

- 13157 «[ » @) - (13)4)
::6%_440\ — 14-52=—66
$ Al _-e6 _,

|A|=\

— 44
Sl y=r—t=—01=
A 22 4] 22

AY
olution set = {(2,3)}

5N JApplications of Matrices in Real World Problems J

\ O/
SExample £5) Three forces act on a particle which must be in equilibrium i.e.

X

5 -3
F1+FZ+F3:O,whereFl=L},Fz:{ },FS={
x

4} . Find the value of x.

@ Solution p) Since F+F,+F,=0

HENEMEH
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5-3-2 0 0
2+x—-4 0 0

x—2=0

=2
. - 3 , k -
Eight years ago Huria’s was " of Jannat’s age. After foulé@ uria’s

age will be g of Jannat’s age. Find their present ages by using mat@

@kat’s present age is

@ Solution P Suppose Huria’s present age is x year‘sK

y years. Eight years ago their ages were x — 8 and y — 8. ding to first condition:

C
3
x-8=>(y-8
L8 v
or  4x-32=3y-24 &Q

or  4x- wz—m+&

4x—.3y=8 g/ )&@

After 4 years their ages will be x +
Applying the second condition \

x+ @y{
) ‘762 & ...(ii)

—6y
Matrix fo d (11) 1s
M
28 [ el
A= , Ax = , Ay =
$ 4 -6 7 4
H(6)«(7) (3)

-24+21
-3#0

Applying Cramer’s rule
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X
|4

4 8
a4l 7 4

T 3

:—48;12=—630=20 =—16;56=—732=24O\|

Present ages of Huria and Jannat are 20 years and 24 years res y.
&ries andJ

The Role of Mathematics in Scientiﬁa\~
Technological Advancement )§Q)

Mathematics is often described as the language of science. It¥plays a fundamental role
in developing scientific theories and advancin dern technologies. From
understanding the laws of nature to designing life- drugs, Mathematics provides
the tools needed to describe, predict and opti&r al-world phenomena.

and simulations. Scientists and engifiggfs ,use the dels to represent complex
systems such as weather patterns, laton gr@ 1 the functioning of the human
hypot

brain. These models allow reséﬁh stot heses, predict future outcomes,
and visualize scenarios that w e to@ dangerous or impossible to replicate
in the real world.

In medicine and mater@?ienc @ ample, mathematical simulations are used to
design and optimi \w mat%r drug molecules. This saves time and resources
by reducing th: ﬁ@for trial-and-error experiments. Similarly, in fields like Physics

and astrono uations and models help us to understand the formation of galaxies,
black hole subatomic particles.

Drug Diicovery
efidinatical algorithms help simulate how a drug will interact with cells or proteins

n'the body, speeding up the discovery of effective treatments.

One major area where Mathematics congi@ is in e@ of mathematical models

Neuroscience
Mathematical models are used to simulate brain activity, helping researchers
understand learning, memory and diseases like epilepsy.

Climate Science

Complex equations describe the interaction of air, water and energy, helping
scientists to predict weather and long-term climate change.
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[ ST

Solve by matrix inversion method, if possible.

(i) 2x+5y=19 (i) 3x+2y=7
4x -3y =-1 Sx—y=16 \L_
(i) x-2y=9 (iv) 3x+2y=2 Q
2x+Ty=-4 x—2y=-2
Use Cramer’s rule to solve the following pair of linear eq @, if possible.
(i) x+4y=4 () x+2p=7 +
2x—y=35 3x-2y=—
(i) 2x—5y=-6 (iv)  3x+2 —&
4x —-3y=-12 S5x +

and B of a simple electrical circuit. T of the equations is:
x+y=7

2x—-y=12
where xis the current in brancl@ yis nt in branch B. Find x and y
by using matrices.

Three forces act on a pa le nd must be Th equilibrium i.e. F{+F,+F, =0,

8
where f| = [ } F, = ?, F, wlnd the value of x and y.
x — -—

Two support's, A c@are holding up a combined load of 100 kN.
Twice the {d n bea d three times the load on beam B equals 240 kN.
Find t

An electrical engineer wants to determin § current in two branches A
m

of beam A4 and beam B by using matrices.
game world, two characters are moving along straight paths. One

Q;lracter moves along a line where the total of twice their horizontal position

vertical position is 5, while the other moves along a line where their
horizontal position is one more than their vertical position. Find their point of
intersection by using matrices.
Two years ago a man was 5 times as old as his son was. After 6 years he will be 3
times as old as his son. Find their present ages by using matrices.

Two cyclists are 44 km apart and start out at the same time. If they go
towards one another they meet in 2 hours, but if they go in the same direction

. 1 . . .
the faster overtakes the slower in 75 hours. Find their speeds by using
matrices.
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The numerator of a fraction is 7 less than the denominator. If the numerator is

increased by 3, the new fraction can be cancelled down to % Find the

original fraction by using matrices.

REVIEW EXERCISE

1. Four possible answers are glven for the following questions. the correct

Q) If|: . }M,thenaz &Q’

() 3 (b) 5 (©)6

(i) A=[3 5 OJisa matrix,&?~
(a) row (b) square@(}c) colq@ (d) null

(iii) B{ﬂ isa lTQ( @(b'
(a) identity (@ are s\O&c) row (d) column

(d)7

1 00

iv), M=|0,1 1S a/a e\ matrix.

@ugular (b) identity (¢) column (d) row
o <&

=—A, then 4 is matrix.

Q (a) symmetric (b) row
@ (c) rectangular (d) skew-symmetric
vi) If 4=[3 4], B=[7 8], thend+B=

(a) [21  32] (b) [24 28]

() [10 12] (d 11 11]
(vii) If4=[3 4], B=[7 8],thenB—-A4=

(a) [10 12] () [11 11]

(c) [4 4] (d[4 4]
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3
(viii) What is the additive inverse of [4} ?

o] e e[ el

313 \l.
(ix) If A:{2 0 2}, then order of A4'is: O

(a) 3-by-2 (b) 2-by-3 (c) 3-by-3 (@@
3 N

&) ‘o 4‘ ) Q}+

(a) 11 (b) 12 ) 13 & (d) -11
4 2] 5 5]
If A= ,B= , then find ?‘
7 6] 8 8] ?\
G)  (4—BY Gi)y B -4 & (i) 24+ 3B
2 3] [5 6] 2
If A= , B= ,C = the y that

(i) (U+B)C=AC+ (in& c-B)=-ca-ca

4 5] 2 1
() 24+B)-= 2A+§§Q (if) @B)+C=A+(B+C)

(V) (4B)Y'=B'4 AA ' =A4=1
(vil) (4B) = Vlii) (A4B)C=A(BC)

If 4= { é { %hen find

(ig% (i) AdjB (iii) A
(iv)™ 44 v) (AB)Y (vi) (B"Y

matrix inversion method and Cramer’s rule to solve the following pair of

@ near equations, if possible:
$ (1) 3x+4y=7 (i) x—6y=-15 (i) 2x+y=5

6.

Sx—y=2 2x +6y=-3 x+3y=3
Find two numbers by using matrices such that twice the first added to the
second makes 21 and twice the second added to the first makes 27.

4 knives and 6 forks cost Rs. 136, whereas 6 knives and 5 forks cost Rs. 164. Find
the cost of a knife and a fork by using matrices.

A shop employs, 5 men and 3 women, pays total daily wages Rs. 3500. If the
number of men is reduced to 2 and 3 extra women are taken on, the daily wages

amount to Rs. 5000. Find daily wages of a man and a woman by using matrices.
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Functions and

Stuwdentsy Learning Ouwtcomes O
gAfter completing this unit, the students will be able te:

Explain operations on functions and compositions of functions.
Define inverse functions and demonstrate their domain and ra ith"examples.

Formulate composite functions as defined by (fog)(x) = i: ?(x)).

vVVvVYVvyy

Apply concepts from functions to real-world problems s finance, transportation and

sales).
Plot graphs of absolute valued functions.

» Solve absolute value linear equations and inegemalitic$,in one vagiable and express the solution
as a range of values on a number line. XQ )
> Apply concepts of absolute valued funcfons’to real —wor@b’ lems (such as to calculate

energy wave, magnitude and distanQ

v

| B INTRODUCTIGN \0&

This unit explores the fo tional wpplied concepts of functions, beginning with
operations on functi @ co ns of functions, enabling students to combine
multiple functio under%their interactions. Students will define inverse
functions, dete ¢their domain$ and ranges and illustrate these with clear examples.
The unit als Qﬁhasizes the formulation and interpretation of composite functions.
Students apply function concepts to real-life contexts such as finance,
transp@ion and sales, making mathematics practical and relevant. Additionally, the
i ers absolute value functions graphing them, solving linear equations and
ualities involving absolute values and expressing solutions on a number line.
Gottfried Wilhelm Leibniz is
credited with first introducing

) . the word '"function" in a
from a set X to a set ¥ is a rule that assigns each  mathematical context. He used

element of set X exactly one element in set Y. It is  the term in 1673 to describe a
. ) . quantity related to a curve,
written as f: X — Y, where the set X is called the such as its coordinates or slope.

Function J

If X and Y are two non-empty sets, then a function

domain and the set Y is called the co-domain of function f. While the range is the
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subset of the co-domain that contains only the actual output values produced by the
function f. i
If f(a) = 1, then 1 is called image of a under f and a is X /\ Y
called a pre-image of 1.
For example, f(a)=1,f(b)=2,f(c)=3,f(d)=4
We can see that all elements in X have only one image in Y.
Therefore, f'is a function.

Domain X= {a, b, c, d}

Co-domain Y= {1, 2, 3,4, 5} &@

Range of /= {1, 2, 3, 4}
The symbol f'(x) is often used to briefly denote ?\
of x. If y = f(x), then by substituting & ion

numerical value for ‘x’, we can obtain

@ | Remember!

Range is always a subset

pondin of the co-domain.
succession values for y which stands f lues

function. Hence in this connectio @some nventional to call ‘x’ the
independent variable and ‘y’ the d dent vari

It /) :mé\tl then 6&@&

» £ (ii) (—2) (i) f(a) (iv)  fGe+1)
@ Solution b Givent + 1
(i) f(O) -
(ii) ( 2)2 + 3 ) +1 If f(x)=2x>+ 5x, then find
=4-6+1=-1 f+2).

(i11 f(a) a@+3a+1
\@ fE+D=@+1P+3x+1)+1

=x>+2x+1+3x+3+1
=x2+5x+5

w »J) Find the domain and range of f(x) = (x +1)°.

@ Solution B As f(0)=(0 + 17 = 1; f(4)= (4 +17 =25; £(-10) = (-10 + 1)* = 81;
1y (1 .Y 9 2 _
f&}bﬂ} =2 S(V3)=(V3+1) =746;f(-1)=0:500n

For every real number x, f{x)=(x+1)?is a non-negative real number. So,
Domain f'= set of all real numbers ; Range f= set of all non-negative real numbers.
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Operations on Functions

Operations on functions involves performing algebraic operations (addition,
subtraction, multiplication and division)

EAddition of Functions $

If f(x) and g(x) are two functions, then their sum is written as:
(r+ 9)0) =) + ) O
Let f(x) =2x+3and g(x)=x2+x+ 1. Add f(x !\. X).
@ Solution P fx)=2x+3 +
gx)=x*+x+1
(f+8) (x) = f(x) +g(x) Y
=2x+3)+ @ +x+ l)v~ 3x+4

ESubtraction of Functions

@ Solution P f(x) =5x

g = xé \O\

(f- g)(X§(
S5x 2 -3)

=-—x*+5x+5
EMulti li n of Functlons

Iff(x)a are two functions, then their product is written as:

Sx)=x+1

g(x) =2x-3

(f8)x) =f(x)g(x)

=@+ 1) (2x-3)=2x>-3x+2x-3
=2 —x—3

uDivision of Functions

If (x) and g(x) are two functions, then their quotient is written as:
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(ij(x) =L o gy 20
g g(x)

Let f(x) =x*—4, g(x)=x + 2. Find (LJ(x) , where x # -2
g
@ Solution b fx)=x>—4 O$

gx)=x+2 O
HET &
2\

_ (;22)@ -2) ?7?\

(x+2) &
Composition of Funct%}

i, . \ g
Composition of function is a proce X & Y
gof

/9‘\ VA
combining two or more functio tg

produce a new single function, "§\ ‘

The composition operator “@” t@s two ‘
functions fand gand ’r@ew fu ’SD

Letushavealook a% nitic%

é Figure 4.2

Letf: X — Fand g: Y —Zbe two functions. Then the composition of f and g denoted by
gof '@wd asthe function gof : X — Z given by gof (x) = g(f(x))

f Y Y g z X 4
VEA A A2
sl ae =
5 10 |

[ X-Y g:Y—>27Z gof : X >Z
Figure 4.3 Figure 4.4 Figure 4.5
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If £(x) = 2x + 3, g(x) =x?, then find

(@) (fog)) (i) (g0
F() =2x+3,g(x) = x°

D  (fog)x) = f(glx)
= ()
=2x+3
(i) (gof )(x) = g(f(x)
= g(2x+3)
(gof )(x) = 2x+3)
= 4+ 12x + 9
(iii)  (fof)(x) =/(f(x)
=f(2x+3)
=2(2x+3)+3

a9 \Q

(iv)  (gog)x) = g(gx) O

(i) (fof )(x) (iv)  (gog)(x)

@ | Remember!

In general, '
(fog) %ﬁ@')(x)

One-tg- ction
A ionyf is said to be one-to-one (or injective)
#Tach 1put may

p@a unique output.

Bijeetive Function

& ction is called bijective if it is both one-to-

e and onto.

ninputx from a set X and maps itto anoutputyinasetY.i.e.,
XY, f(x)=Yy
Then@werse function of fdenoted by /', reverses this process. It takes y as input and

$@a5 output:

A functionf&@

fYysx , f'(y=x

X Y

If y = f(x) then
f7'(v) =x is called

Domain of ¥ =Range of 1
4 geof inverse of f'(x)

Range of ' =Domainof '
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Letus understand it with the help of an example:
Consider X={1,2,3},Y={a,b,c}
and  f:{(1,a),(2,b),(3,0)},then £ : {(a, 1),(b,2), (c,3)}

X r Y

Figure 4.6

fh=a

f@2)=>b

f

f@=c W)
It is important to note that a function ha@/erse 1
(bijective). Q
Vertical Line ’@\

A curve/line drawn in a graph repres
curve/line at most one pps

&sa%unction, if every vertical line intersects the

e
o
N4

Aky ' My
4
<\0\;
; , 1\
g A B 3
‘—4—3—1\ 3 4 ‘—4—3—2-1?/ 3 4
é/")j
=4
N A\ 4 Vy
. . . . \, . .
Vertical line intersects Vertical line intersects Vertical line intersects
at one point at one point at two points
Figure 4.8 Figure 4.9 Figure 4.10

Graphs of Figure 4.8 and Figure 4.9 represent graphs of functions and graph of
Figure 4.10 does not represent the graph of a function.
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4.1.5 Horizontal Line Test

If every horizontal line intersects the curve at
most one point, then the graph is a one-to-one
function.

The vertical line intersects the graph of f (x) = x*
at only one point, so it is the graph of a
function. It fails in horizontal test, so it is not a
one to one function.

—

p Functions and Graphs

Hq

V' s Aky
5
7
1 3
rizontal line 3
, 1 %
X X
4 3 2|10 <§3 4

V y

t me

Figure 4.11

Find the inverse of f(x) = 2x + 3. At& d domain and range

@ Solution D fx) =2x+3 E
y=2x+3 e&i w1thy]

of /7! ().

y—3=2%

7

x=y 3 @ggefor

)=>f (»)=x]

e (x) . %Qlacmgy by ]

y=Xx

=y
1

x=y3 [Solve for x]
1

@ All real numbers
All real numbers
Domaln 1 (x): All real numbers<>
Range /' (x): All real numbers

If f(x)=x" find f~!(x). Also verify that /(/'(x)) = /' (f(x)) = x.

_ .3
1=
3 [Replace f(x) with Y]

If f(x)= —ix+2, then verify

that / (/" (x))

=y ly=f=/"(=1x]
)= xé [Replacing y by x]

Ff1W) =) =(x)) =x

=f(f(x) =x.
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D) =) =(x") =
') =" (fx))=x

| exercise SETN NG

—

Iff(x) =2x + 5, g (x)=3x—2, then find O

i) f)+g® ()  f(0)-g® \\9

Iff(x)=x+2, g(x) =2x + 4, then find

(i) g () g f() (i) &% v &
For the functions fand g, find J)

(@)  (fog)x) (b) (gof)x) %(X) (d)  (gog)x)
Where, V

i) fx)=2x+3 ; gkx)=x (11) = x¢0 g(x)=2x" -1
(i) f()=2x-1 ; g(X)

Find the value of £, suK ( fog) xe?gof ) (x), where f(x) =3x + 2,
g(x)=6x—k

Given that f(x) = 2 and g&sgx + 3. Find
DI VONQ) f3)

Find /~!(x éch of t@owmg
(1) é 2x -3 (i)  f(x)=4x -1
o

(i) f(8(-2)

x+1 2

f)=~x-1,x>1 (iv) f(x)= ,XF—
3x-2 3
7. @Qe functions f'and g are defined such that f(x) = 4x+ 2 and g(x) = 6x — 18.
) Find f'(x) and g '(x). (i1) Find x if f1(x) =g '(x).
Verify that /(£ () =f~'(f(x)) =x
(1) fx)=x-6 (i) f(x)=7x—-4
Gi)  fo="2 V) fw=22 e
x+2
Without finding f~ '(x), find domain and range of f (x):
(1) f(x)=12x-3 i) fx)= %x+8
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(iii) f(x)=$,x¢—l (v)  fO)=x—2,x=2

10. Given that f(x) =x*> + 9 and g(x) = x + 21. Find the values of a such that:
f(a)=g(a)

Graphs of Absolute Valued Functions J 0\1~

An absolute valued function is a type of ()| Remember!

function that includes an algebraic expression The graphs other absolute
enclosed within absolute value bars. Its general value fu ncti;el ;aa;ltlfnlsxof
form is £(x) = | x |. The absolute value of a o}{mugh transformations.
number represents its distance from zero on the x, x>0
number line and is always non-negative. ?‘ |x[ = {_x L < 0}

The graph of f (x) = | x | has V-shape and i
symmetric with respected to the y- ax1s

point where the graph changes dirget
called the vertex (0, 0). @

The vertex form of an absolute ga{ld unction 1s

g(x)=a|x—h|+k,wherea
vertex. Its graph is sym about ne
x=h.

Figure 4.12

% the graﬁhe following functions:
Q)(l) feo =lxl+2 (i) g(x)=Ix-3]

0 f@=Ixl+2 (i) g =lx-3|

$ Make a table of values. (Step | ) Make a table of values.

412101 2] 4. X [-4]|-2]0]3]S5..
f(x) 6 |4]2]4]6. gx)| 7[5 [3]o]2.
(Step I1 ) Plot the ordered pairs. (Step I1 ) Plot the ordered pairs.

(Step 111 ) Join the ordered pairs and (Step 111 ) Join the ordered pairs and
draw the V-shaped graph. draw the V-shaped graph.
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— N/ B W O 0 O

3 - E; 1

543210 1 23 4 5 S| 54321/
</

Figure 4.13 re 4.14

plotthegraphoff(x):zuﬂ|-3?~
@ Solution B f(x)=2lx+1]-3 ?‘

(Step I ) Make a table of values. X 2, -1 0 05
r ) @é ‘ -3 -1 0 ..

(Step II ) Plot the ordered pai Qv'

pairs. 5

tStep 1) Join the orderedand X-2-15-1-050[ 45 1 15 2 25 3
draw the V—ﬁe grap, =0.5 /
of the fuachord. NotiegN\y,
that th mex 0 t@
gra §is (—l$nd
t aph is symmetric :
4b0utx=—l. =3
S

Figure 4.15

X

% Solution of Absolute Valued Linear Equation in One VariableJ

An absolute value linear equation is an equation in which the absolute value is
applied to a linear expression.

Solve 2|x — 3| = 16 and express the solution on number line.

@ Solution b 2x-3|=16
x—3|=8
t(x—3)=8 or x—-3=18
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Now x -3 =28 or x—3=-8

x=11 or x=-5
Solution set = {11, -5}
Number line 8 8
A A
I | \L.
<« 1 | | | 1 | | 1 | | | | | | |
~ A\ ) ) ) ) L) ) ) L) ) ) ) ) ) ) )
=5 0 3 (@
. . o Qg N4 .
m Solution of Absolute Value Linear Inequallty @e Varlabhj
An absolute value linear inequality in one variable is an 1ne \ﬁat involves the
absolute value of a linear expression with only one variab forrns such as:
|ax+b|<0, ax+b|>() >0,

6)) —a <x < a is equivalent to (—a, a)

(i) —a<x<aisequivalent to [-a, a] &

(iii)) x<—a or x> a is equivalent to ( oo) @@—H@—)
z 3 0 a

(iv) x<—a orx>ais equivalent Ul a < & & >

w3 Solve the Qy | 5 and express the solution on number line.
@ Solution P

X— 1)_
@&r x—12>5
or x—-1>5
or x>6
—t ettt 1
Theys nIS(—00—4]U[600) 6 4 2 0 2 4 6 8 10
\\W4 Express the solution of 40| 2x — 5 | + 1 > 201 on number line.

® Solution

First isolate the absolute value expression on one side of the inequality.
40 2x - 5|+ 1 > 201
40 |2x — 5| > 200
40|2x-5| _ 200
>

40 40

2x—5] > 5

+(2x-5)>5

(Divide each side by 40)
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—(2x—=5)>5 or 2x-5>5
2x-5<-5or 2x-5 >5
2x<0 or 2x >10
x<0 or x >5

1 Van [l [l [l
! I ) ) )

—é -1 0 1 2 3 i\&ﬂ
Cexercise 3000 Qo
ed funct \.

&

The solution is (—oo,0) U (5,0)

1. Plot graph for the following absolute valued functions:
O f=x-2 (i) f Sg\@
(i)  f(x)=5x]| (iv) +2[+3
V)  f()=2fx+4-3 (Vi) L0 =2x 1| -
2. Solve and express the solution on number

i) |x=2=6 (i) |2c+1= & d4x- 9| =3 (iv) |7-2x|=1
3. Solve and express the solution on nifmber 1ne

(i)  |5x+8/<3 Q/ |<0
Gii)  |3—4x|>0 Q ——5‘ 3

(1V -

(v) | 3x — 2|<12 i 1—-2x|>5
Solving Re{k}ffe P sl%ems Involving Function J
Functions are widel to m nd solve real-life problems in areas such as
finance, transp @ and s In finance, functions can represent income,
expenses, 136@ r profit over time. In transportation, functions can describe the

relations

tween distance, speed and time, helping to calculate travel times or
fuel mption. In sales, functions are used to model revenue, cost and profit based
0 %mmber of items sold. Solving these problems involves identifying the relevant

bles, expressing their relationship as a function or equation and using algebraic

methods to find unknown values, make decisions or predict outcomes.

(Example 45 Let £(n)=1,500nis the total earning (in Rs.) function, where 7 is the

number of days. If labourer works 10 days, find his earning.

@ Solution p Giventhat: E(n) = 1,500n

If the labourer works for 10 days, his earning will be £ (10) = 1,500 x 10
= Rs. 15,000
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Let f(x) =200 + 15x1is a function of charging taxi fare(in Rs.),

where x represents the number of kilometres. Find proposed fare for a distance of 50 km.
@ Solution P f(x) = 200 + 15x

Required fare =f(50) = 200 + 15 x 50
=200+ 750 = Rs. 950 (\*

m Solving Real-Life Problems Involving Absolute Value@?ﬂ’lctions
ere distance,

Absolute value functions are essential for solving real-life probl

magnitude or fluctuations are involved, regardless of diregtion.~In energy wave
analysis, such as sound or seismic waves, absolute )glmzmctions model the
amplitude or strength of a wave. In physics and engineertng, magnitude is often
expressed using absolute values to describe the siz a force, charge or vector,
independent of direction. In distance-related r(?hs, such as the location of an
object from a reference point, absolute Va@ti ns measure how far one quantity

is from another, ensuring the result iséa ays non- we. These functions help

describe situations with symmetry or sided v i@u
A sensitive dev%ce erates bes 20V but can tolerate a variation

of up to 5V. The condition 1i deled — 220] <5 . What is the range of

5\

acceptable voltages?

@ Solution P . QQ — 220,
or %\ 4 5
Q} 54200 < 54220 or 215<V <225

tage is between 215V and 225V.

! An earthquake sensor issues a warning if the recorded magnitude
i Yedm a safe level of 4.5 by more than 1.2 units. The condition is modeled by
@Q’.SI >1.2.
r which values of magnitude M will the sensor issue a warning?
@ Solution p |M—45>12
+(M —4.5)>1.2
~(M—-45)>12 or M-45>12

M—-45<-12 or M—45>1.2
M <33 or M=>5.7
Hence, the sensor issues a warning when M < 3.3 or M > 5.7.
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a

1. A function B(¢f) = 5,000 + 200¢ represents the total balance (in rupees)
after # months. What will be the balance after 6 months?

2. A function f(k) = 150 + 20k represents the total fare (in @%’ for
k kilometres. How much will the fare be for a 12 kilometres ride

3. The cost of manufacturing fancy sofa set would be fixed s Rs. 5500
which is modeled as /' (n) = 5500 n, where # is the numb‘r sofa sets. Find
the cost of 50 sofa sets.

4. A function T(d) = 6d_0 represents the time 7 in &s to travel a distance d

kilometres. How long will it take to travel 180?
5. A company charges Rs. 100 for ing work. In addition, the
company charges Rs. 5 per page of prigted output. The model of function

f(x) = 100 + 5x, where x rep s the numbghdof pages printed out. How
much will company charge for@g nd printing work?

6. A chemical reaction is sta%t 37°C rocess must be stopped if the
temperature deviates by f The condition is modeled as:

| T—37°1>2.5%Tbe t mperaK
process be stopp

or what temperature values must the

7. A factory pr meta @hat must be 2.5 metres long, with a tolerance
of £0.04 An a value inequality models this: | x — 2.5 | < 0.04.
What 1@ ange of acceptable lengths?

e part must be aligned so that its centre is exactly at 0. If it shifts

*®

ore than 0.1 mm, the part is rejected. The model is given by [x| > 0.1. What
itions of the centre cause rejection?

Qz
$ [Review exercise SO

. Four possible answers are given for the following questions. Choose the correct

answer.

-6
@A) If f(x)= , then what is the value of f(3)?

(a) -1 (b) 3 () 9 @) 15

NOT FOR SALE-PESRP



——
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(i1)) A function ffrom X to Y is represented by:

(a) f: XY b) f:Y—>X ©) f: X—Y (d)f;§
(i) (fog)(x) =

(@) (f+ g (b) (f—)x) (c) f(gx)) d 1 (96 )
(iv) Iff(x)=2x+3,g(x)=x+ 1, then fix) + g(x) =

(a) 3x (b) 3x+4 (c) 4 .@- 3
v) Iff(x)=5x+2, h(x)=2x- 2, then f(x) — h(x) =

(a) 3x (b) 5x* - (c) 3x+4 @ (d) -3x-4
(vi)  Iff(x)=3x+1, g(x) = 2x, then g(x) x f (x) =

(a) 6x +2x (b) 5x*+1 (d) 6x* + 2x

(vii) () =x>—4, g(x) =x +2,x 6\3 (x)
|

(a) — (b) g (d) x-2
(viii) What is the shape 0 ph of absolute value function?

(a) U-shaped s\o (b) V-shaped

(d) M-shaped

(c) L-shaped Q
(ix) Ifa grapH @sent@on then every vertical line must intersect it at:
b

(a) 4 ( points (c) 2 points (d) 1 point

) ﬁ\;%k 2, then f(-2) =
(v) 8 (c) 4 (d) -6

$®If £(x) =25 — % and g(x) = 5 +x, then find

S0 +g(x) (i)  f(x)—gx) (i) f(x)-g(x)

i L& v SO v ¢(-8)
g(x)
3. If £ (x) = x> and g(x) = 14 + 2x, then find
(1) (fog)(x) (i)  (gof)(x)

(i) (fof )(x) (iv)  (gog)(x)
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Find f'(x), if

0 f()=9%-1 (i) f(X)=x5_

sx#1
1

(i) /()= Va-5,x>5 v f=27 O\Jr

Plot graph for the following absolute valued functions: Q

i &) =Tx| i) fn)= |x+6|ﬂ~

Solve and express the solution on number line:

1  |3x-2/=1 (i1) |6xVL= 9
Solve and express the solution on nu

,{
Q) [7-2x|<1 |6x+ <24
Given that f(x) =3x+7, ﬁ% Q/

i) ) (1) alue of x for which £ (x) = f'(x)
A company earns a pr@of Rs. s@)r each item sold after a fixed monthly
expense of Rs. 10 A funggion Y(x) = 100x — 10,000 represents the profit
after selling x 1 oW, ems must be sold to break even (profit = 0)?
A store 15% ount on a product. A function D(p) = 0.85p gives
the 1 1ce after the discount on an original price p. What is the selling
p i 1tem that originally costs Rs. 2,000?

PS system is considered accurate if the actual position differs from the
reported position by no more than 6 metres. If the actual location is at point
x =100, the allowed range is defined as: |x — 7| < 6, where r is the
reported location. What is the range of acceptable reported locations?
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Stwdenty Learning Owtcomes
gAfter completing this unit, the students will be ahlg t

»  Describe rational expressions. @
»  Factorize and simplify rational expressions. &
»  Demonstrate manipulation of algebraic fractions.
»  Perform operations on rational expressions (limited%erators and denominators
that are monomials, binomials or trinomials).
»  Solve different types of equations reducible ratic form of the type:
o Exponential Equation
o Reciprocal Equation
o ax*™+bx"+c=0; a#0
o (x+a)(x+b)(x+c)(x Wh c c+d

» Apply the concept of ratlonaQ\atmns (limited numerators and denominators
that are monomials, bino s or trinomial§) to real-world problems (such as the
nc

amount of work a perso@ i

unt of time, rates and work).

INTRODU? TlON

S

r

This unit 1ntroduc%‘ rational expressions and equations, focusing on
how to describ, a orize and stmplify them effectively. Students will explore the
manipul éo& algebraic fractions and perform various operations on rational
expressionS™shvolving monomials, binomials and trinomials. The unit also covers
solvﬂ?mplex equations that are reducible to quadratic form, including exponential
a (@1 rocal equations. Finally, students will apply these mathematical concepts to

e real-world problems involving work rates, shared tasks and time-related
enarios.

Algebraic Fraction J

In Mathematics, an algebraic fraction is a fraction where the numerator, denominator
or both contains algebraic expressions.
3 2x 2x+9  x’+8

For example, =, , c =5 are all algebraic fractions. The denominator
X 5y 10x x +x+3

1S never zero.
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~HH 8 Rational Expression

. . . P :
A rational expression is the qoutient (x; » where Q(x) # 0, of two polynomials P(x) and
X

+ +
O(x) . For example, > >’ XTS, xX*+5x+4, x+; are all rational algebraic e@*ﬁons.
X

Simplification of Rational Expressions O

Simplification of a rational expression means reducing the fracti &Q,;;s lowest form
by cancelling out the common factors of the numerator and th@ minators.

3 2 2
Reduce to lowest form 34261
18a’x —12%
24 eix? Not
@ Solution P acr

18a°x* —=12a’x Factorise where
24 a’cix? 4 €2 2 _ possible because

there might be a
x*(3a - 2x) 2x factor that will be
4 Q 6 cancelled.

ac’

3a—2x @\
Reduce owest fo%m

xy —12y°
8xy 0
m
y—12y
QJ_ 2x(3x—4y) _2x
A 3y(3x—4y) 3y

@ | exercise 250

Reduce the following rational expressions to lowest forms:

) 3a* —6ab (ii) abx + bx* (iii) ac
2a’b—4ab® acx + cx? a’x*—ax
) 15a*b*c 4x* —9y? . 20(x* = y*
iv) —2 v = (vi) 0 —y)
100(a” —a’b) 4x” +6xy 5x" +5xy+5y
. 2a° - 2 ) 2
(vii) X(2a” = 3ax) (viii) X =5x (ix) 3x” +6x

a(4a’x-9x%) x'—4x-5 x*+4x+4
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2 2 2
X +xy—2y . 2x +17x+21
x) @ &)
X =y 3x"+26x+35

Manipulation of Rational Expressionsj

Definition \ l
Manipulation is to apply operations like addition, subtraction, mul@iphcation
and division while maintaining the equality or value of the expressi@

Addition and Subtraction of Rational E@ions with

Unlike Denominators

Steps: &d
(1) Determine the Least Common Multiple (LCM) of theNdenominators.
(i1) Rewrite each fraction as an equivalent fraction e LCM obtained in step (i)

(iii))  Follow the same step for doing addltl()& raction of rational expression

with like denominators. Mg | Skilled Practice!
X~ 2)/ Simplify:
4

15(& i o _atl

@ Solution ) LCMof4,6 anQ— 6 i
_ PN 2x— . a_ b

4 _—)& O T

s51)94(2x—y) iy =T .

= X x+2
*
+10y-8x+4y _ 17x-16y
S - ’
. 4 !
e AN Simplify: +
P vl e e
gl 4 + 1
{ Saltidn b v v e
D : 1
= 3 P + 2 2
X +xy-3xy-3y" X +2xy+xy+2y
- 4 + :
Cox(r ) =3yty) x(x+2p) +y(x +2y)
— 4 + !
(x=3y)(x+y) (x+py)(x+2y)
A(x+2y)+1(x=3y) (Taking LCM)

T (r=3)(x+ ) (x+2)
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_ 4x+8y+x—-3y _ 5x+5y
(x=3y)(x+y)(x+2y) (x=3y)(x+y)(x+2y)
- S(x+) _ 5
(x=3)(x+y)(x+2y) (x=3y)(x+2y) \ l
Simplify: —— : 1

x2—5x+6 x—3x+2 x—8x+15 O

@ Solution P : ! ! \:

X —5x+6 x? —3x+2 x> —8x+15

o1 4@
(x—2)(x—3) (x— 2)(x l) (x x—73)

(x D(x—=5)+(x-3)(x—-5)—(x
(x—1D)(x—=2)(x—3)x

_ (X7 —6x+5)+(x° — Qe 19— (x* 23x+2)

(x— 1D (x 22NaA 3) (x \‘(J
B X —6x+5+ @n) @'
- (x —S: (xszx (x%

,Q(x 2)( ,;@ _ .

(x=D(x=3)(x=3)

52

——

1. \§'nplify:
4 4
@1) 3 N 1 (ii) : X B 5
X—y y-x x =3x+2 1-x x-2
. x+y L Xy 2

(Taking LCM)

.. . x— 6y
iii iv -
(i) 12x-6y 18x -9y ) x+2y x*—4°
1 2 2x+3 . 5 1
\s - — vi —
) x+1 x+2 x*+3x+2 (1) X +x—6 2x°—Tx+6
2
wi) =X i 8

X+y x-y x -y 2x°—x—6 3x’—4x—4
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(ix) x+2 x
xP-x-12 x*+6x+9
1 1 1 ) X 3
S +— - (xi) + -2
x —4x+3 x -3x+2 x -5x+6 X—y y—x
1 23 4743 \L~
2. Subtract from ————
X +2 (x> +2) O
Multiplication and Division of Rational Exp@s

E Multiplication é\~
x*=5x+6 x*+5x &

Simplify:

2 2
@ Solution ) X 5x+6>< X +5x _

x> =25 2x —6
B (x—2)(x—3)xx(x+5k _2)6

T (x=5)(x+5) 2()@72 (x —%
2 _ 2
simpify: 24— %S0
6$<1 4ab-Bb
34% — 6ab 0h? O Simplify:

6a§ 4ab,<l; i 32x°y’z" 243x°
_ 8a b) 3 : 3x’y' x'y'z

5 X
x =25 2x —6

2
x —

x(x+5)
“2x-3)

@ Solution P

ab (a — 2b) @) 54’ 6a-12
é 0 5 4a-8 10a
A 24 4
n Divisio To divide by a rational expression, multiply by its reciprocal as in
Q multiplication.
& 2 2
(Ws 2a 222(: . 3a +3c
15a°c Sac
2a>—-2c* 3a+3c
Solution +
¢ > 15a%c? Sac
2a* -2c Sac

X
154°c 3a+3c
2(a’ —c*) 9 Sac
154°¢c* 3(a+c)

NOT FOR SALE-PESRP



——

p Algebraic Fractions 102

_ 2(a + c)(a ) _Sac_ _ 2(a—c)
15a°c 3(a +0) 9ac
Simplify: X -a sz—bX—cx+bc+x2_cx
x* —2bx+b’ ax—x b
@ Solution P X —a’ sz—bx—cx+bc+x2_cx %
X’ =2bx+b’ ax—x° b O
. X-ad ><xz—bx—cx+bc>< x—b QO
x?-2bx+ b ax — x> 2 —cx \'

B (x—a)(x2+ax+az)x(x—b)(x—c)>< x— +
~ (x=b)(x-b) xa-x)  x@Ng)

=—(a— x)(x +ax+a )>< ! le
x(a—x)

—(x +ax+a %)

1. Simplify:

Q) 24Im m 1) —-3x+2 " 2x” +8x
5[+10m016m \ +3x 4 7 3x+6

a’ =" 0 2 Qab . (a+b)y —c* a*—(b-c)
(iii) ‘éﬂ X > (v) 7 2 X 22
a\ a a ab—10b (a+c)-b° (a+c) —c
@—8 x*+2x+4 ) (az+ab)2 (a+b ;
) 2t o4x2]

T X tdxt4 vi) (az—ab)z a-b

.. xX"—x—6 x° = 3x? X =5x*—14x
(vii) > + 5 X —
x —x-20 x“+4x x —12x+35
2 2 2 2
(vii) 23x 3xy _ x fxy+10y . 2x3 2y3
10x"+10xy—20y 6x° +6xy+6y 4x =4y
. 2x?-98 x*=3x-10 x*+5x—-14
(1x) 3 X =
x =125 3x—21 X" +5x+25
x*=2x X+x-6 6x—30
X X
2x+6 x> —5x x*=2x
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Solution of Equations Reducible to Quadratic
Equations

Some algebraic equations are not in standard quadratic form, but they can be
reduced or transformed into a quadratic equation by suitable substitut%such
type of equations are called equations reducible to quadratic equations. O

RO ax?+bx"+c¢=0; a#0,n=2
(Example £10) Solve: 2x* — 11x*+12=0 \\9
@ Solution P 22— 112+ 12=0 +

Let x> =y, then x'=)’, so that &Q
22— 11y+12=0
22 -3y—8y+12=0

N2y=3)-4(2y-3)=0
2y-3)(y-4)=0 &

2)-3=0, y 4CQ)
s K&

\ X =3 = x=1+2= S§.S5= i2,i£
2 2

Type (i) E @n 1al Equation

Equationg i h variable occurs in exponents are called exponential equations.

—3:2%=-56

Solve: 4" —3-2"3+128=0

For exa ole

4 —3-234+128=0
The equation can be written as
(2°) -32%2°+128 =0
or 22242+ 128 =0 (1)
Let 2* =1y then 2% =)?

NOT FOR SALE-PESRP



—

p Algebraic Fractions 104

(1) becomes
> —24y+128 =0
= »»-16y-8y+128=0
yy—-16)-8(y—16) =0

(y—16) (y—8) =0 \l_
y—16=0,y—-8=0
y=16,y =8 QO
But y=2" Q
=16 , 2* =28 .\\v
2x=24 , 2x=23
x=4 x=3&®

. Solution set = {4, 3}
I8 X(11)] Reciprocal Equation

An equation which remains unchanged when vatiablC 1s replaced by its reciprocal.

1
For example, [x2+— ~ O
4 _14=0

(Example £F) Solve: 3 x +
@ Solution P 3| x @5 +

..(1)

X
@Q or )c2+i2 =y’-2
given equation becomes
30°=2)+4y—-14=0
37— 6+4y—-14=0
32 +4y—-20=0
3y + 10y —6y—20 =0
y(3y+10)-23y+10)=0

By+10)(y-2)=0
3y+10=0, y—-2=0
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=——,y=2
y 3 y

Put y= —? in (i), we get
ey S+

X
L O
3x2+3 = —10x [Multiplying b;@
32+ 10x+3 =0 \

3+ 9% +x+3=0
3x(x+3)+1(x+3)=0
x+3)Bx+1)=0

Xx+3=03x+1=0 ?“
1 v

x=-3, —=

Now, put y=2 in (1) we g @C} \@
& @tlplymg by x]

x + 1 = s\ [Transposing]

ls
x =1

A Solution set = {1,—3, _%}

AA(IAIT) (x +a) (x+b) (x+c¢) (x+d)=k,wherea+b=c+dand k is any constant.

\JWS Solve: (x +2) (x +3) (x—5) (x—6) =—12

@ Solution p) Here2-5=3-6
Re-arrange the factors, we get
[(x+2) (x=5)][(x +3) (x—6)] =-12
(?=3x—-10) (x> - 3x— 18) =—12 (1)
Let xr-3x=y ..(11)
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(i) becomes: (y—10) (y—18)=-12

> —28y+180=-12
> —28y+192=0
Y12y —16y+192 =0
yy—12)—=16 (y—12) =0
(-12) (y—16)=0
y—12=0,y—-16=0
y =12,16

Put y =12 in(i1), we get
x> -3x=12 or

X-3x-12=0

[Transposing]

_ 3+/(-3)-4x 1x (-12)

2(1)
_ 34457

2

x> —3x

Now put y =16 innge

Q/Q @(b'\@

-\ 3457 373
S Solution set = 5

Solve the following equations:
(1) S5x* —19x*+12 =0
(i)  Sx*-22x*+8=0

v) 47 4+47-10=0

(vii) 5" +5777—126=0

2

exencise 30

—

(i) 4x*—27x°+18=0
(iv)  4-2%"-92"+1=0
(vi)  3+377-12=0

(viii) (x2+i2j+2(x+ %j—33 =0
X
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(ix) 2(;& +L2j—25(x—%j—17= 0 (X) 24— 50— 142—5x+2=0
X

xi) x+DE+2)(x-4)x-5+8=0 i) @*+3)x+4)(x+5) (x+6)=-1

Real World Problems J $
A tradesman buys a number of articles for Rs. 300. Fo Qlem are

broken in transit but by selling the remaining at a profit of Rs. 1 , he gains
Rs.350 altogether. How many articles did he buy? ‘\

@ Solution P Suppose he buys x articles for Rs. 300

Each cost =Rs. @
He sold (x — 4) articles for Rs. 350

| Challenge!

Amna bought 50 kg of fruits
Each sold for Rs. 350 consisting of mangoes and grapes.
ach so or She paid twice as much per kg for

350 300 mango as she did for the

Now, w4 5 QQ es If Amna bought Rs. 18000
X

orth of mangoes and Rs. 6000
350 300

6®' worth grapes, then how many kg’s

X — 4 of each fruit did she buy?
Multiplying both sides by 4x s&) {

we
350(4x)—300, 4)(4) &4)

1400x - @ 48 @ " 20x

5x* —20x + 120 Ox —
é 220x —4800= 0 (Dividing by 5)

x? —44x - 960=0
x—60x+16x 960= 0

@ x(x—60)+16 (x—60)=0
(x—60)(x+16)=10
$ x—60=0,x+16=0

x=60,-16

Negative value is rejected.
Number of articles purchased = 60

A train is scheduled to cover a distance of 120 km at a certain average

speed, owing to a service checkup this average speed is reduced by 5 km/h, and in
consequence the journey takes 20 minutes more than the scheduled time. What was
the scheduled speed?
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@ Solution P Let x km/h be scheduled speed;

) 120
then scheduled time for 120 km = 7 hrs

20 minute = 2— hrs = l hrs

60 3
But (x — 5) km/h is actual speed: therefore, actual time for 120 km = 120 O$
x p—

120 120 1 @)
x=5 x 3 Q
Multiply each term by 3x(x — 5) ‘\
360x — 360 (x — 5) = x (x - 5) QJ

2= 5x— 1800 = 0 &
(x—45) (x +40) = 0
x—45=0,x+40=0 ?\
x=45, x=—40 &v

Negative value is rejected.
5 5 '

The scheduled speed is 45 km/h.

l. A train travels a digtance of 2 t a uniform rate, if it had finished 4 km an
hour slower, jt @ hav t@l hours more over the journey. Find its rate of
travelhng

2. Arshla @k aheem comhplete a job together in 4 hours. If Arshia takes

en find how much time will Ibraheem take?

3. e fills water in 5 hours, another in 8 hours. Second pipe closed after 2

rs. Find the total time.

$®Huria can complete a project in 12 hours by working alone. If Abdul Hadi join

her and they finish it together in 5 hours, how long would it take Abdul Hadi
to do the project alone?

5. Two cars start from opposite towns and head towards each other. The distance
between them is 240 km. One travels at x km/h and the other at (x + 10) km/h.
They meet after 2 hours. Find the speed of each car.

6. Rashid can paint a house in 6 days, but if he gets a helper he can do it in 4
days. How long would it take the helper to paint the house alone?
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2
Ishmal runs 10 km in %‘ hours. If her average speed is 8 km/h, find the value
of x. X

Fahad runs 600 m at a certain pace, and then doubling his pace, does another

600 m. If he took 2 % to cover the distance 1200 m, find the pace he gtdrted at,

in metres per seconds. O
A cyclist travels 30 km at a certain speed. If the speed had bee faster,
the journey would have taken 1 hour less. Find the speed. )@

REVIEW EXERCISE @“

1. Four possible answers are given for the followi uestions. Choose the correct

answer:

(@)

(i)

(iii)

$®: Simplified form of s + . is:

V)

(vi)

The expression 2? —1 . & E
O
(a) apolynomial @ (b) \gbraic fraction
(¢) anumerical fractio.Q @quation
2

Lowest form of 118a 1s: \

®3 &O 18b 3

a

O‘Q(b) %\ © @ >
Lowe %\of %

Q 10~

Q@y : (b) % © 0z (@) 222

2

9abc
a—
(@) 6

3x+1 2x+3 .

S5x+4 S5x+4 Sx+4
(a) 10 (b) 5 () s (d) 5x +4
Simplified form of ("2 Y J(x— y) is:
X+ y
() (x+y) (b) x* + 7 (© x-y (d) (x—y)?

(x* =) + (x — y) in simplified form is:
(@ ¥ -xy+y* O XF+xy+y’ () ¥ -y (d) x* +y?
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(vii)  An equation of the form 3 + I=x = RS is called:
x 3 6x
(a) radical equation (b) reciprocal equation
(c) fractional equation (d) exponential equation
(viii) An equation of the form 5° +64-5*—20=0 is called: \l_
(a) radical equation (b) exponential equation O
(c) reciprocal equation (d) fractional equatlon

(%) Linear factors of 3x?+ 10x + 3 =0 are:
(@ (x+3), Bx+1) (b) (x+ x—1)

(ix)  Roots of y* — 24y + 128 = 0 are:
() 8,16 (b) 8, 16 (©) -8, 16 ébxﬁ’ 16

(©) x=3),Bx+1) (d) (?ﬁ Gx-1)
2. Reduce the following to the lowest form: ?\

Q) X =Tx+12 +3x—18
x> —6x+9 1
3. Simplify: @
@ : 5 Q -27 . x*+3x+9
Crx—6 X’ =9 " x*+6x+9
iy L0 ®+c> \0
(a+b)’ —c’ — by —

4. Solve the follow1@:atlon 0
(1) (i) 4x*—-16x*+15=0
(ii1) 4 3 +27=0 (iv) (x2+i2j—3(x+lj—2:0
X X

(x +L2J+(x+%)=4 vi) x+9Hx-3)(x-7)(x+5)=385

X
&wn (x = 1)(x = 2)(x + 5)(x — 8) =360
. Ahmad takes 2 hours to paint 50 glasses. Faiza takes 2 hours to paint 45 glasses.

Working together, how long should it take them to paint 150 glasses?

6. A tap can fill a tank in 6 hours. Another tap can empty it in 9 hours. If both
taps are opened together, how long will it take to fill the empty tank?

7. Maham bought a certain number of toys for Rs. 300. If each toy had cost

Rs. 5 less, she could have bought two more for the same amount. How many
toys did she buy?
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Vectors in o°

Stuwdenty Learning Outcomes \Q
4
gAfter completing this unit, the students will be a .

Introduce a rectangular coordinate system in the plane. &
Represent vectors as directed line segment.

Express a vector in terms of two non-zero and n § 1:% coplanar vectors.

Express a vector in terms of a position vecto
Express translation by a vector.

Find the magnitude of a vector. C) @

Add and subtract vectors. \

Multiply a vector by a scalar. ‘b’

Solve geometrical problems 1@mg the use tors.

Apply concepts from geometrica proble nvolvmg the use of vectors (such as
parallel and perpendlcu ines in & cal shapes, vector projectile motion,

crosswinds av1at1(y@1h ary usaﬁl' esigning roller coasters).

LB INTRODUCTI

VvV VvV Vv Vv vvvVvYVvy

This unit in s the foundational concepts of vectors and the rectangular coordinate
system uﬁAplane providing a powerful mathematical tool to describe and analyze
move , direction and position. Students will learn how to represent vectors as
%i line segments and express them using position vectors or combinations of two
zero, non-parallel coplanar vectors. The unit covers essential operations such as
nding the magnitude of a vector, vector addition and subtraction and scalar
multiplication, enabling students to solve both abstract and practical problems.
Emphasis is placed on applying vector concepts to real-world scenarios, including
geometrical analysis, projectile motion, navigation in crosswinds, military applications
and engineering designs like roller coasters, equipping students with the tools to interpret

and model physical phenomena using vectors.




Rectangular Coordinate Plane J

A rectangular coordinate plane is formed ty
by the intersection of a horizontal

5
number line called the axis of x or Quadrant - II = Quadrant -
shortly x-axis and a vertical number 3 %
line called the axis of y or shortly y-axis. P2, 1) 2 (()(;ig()i;‘ O
The axes meet at a point called the X 1A

origin and divide the coordinate plane "5 4 3 210 \\'Q 3 4 5
into four quadrants. —

Points in a coordinate plane are
represented by ordered pairs. The first Quadrant - 1 &_ Quadrant - IV

element is the x-coordinate and the
second element is the y-coordinate.

In the given figure, point P is represented by or' ered pair (-2, l)

x-coordinate z wmlnate

Write the COOI‘dl pomts from the given figure:
@

() B Os\

‘y

¢ sontaa Y b

) int A4 is 3 units to the right of the origin and 1 unit up. So, the x-coordinate is 3
@ d the y-coordinate is 1. The coordinates of 4 are (3, 1).

$ Point B is 3 units to the left of the origin and 2 units down. So, the x-coordinate

is —3 and the y-coordinate i1s —2. The coordinates of B are (-3, —2).

(ii1)  Point D is 3 units to the right of the origin and 4 units down. So, the
x-coordinate is 3 and the y-coordinate is —4. The coordinates of D are (3, —4).

Scalars and Vectors J

There are two types of physical quantities that are used in Physics and Mathematics.

Scalar: A scalar is a quantity having magnitude but no direction. Mass, time, volume
and power are the examples of scalar quantities.
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Vector: A vector is a quantity having both magnitude and direction. Displacement,
velocity, acceleration, force and momentum are examples of vector quantities.

Representation of a Vector as Directed Line Segment

A vector has a tail and a tip. Consider the diagram in Figure 6.1. * B

The tail point 4 is called the initial point and the tip point B is O

called the terminal point of the vector AB . The initial point of a\'
vector is also taken as origin of the vector.

We can also represent a vector with a, @ or a. &@

v A Figure 6.1
(1) A vector that has the same magnitude &%1?“
ca

given vector but opposite direction j
negative of a vector as shown @Q @
(i1) Two vectors a and b ar qual if tt@
have the same magnj and @
regardless of the pos of t tial
points. Thus a=pNun¥igure &
1n1t1al%

(i) A Vector erminal points
t is called a zero or null vector.
Z&&ector has zero magnitude and it is

allel to every vector. Figure 6.3

Figure 6.2

IS
|~

Vectors and Coordinates

<

>
>

en a Cartesian coordinate system is added to a
vector diagram, it becomes possible to assign
coordinates to both the initial and terminal points (tail
and head) of each vector. This allows vectors to be

20, 1)

I~.

expressed in terms of their coordinates, which can then (1,0
be used effectively in calculations. To simplify this 0 -

» X

I~.

Figure 6.4
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process, we introduce two special vectors along the coordinate axes: i along the

x-axis and j along the y-axis. Both vectors originate at the origin and point in the

positive direction of their respective axes.

Position Vectors

Let O (0, 0) be the origin and P(x, y) be any point in

— Y
theplane. Thenthe vector OP = (x—0)i+ (y—0) j=xi+yj !

is called the position vector of P withrespectto O.

x and y are horizontal and vertical components (]

&@ Figure 6.5

[ 0(x,, ¥,)

respectively.

Magnitude of a Vector
Let P(x,, y;) and Q(x,, y,) be the given points
shown in figure 6.6. &

Draw PM and QN perpendiculars on % )

Draw PR _LON & | Note ’
— deyof a Vect

yA

A

%

e
B
=

() el it

X
~
»

Now, = ‘xz - )c1
- wn as
8= ;ﬁ
*

PRQ is aright angled t €. O 0 M N
‘Fé‘ A (@ V' Figure 6.6
— %)+, — )’ g
or J(xl )+ (=0’ o
If P@ e any point in the plane as shown in Figure 6.7, P7)
e magnitude of position vector oP= xXi+yj
X X
from the origin is ‘OP‘ =X+ . - | o g
If P(2, 4) and Q(-5, 3), then find Y Figure 6.7

(i) PQ in the form xi +yj i) |Po|

Vi | Skilled Practice!

@ Solution D () PO=00-0P=(-5-2)i+(3-4)j=-7i—;j TPE&7and G, 10)

) [PO| =7+ (1) =49+1 = 50 =52

= then find the magnitude
—>
of the vector PQ.
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115 ) Vectors in Plane

Scalar Multiplication of a Vector

If a is a vector and A is a scalar (a B | Note

number), then multiplication of a  Two vectors are said to be parallel, if they are non
vector a with scalar A is scalar  zero scalar multiple of each other.

multiplication and it is written as 1a .

. B a AV o
Aa 1S a new vector that has its / Y, Q'/ /
magnitude scaled by [}
(1) If A > 0, then both ¢ and @\

Ja are in the same direction. &
(i)  If A <0, then both ¢ and Aa are in opposite Vglons.

(Example #&) If ¢=3b, where a=9i— kj 3@7 12, then find the value of .
@ Solution ) Given that a=3b

9i—kj=3(3i~1 ') \@
‘Zr

9i—kj=9i—

(i) Ifa= b, then g and b have the same
directionand |a |=| b |.
(i1) If a is the zero vector, then | a | =0

A unit vector is a vector whose magnitude is 1. If a is any vector, then its unit vector

A

is represented as a (read asa hat). It is defined as a =

Il
w <9 Find a unit vector in the direction of a=-5i+2 l .
Given that g =—5i+2

la| = (=5 + (2

NOT FOR SALE-PESRP



—

» Vectors in Plane 116

= V25+4=429

~_a —5i+ 21 (i) Can a zero vector be a
a=—= . .
q |a| @ unit vector? Explain.
B (ii) If g is a unit vector, then
- ——— i+ L j what is the valu ?
V297 V29° Q)
EXERCISE 2xHl ’ O
1. Name the quadrant in which each point lies. *
H  43) i) (5,-4) (i) )&QW (=4, -4)
2. Plot the following points on the coordinate plane
(1) A(3,-3) (1) B(-3,3) (i) C?@) (iv) D(-2,-4)
3. Name the tail and t1p of the following vect
11) (1V) (V) (V1)
4, Write the Vec\ int @1 of xi+y ]
() Q,D BB () AR.9).B02.3)
5. Fin t nltude ofthe a:
a——3z+2] (i1) a=4i-3j (1i1) gz%g#%l

@d a unit vector in the direction of the vector given below:

6.
&QJ@) a=—-4i+5] (i) a=6i+8,
. 1 1, 3

i) a=pir s G0 a=lid

7 If a =5 - 7, b=-i —J and c=2i+3j, then find unit vector parallel to
atb-3c

8 If a=3i-j,b=-2i+4jand c=i+2j,then find unit vector parallel to
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117 ) Vectors in Plane

9. Which of the following vectors are parallel?
() a=6i+),b=12i+2j (i) a=-2i+3/,b=6i-9)
(i) a=Si-4j,b=6i-3 (iv)  a=3i-7j,b=6i-14]

10. Find a vector thrice in length of 3i-2, but opposite in direction. $

11. Find two vectors that are double in magnitude of 3i —5/, ong=i e same
direction of it and other in its opposite direction.

R
Addition of Vectors J &Q}

(i)  Triangle Law of Addition:

If two vectors u and v are represented by the two E By head to tail rule
adjacent sides AB and BC ofatriangle such tha

terminal point of u 001n01des with the 1n1t1®
of v, then the third side AC of the trian @ the

vector sum u + v thatis:

[N
s3]

A_B> +B_(,: A_C> = 6 O\ Figure 6.9

(i)  Parallelogram 1§6Add &_
If two vectors u aﬁQ eps d by two
adjacent sides A AC of r

shown in Ql';%xe 6.10, then dlagonal 4AD gives

the sum or résultant of AB and AC.

ADﬁ

=U + v Figure 6.10

If a=2i+3j,b=4i-6j,thenfind a+b.
@ Solution P a+b=(2i+3))+(4i-6))
=(2+4)i+(3-6) tra=101-1, -

—6i-3/ !
- then find a + b.

allelo gram as

-Mw
O\I\l
I~.
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m Difference of Two Vectors J

The vector subtraction of two vectors ¢ and b is represented by a—b and defined as
a+(-b).

Ifa=xi+yj,b=xi+y,j

Then a+(=b)=(xi+y, )+ (=x,i= ¥, )

[N

=(x,—x)i+(y— i
(1 2)_ (y1 yz)i TG &
(Example gB)) If a=6i+13j and b=-4i+7; , then find @\
@ Solution B a—b=(6i+13))—(-4i+7)) &

=(6+4)i+(13-7)/ ‘102+6£??~
e

Vector in Terms of Two ro and Non-Parallel J

Coplanar Vectors ( ) )
Let ¢ be any vector lying in the pla a, b and ¢ such that their

r%g and_b. a
initial points coincide. Q C .-
7

Construct lines parallel to the *@tors a an@
from the terminal point £ o@ Com;&;gie
parallelogram ODEC by @sion oﬁ@n bif O

necessary. . O O
N %
oC= ma , whére m is a scalar.

3

B =nb , where n is a scalar.

Figure 6.12

By the parallelogram law of vector addition
N\ Wi
OE=0C+0D or c=ma+nb

Two or more vectors are said to be

same plane.

<

Ifa=2i-3jand b=3i+4/, then find the vector components of 3a+4D.
@ Solution p 3a4+4b

=3(2i—3))+43i+4))

=6i—9,+12i+16j =18i+7]

Thus, the vector components of 3a + 45 are 18i and 71'.
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1. If a=7i-3j and b=i+5/, then find the following vectors:
1
i) a+b i)  a+3b iii 3a+—b\l.
i  a+b (i)  a+3b (i) 3a 2_0
. ) 3
(iv)  b-a (v)  4b-3a i) @
2. If a=6i—j,b=i+5jandc=3i+5j, then find the des of the
following vectors:
»  b-c (i)  a-2b+c @ c—b-

3. Find the values of x and y in each of the followquatlons
(xi

(1) (xi+yj)+(2i+3))=7i+6j 5)+@i+5))=-8i+yj
(iif) (y§+31)+(—51+2xl)=9£+7/&;

4, Ifa=i+3j,c=2i+ janda+ lGJthen

5. Ifg=—2i+7_jandb=3z—5' l% components of g + 5b.
), then fi ¢ values of m and n.

from one position ther rotation or deformation. The translated figure is

A translation vector is z@ r th; (@)%‘Ees the movement of a point, a body, a system

called the ima@IJ riginal figure. The image is congruent to the original figure.

To translﬂ re with translation vector in a coordinate plane, we change the
coor%s of its points. If v=ai + bj is the traslation vector and a, b are constants, then

$we @ the guidelines below:

Slide up b units

y—y+b
0
Slide to the left a unit o — Slide to the right a unit
XxX—>x—a xX—x+ta
y
Slide down b units
y—oy-b
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Let us translate point P(2, 1) by translation vectors 2j, 3i, — 3j and —5i.

P = (2i+ j)+(0i +2)) A7
:2{4—31 3 §Pl(2’ 3)
= (2i+j)+@Gi+0)) P(-3,1) 5 )
Ssivj T \ZE O A
B= @i+ j)+(0i-3)) EEEEEEL, 1& e
~2i-2) ) 2 + 2,42)
P4=(2g+1')+(—5g+01) &
=-3i+)

igure 6.13
Plot 4 (-4, 2), B(—1, 2) and Kc form a triangle ABC. Also

translate AABC to AA'B'C’ by the transla

@ Solution P I x 7 ;
g dmer
New vertex A’ = (—4i+2 ])? % ____________

—3l+4]

& < 4 ___-%""'_:'_79'
............ B
New vertex B’ = ( z+ 71+ > -8 _________
- -

=(6,4 A
New vertex C’ 4 2) ¥

tor 7i + 2]

4l+6]— 4,6
\Qz

(YA Sohition and Application of Geometric Problems InvolvingJ

whether triangle ABC is an isosceles.

@ Solution B 4B =(4—1)i+(6-2)j = 3i+4)
BC =(7-4)i+(2-6)) = 3i—4j
AC =(T-1)i+@2-2)j = 6i-0)

\\‘WO If A(1, 2), B(4,6) and C(7, 2) are the vertices of triangle. Check

A triangle having two sides equal
in length is called an isosceles
triangle.
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Now | AB|=(3)’ +(4)> =J9+16 =~/25 =5
|BC|=(3)+(=4)>=J9+16 =+/25=5
Shows | 4B|=|BC|=5
So, AABC is an isosceles. 9&
Use vector method, to show that the points A(1, 2@ ,6),

C(7,4) and D(4, 0) form a parallelogram. @
' Solution ' "4_35:(4_1)1_"(6—2)‘]:31—}-4‘] +

zTc:(7—4)i+(4—0)_j=3i+4} C
BC= (7T-4)i+(@4-6)=3i-2
AD = (4~ 1)i+(0—2)i =3i ]v

. AB|DC and ﬁnfg) Q)
Shows the given points form a parallel@ (b'\

Equations of motions are formu ed to des the movement of objects under uniform
acceleration. They help us to late thi @ bnship between initial velocity (v,), final

velocity (v,), acceleration time (7) and,displacement (s). These are very useful in problems
objects n balls.
First Equation of

involving moving cars,
* ), %
It tells us the ocity (v,) aftgr time ¢ when an object starts with initial velocity v, and
moves wi tlon a.
Secon&& on of Motion s =y, 7+ %at
s the distance (s) travelled by the object in time ¢.
@qnatlon of Motion g, = g,. + 2as
relates the initial and final velocity, acceleration and displacement.

A projectile is launched from ground with initial velocity vector

12i +16 /. After how long does it hit a target located 24 metres away horizontally?

@ Solution )  Given thaty, =12/ + 16/

Horizontal velocity = v, = 12
Vertical velocity =v, =16
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Horizontal velocity is constant,

therefore = . . ..
x=vd Equation for horizontal motionisx=v ¢

Equation for vertical motionis y = v, 7 — 1 gtz

A tank fires a shell with velocity vector v, = 30 + 40; &Ving
target headlng eastat v, = 10; + 0j. Find relative velocity and its mz@

Relative velocity = Shell velocity — Target veloc ﬁx

Vg = (30~ 10)i + (40 - 0)j

=20i +40;
7 o RJJative velocity is the velocity of an
= N20"+40 0 Ject as observed from another

— J400+ 1600 moving object. It tells us how fast and

in what direction one object is moving
= /2000 = 44.72 <S )

@(o another.

4

1. Plot A(-5, 4), B(-6, 1)@1 C(3$®form a AABC. Also translate AABC to

rel

14

rel

AA'B'C' by trans vector, 0
2. Plot A(-6, Q ,—5) and D(-3,-2) to form a square ABCD.
Also t ﬁ% are ABGD to square A'B'C'D’ by translation vector 9i + 7;.
3. Plot 3), B(-4, 0), C(-2, 3) and D(-4, 4) to form a kite ABCD. Also
@ns ate kite ABCD to kite A'B'C'D’ by translation vector 67 — 6.

4 @ e coordinates of A, B and D are (1,2), (6,3) and (2,8) respectively. Find the
$ coordinates of C by using vector method if ABCD is a parallelogram.

In parallelogram ABCD, the vectors representing two opposite sides are
A_Z;:6g'+2 Js D_C>:—6g'—2 J. Show that the opposite sides are equal in
magnitude and parallel.

6. Points A(1, 2), B(4, 6) and C(7, 2) form a triangle. Check whether triangle
ABC is an isosceles by using vector magnitude.

7. Use vectors to show that PORS is a parallelogram, where the points P, O, R
and S have coordinates (1, 2), (5, 2), (7, 6) and (3, 6) respectively.
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123 ) Vectors in Plane

Use vectors to show that triangle XYZ is an isosceles, where the points X, ¥, Z
have the coordinates (0, 0), (2,0) and (1, 3) respectively.
A ball is projected with an initial velocity vector v, = 10i + 20j. The

horizontal component is in the x-direction and gravity is g=0i - %
Find the maximum height and horizontal range. O

A car enters a loop with velocity vector y=30; and e% velocity

v’ = 30i. What is the change in velocity vector? 1\

An aeroplane has airspeed v, = 207 and there is a ¢ s@ﬂ v, = 50. Find the

resultant velocity and its magnitude.

| REVIE 6 |

Four possible answers are given for tlie fi lowm@mns Choose the correct

answer.

(@)

(i)

(iii)

(iv)

(

x-axis and y-axis divi deQ%late @; to  parts.
(a) one (bevo c) (d) four

P(4,-4) lies in

(a) first ( sec (c) third (d) fourth
A vector h @agm is called:

(a) equa (b) parallel vector
(©)u tor (d) zero vector

\X@Qﬁme value of \31+4 J \ ?
3 (b) 4 () 5 (d) 7
If a=Ab, then g and b are:

@ (a) equal (b) parallel (c) perpendicular (d) non-parallel

Vi)

If OA a, OB b ,then AB is:
(@ b—a (b) a-b (¢) a+b (d) b+a

(vit)  Translation vector shows:

(a) deformation (b) rotation (c) movement (d) enlargement

(viii) Sum of two vectors is:

(ix)

(a) atriangle (b) a vector (c) a scalar (d) alength
The position vector of point P(3, —2) with respect to Ois:
(@) 3i+2) (b) 3i-2j (c) =3i+2j (d) 2i-3;
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Vector from point P(3, 4) to origin is:
(a) 3i+4j (b) —3i+4j (c) -3i—4j (d) 3i—-4;
Find magnitude of the 4B

. : . o 5. 1.
Find a unit vector in the direction of a = P i+=J.

If a=2i—j,b=3i+ jand c=4i+ j, then find the followin

(1) Sh—a+ ¢ (i1) 8a+b+5c (i) ¢ * Aa
Find the values of x and y in the following equation, @
(xi+y))+(=i+5))= iz —81&

Plot A(-5, 3), B(-2, 3) and C(-4,5) to fo riangle ABC. Also, translate
AABC to AA'B'C’ by translation vect ?

Use vectors to show that ABCD @paralle\@‘- where the points are
A2, 3), B(6, 3), C(7,6) and D

Use vectors to show that % C%osceles triangle, where the
points 4, B and C haV nate {v (4, 6) and (7, 2) respectively.
A ball is projected w1t@ city ;/{@ 6i + 8. What is the magnitude of

velocity?
An aircraft ig Que ea an airspeed of 200 km/h. There is a wind
at6 *Find the resultant velocity and its magnitude.

blowing du.

uppose vectors g and b are equal.

(i) Do they have equal magnitudes? Explain.

Q (1) Can we say they originate from the same point? Why or why not?

(ii1) Do they have same direction? Why?

2. Suppose vectors g and b are opposite.
(i) Can we assume they begin at the same point? Give a reason.
(i) Do they have same magnitude? Why?

(ii1) Do they have the same direction? Explain why or why not.
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Students’ Learning Owtcomes

4
gAfter completing this unit, the students will be abléto? /
y

» Extend sine and cosine functions to angles between 90° an °.

» Solve problems using the laws of sine, cosine and the agga formulas for any triangle.

» Solve simple trigonometric problems in three dimensions”.

» Apply concepts of trigonometry to real life swo oblems (such as video games,
flight engineering, navigation and sound wa&

» Interpret and use three figure bearlngs @

» Solve real life problems involving b ‘bv\

»  Apply the concepts of bearing t(Q prob,

g N TRODUCTIGN)

This unit explores the ded app 'csa&ns of trigonometry beyond right-angled
triangles by developi@ undgr (angling of sine and cosine functions for angles
between 90° and Sl I
well as area for& , to solve‘problems involving any type of triangle. The unit
further intr he use of trigonometric problems in three-dimensional contexts
and empﬂais concept of trigonometry in real-world scenarios such as navigation,
fligh ineering, video game design and sound wave analysis. Students will also
1 ﬁciency in interpreting and using three-figure bearings and applying this
dge to solve practical bearing-related problems, enhancing spatial reasoning
problem-solving skills. P

Trigonometric Ratios or Functions J o e

§ G

5 Q

Consider an angle @ of right angled triangle POM, with right %QO@ Z

N - =}

angle at M, where OM 1is called adjacent side, PM is called )/ O&
opposite side and PO is called hypotenuse. Then, A ]

O  Adjacentside M




e ) e\

(i) sine O (sin 0)= 22 (ii) cosine & (cos §) = -
hyp. hyp.

(ii1) cosecant € (cosec ) =——= hyp. (iv) secanté (sec ) = =

1
sinfd  opp.
J@: T,

ﬂ

(v) tangent @ (tan 0)= % (vi) cotangent & (cot 8) =
a

The above six trigonometric ratios are also called trigonometric funb@

sin @ does not mean the product of sin and 6. , cotd = <O %
The sin @ is correctly read as sin of angle 6. & cosd sin 0
Trigonometric Values for Spec gles
Trigonometric values for 0°, 30°, 45°, 60°, 90° (O°are given in the following table:
) Angle 0 | Jase & 90° | 180°
Ratios
sin 6 — = ﬁ 1 0
{ 2
D1 I
cos 6 — = 0 -1
S e
tan 9 1 J3 | undefined 0

g& of Trigonometric Functions

The signs end on the quadrant in which
termj de of the angle lies.
r a circle having radius » and centre at

t O. '
In 1%t Quadrant: x>0, y >0
y

N

i °aN

sin0=z>0,cos0=£>0,tan0=Z>O,
r r X

r r X
cosecd = —>0,secd =—>0,cotd =—>0 A%
y X Y

Hence, in the 1% quadrant all trigonometric functions are positive.
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In 2" Quadrant: x <0,y >0

. —X r r —X
sind = L 0,cosd =—<0,tand A 0,cosecd =—>0,secld =—< 0,cotd =—< 0
r r - y X y
Hence, in the 2" quadrant sin and cosec functions are positive and wther
trigonometric functions are negative. O
In 34 Quadrant: x <0,y <0 O

siné :1 <0,cosd :—_x <0,tan @ :1 >0, cosect :Ly<0, secd j:S‘\@cotH il >0

Hence, in the 3™ quadrant tan and cot functions «%tive and all other

trigonometric functions are negative.

In 4t Quadrant: x> 0, y <0 &?‘

sm9—7<0 cos&-—>0tan 6?——>O cotH——<0

Hence, in the 4" quadrant cos are positive and all other

\
s‘@
’@Q \ Quadrant-1

NG iy
AQOnly sin @ and cosec 6 All positive.

are positive.

@3 x'< > X

$ Quadrant-IIT Quadrant-1V

o ®

Only tan 6 and cot ¢ Only cos 6 and sec 0
are positive. are positive.

trigonometric functions are neg

&
<
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Trigonometric Ratios of 0°, 90° and 180° 1
[ Trigonometric Ratios of 0°

Consider a unit circle with centre at O and take v

A
S

any point P(x, y) on it such that mZ4OP = 0°.
As P(x, y) lies on x-axis,

So, x=1,y=0,r=1

1

sin(0° = Y 9 =0 , cosec0°=— = — = undefined '

r o1 sin0° O

oox 1 11 <

cosO"=—=-=1 , sec0°= =—-—=1

r 1 cos0° 1

y 0 1 1
tan0°=—=—-=0, cot0°= =—= gned

X 1 tan (° O& A

E Trigonometric Ratios of 90°

Consider a unit circle with centre at O nﬁd \@
any point P(x, y) on it such that m/ = 6

90°
As P(x, y) lies on y-axis, 0 g
So, x=0,y=1,r=1 s\
o =Y 1 Q ! Q
sin 90 :_:I:L coyg .]@—121
r si
[e] X 0 2 Q o 1 N
cos90° =—=—= \ ¢ 90° = = — = undefined
ro1 s90° 0
tan 90° = undefined , cot 90° = % =0

Trlg\oxmetrlc Ratios of 180°

unit circle with centre at O and take
$§ nt P(x, y) on it such that mZAOP=180°. | o 7

(x, y) lies on x'-axis. N 0
so, x=-1,y=0,r=1
. s vy 0 1 1
sin180° === —=0, cosec 180° = — = — =undefined
ro1 sin 180° 0
- 1 1
cos180° =X = 1 = 1 sec 180°= ——— =~ — 4 |
ro 1 cos 180° -1
s vy O 1 -1
tan180° ===—=0, cot180°= —— = — = fi
x -1 n10c o Uneened
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Extending sine and cosine Functions to Angles Between 90°
and 180°

E Trigonometric Ratios of an Angle of the Form (90° + 6)

Consider a unit circle having radius 1 with centre at O(0, 0) in the %sian
coordinate system. P(cos 6, sin #) be any point in quadrant I on the circw@ ce of

the circle, where mZMOP = 0 = mZLYOP' o, )

mZ/MOP' = (90° +6) and m/POP' = 90° P'sin gaEll .

so, we have mZOP'M'= mZYOP' (Alternate angles) ) P(cd 0, sin 0)
That is, the angle (90°+6&) is obtained by [ -4

rotating the angle @ counterclockwise by 90°. (-1, 0) g f (1, 0)

The coordinates of P’ will be (—sin 6, cos 6), X

i.e. the new x-coordinate of P’ becomes the
negative of the y-coordinate of the P and ne
y-coordinate of P’ becomes the x- coord

of the P. @ ©.=1) §yr
As we know that in unit circle, ¢ %ﬂd y angle are represented by
vely T

x-coordinate and y-coordinate res

cos (90° + @) = x-coor ate of (90%) = _gin @ ‘
sin (90° + ) =y-c0 ate o%@ ) = cos 0 sin (—0) =—sin @

Hence, sin(90°+60)=c , cose®(90™+ 0) =sec 0 cos (-¢) =cos ¢
cos(90° + 0.) YdZ) 00 + ) = —cosec 0 tan (—0) = —tan @
tan(90° + —cot %0 (90°+ @) = —tan 0
Trigon @ atios of ani Angle of the Form (180° — 0)
Let m/ and m/MOP' = (180° — ) (R
Here ABROM and AP’ OM'are congruent, such that ,
- 0 _ Pl 0 P(a, b)
m OP, mOM' = mOM and mP'M' = mPM
OM, we have , b
: 0 , :
sin@ = —2— and cos@ = —o— ) a M i
mOP mOP
In AP'OM’, we have
sin(180° — ) = y — coordinate of P _ b_ _sing
mOP’ mOP K
: ! _ v
cos(180° — 0) = x—coordﬂe of ' _ i:—cos 0

mOP' mOP
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Hence, sin (180° — @) =sin @ cosec (180° — @) = cosec 6
cos (180°— @) =—cos 4 sec (180° — 8) =—sec 0
tan (180°— #) =—tan @ cot (180° — &) =—cot 4
(Example 4| Find the signs of the following: \ l
(1) cos 75° (i)  cot250° O

(11) 250° lies in third quadrant, where cot is e.
(Example £))  Without using calculator, find the exact vy,

trigonometric functions: (i) sin yQ
@ Solution P (1) sin 120°

120° lies in quadrant II, where si ig()\sitive.
sin 120° = sin(180° — 60°) SAIn S;" " sin(180° — @) = sin O
2 ®\

(i)  cot 150° QQ/
I

150° lies in q@adrawt II, where cef is negative.

80° @Kcot 30° - cot(180”—0)=—cotB

@ Solution p (i) 75° lies in first quadrant, where cos is positi:O

of the following
(i)  cot 150°

1. Find l&ns of the following:
(iA sin 55° (i)  cos 145° (i) tan 111°
Q} sec 179° ) cosec 88° (vi)  cot 14°
1 in the blanks:

2
$ (1) tan (180°— @) =... tan @ (11) sin (180°—@#)=...sin @
(i) tan(90°+@)=...cotd (iv) cos(90°+@)=... sinf

v) cosec (180°—@)=...cosec @ (vi) sec(90°—@)=...cosec &

3. Without using calculator, find the exact values of the following trigonometric
functions:
(1) sin 150° (i)  tan 150° (iii))  sec 150°
(iv)  cosec 120° v) cos 120° (vi)  cot 120°

(vil)  sin 135° (viii) sec 135° (ix)  cot 135°
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Oblique Triangles J

An oblique triangle is any triangle that does not contain a right angle. It can be either

acute triangle (all angles less than 90°) or obtuse triangle (one angle greater than 90°).

Following triangles are oblique triangles:
A

The Law of sines Q

If a, b and c are the sides and o, f and y a e ‘gngles opposite to the sides of any

triangle respectively, then the law of sinesfs: @
) . ’0\
p éll:?
n

The law of sines is a relationshiﬁ%{3 en theangl€s and the sides of a triangle. While

solving a triangle, the law of s@ nb @ solve a triangle, if two angles and one
?egy@ e given.

side which is opposite to oneof given a
In a.tr&B é, »=130° a = 6 cm, calculate b and c.
@ Solution P %\know t

= 180°

o,
A a=180°-f—y A
=180° —45°—30° =105°
o@we law of sines
b

a

si

a <
sina  sinf8 sin 3 =6 cm C
a B b B c
sin 105°  sin 45°  sin 30°
a b c . . .
- = — = — [sin 105° = sin(180° —75°) = sin 75°]
sin 75°  sin 45°  sin 30°
Taking @ _ b

sin 75°  sin 45°
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sin 75° 0.97 0.97 Solve AABC, in which
Now, —%& - _¢ a=77° f=66°a=2cm

in 75° in 30° )
sin 75 sin 30 © | Challenge!

axsin30°  6x(0.5) 3.0 _ 5 !
c = = = =3 1cm Can we use law of s
sin 75° 0.97 0.97 when two sides a ded

angle or the t sofa
The Law of cosines triangle
If a, b and c are the sides and o, £ and y are the angles opposi & sides of any
triangle respectively, then the law of cosines is:

a’>=b*+c*—2bccosa or cosa = %

72
b*=c*+a*—2cacosf or co?g ta b
c? = a®>+ b* —2ab cos Qcos;/

Q 2ab

W4 In AABC, a= 3b? Fn@ alues of a, £ and y.
@ Solution P Given thata = c=17 \

By using the law of cosines,

cos & =, b N NT —32 _25+49-9 13

LR

a+c—b 32+72—52 9+49-25 11

COS = - = = —
\Q P 2% 3% 7 ) 14

$® B =cos 1(%)=38.2°

As a+B+y=180°
y=180°—or—  =180° —21.8° —38.2° =120°

Area of a Triangle

u When two sides and their included angle of a triangle are given, then

Area of AABC = lbc sina = lac sin =lab sin y
2 2 2
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Calculate area of the triangle ABC in whicha=4.2, b=3.2 and 7 =70°.

@ Solution P a=42,b=3.2,7=70°
Area of AABC = % ab siny = % (4.2)(3.2) sin70° N l
! O

=3 (4.2)(3.2)(0.94) = 6.31 square units

u When three sides of a triangle are given, then ‘\:
Area of AABC = \[s(s—a)(s—b)(s—c¢), Whe}q 2
w6 Calculate area of AABC in which a =% b=3cm,c=5cm.

@ Solution ) a=4cm,b=3cm,c=5c¢ ?*
o at+tb+c 4+3+5 &
2 2 \@
_ o
&, | Skilled Practice!
Find area of AABC, in which

\ (i) a=8cm,b=9cm,c=10cm
Area of AABC = \/s(s— —b)(s (i) a=6.1 cm, b=2.3 cm, y = 80°

ég 6 cm?
! th&vo angles and one side of a triangle are given, then

2si i 2q : 2 - .
Q Area of AABC = & s1nﬁs1n7=b 31nf151n7=c sina sin
@ 2sina 2sin 8 2siny

N
\W7 Calculate area of triangle 4BC in which a =355 =65°,a=2cm.
@ Solution P As we know that

a+f+7=180°

359 4 65° 1 ¥ = 180° Calculate area of AABC, in which
- £=750°vy=40° ¢=10cm
7 =180°-100°

= 80°
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2 . .
Area of AABC = L Snfsiny
2sinx

_(2)" sin 65° sin 80°

B 2 sin 35°
_ 4(0.91;3.98) . O\l~

20.57) = 3.13cm

__20m O
2l O
1. Solve the triangle ABC, in which &@

(1) a=6.1cm,b=284cm, a=42°

(i) a=122cm, c=158cm,y=50° ‘?“

(i) b=52cm,c=5cm,y=48° 48cm,a=4cm,f=71°

v)  B=70° b=S8cm, a=100° @ Ry~ 55°, v = 60°

(vil) c¢=7cm,f=34°y=064° (yi1) b =n§x, a=92°p=177°

2. Calculate area of each trian ABC.

(1) a=T7cm, b=8cm, \ =1lecm, c=14cm, p=51°
(1) b=3cm, c=9c 78° (@ a=10cm, a=062° P =69°

(v) c=4cm, f= ®§y 80 (vi) c¢=6.6cm, a=23° y = 89°
(vil) a=53 CI}®7 cm, 2 cm (viii)) a=6.12cm,b=834cm,c =7.12 cm
SQ@}mple Trigonometric Problems in Three Dimensions J
m ™ The diagram shows a prism. Triangle POR is a cross section of the

pr1 ere

mPR =20 cm, mMP =12 cm,
mAPRQ =30° and mZPQR = 90°.

Calculate the size of the angle that the line MR
makes with the plane ROLN.

@ Solution P In right angled triangle POR, we

have

m_PQ = sin 30°
20
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mp—gzzox%

=10cm

In right angled triangle MPR, we have

mMR = \/(mﬁ)z +(mMP) = 20" +(12)? =\/400+1446®%

= 23.3238 cm Q
In right angled triangle MLR, we have ~\L\.~
siny = 10 _ o487 &Q’
hyp. 233238
x = sin”(0.4287) ?\ .
= 254° v

ABCDEFGH in which mAB =8¢

The diagram shows @ r L7
%‘60@

and mFC =16 ¢m. Find the len&

@ Solution B In right
*

trian
— 2
mAC = C)

PO

we have

(16)* =(6)’

6&@56_ 36 = /220 = 14.83 cm
In right aﬂg&

triangle ABC, we have

Q‘)Q wBC = (mdC) - (maB) = 14837 ~67

@ _ 320-64

156 = 12.5 cm

Concept of Trigonometry in Real Life )
A plane takes off at an angle of elevation of 12° and travels 2000

metres along this path. How high is the plane after traveling this distance?
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@ Solution P In triangle ABC,

sin 120 = "BC

2000

(0.2079)2000 = mBC
mBC = 415.8m

The plane is approximately 415.8 m above the ground.

In a sound lab, two microphones are placed c’@ apart and a

sound source is @ = 2 m from one and b = 2.5 m from the other@\'rhe angle between

the sound paths a and b. &

@ Solution P Herea=2m,»=25m,c=3m

Using the law of cosines, we have Y\
a’+b’-c _22+(2.5)2— 625 9

COSYy =
4 2ab 2% 2x Q}
}/ = COS_I@

=82

=0.125

I. In the trlangula ﬁnd

6)) the ler
(i1) h&ﬂBF %
(iA@ angle BFC, correct to one

ccimal place.

Pﬂ

with a horizontal rectangular base PORS,
in which mPQ = 16 cm, mQOR = 10 cm.
M is the midpoint of the line PR. The
vertex, 7, is vertically above M and
mMT = 15 cm. Calculate the size of the
angle between TP and the base

$® ;he diagram shows a triangular pyramid

15 cm
ERERVIIE

PORS. Give your answer correct to 1
decimal place.
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3. The diagram shows a pyramid. The base,
PORS, is a horizontal square of side 10 cm.
The vertex, V, is vertically above the
midpoint, M and mVM =12 cm.
Calculate the size of angle VPM.

12 cm

4. ABCDE is a square based pyramid, in which
mAE = mBE = mCE = mDE =12 cm and
mAB = 15cm. Calculate the size of anglx

DEB. Give your answer in degree
(whole numbers).

Q/ SO
5. The diagram shows a trla?a prlsm
an

with a horizontal r lar
ABCD. mAB =10 ¢ &

is the midpoint o T is
vertically abe V§Q = 6 cm.
Calculate t@e of téle between
78 am@

6. Ir:,%s tric game, the camera is placed at a 45° angle from the ground. If
player is 10 units in front and 10 units above, what is the direct line of
éht distance?

A surveyor spots the top of a tower at an elevation angle of 28°. He is
standing 60 metres from the base. Find the height of the tower.

8. A boat crosses a river 80 m wide, at a 60° angle to the current. What distance
does the boat actually travel?

9. A listener hears a sound from two speakers. One is 6 m directly ahead and the
other is at 30° to the side, 6 m away. Find the distance between the speakers.

10. A 10 m ladder leans against a wall making an angle of 75° with the ground. How
high does it reach up the wall?
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11. A lighthouse is located on a cliff 80 m above sea B IR LS LA
level. A ship is spotted at an angle of depression
of 12°. How far is the ship from the base of the
cliff?

Three Figure Bearing and its
Applications

A bearing is a way of describing the direction or angle
from one point to another, measured in degrees from o r
the north direction in a clockwise manner. It is always )%ln
written as a three-digit angle between 000° and 360°.

Cardlnal ctlons are the
o1nts on a compass:

uth, East and West.
al directions are the four

It is used in navigation, aviation, surveying and ma inter-cardinal  points of a
reading to describe precise direction. compass: NE, SE, SW, NW
For example, a plane flying east has a bearing of™90°. N
In the diagram, the beay from@ N
1s 060°. Find the bearing of P from Q @V 60° 0
@ Solution D Extend the line that an = 180° »
As alternate angles are equal 5\0

mLPQ O60°

So, the bearing of P g

w 3 % dullah sails a ship from point 4 to point B
on a bearfng @f 080°. What bearing should he follow to return

from B back to point 4?

fhe diagram shows the journey from 4 to B.
Extend the line of the journey and we get an angle of 80° at B.
Bearing of 4 from B = 080° + 180°
= 260°
An aeroplane departs from an airport and travels 40 km due east,
followed by 50 km due north. The pilot then returns to the airport along the shortest
possible route. What is the bearing and the distance of the shortest route?
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@ Solution P T
To find @
tan @ = 40 =0.8
50
0 =tan! (0.8)
= 38.66°

Bearing = 180° + 38.66° = 218.66°
Suppose x is the shortest route

x> =407+ 50
= 1600 + 2500
=4100

x = /4100

= 64.03km &
The pilot will fly on a bearing of 218%66° for 64.0 to return to the airport.

1. Find bearing of point P #fxeach of the folloWing:

() w O \0 (i) pv
RO

 20°

40°

&Q(iii) N (iv) na P

75°

%4»
oY%

N
v

N
v

s\ /|0 0
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2. The diagram shows the positions of two N N
ships P and Q.
(1) What is the bearing of ship P from
ship O0? P
(i1) What is bearing of ship QO from 6
ship P?
3. The diagram shows 3 places 4, B and C.
Find the bearing of:
(1) A from C

(11) C from 4

(i) CfromB ?\?\A

(iv) B from C

C
4. Abdul Hadi walks 100 m North and then 300 r\@

(1) How far is he from his pos
(11) On what bearing sh he walk t% back to his starting position?

5. Three ships L, M, N the X
shown in the dia ip
East of sh1p l@ ébg of L
from M.

6. A shj @20 km on a bearlng of 120°.
Hq&r o the South has the ship moved

Qm its original position?
$® tima walked South for 5.5 km and then turned West for 1.3 km. Calculate

Huria’s bearing from her starting point.

8. An aircraft flies 150 km east, then 100 km northeast (45° from East). What is
the total displacement?

0. A ship sails 100 km on a bearing of 045°, then changes course and sails 120 km

on a bearing of 135°. Find the distance between the starting point and the
final position.
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‘ REVIEW EXERCISE

1. Four possible answers are given for the following questions. Choose the correct

answer.

(1) What is the value of cot 60°?

o+

(a) 0 (b) 1 © 3 QO@
Nl
(1)  All trigonometric ratios are positive in: +
(a) I-quadrant (b) II-qu, 1@

(c¢) IlI-quadrant
(iii))  cosec @ is positive in:
(a) I & IlI-quadrants
(¢) I & II-quadrants
(iv)  sin(90°+ 0)=

(d) I$u~adrant
x I & IV-quadrants
< ’ )1 I@uadrants

(a) sin @ (b) QQ %S 0 (d) —cos 8

(v) tan (180° — @) =
(a) tan @ ( cot 4 s\o (c) —cot @ (d) —tan @
(vi)  The law of ¢ 0

@ —LCNT $
%’%smﬂ sin%y
Q a b ¢

sing sinf  siny

The law of cosines is:

E 2, 2 2
$ @ cos = D=

2ab
a’+b*-c*
2ab
(viii) Area of AABC =

(c) cosy=

(a) %ab sin o (b)

a ¢ b

b) —=——=-
sina  sinff  siny

(d) a a a

sing sinf  siny

cc+b’-a’
b) cosf=——
(b) cosp oy
ca’+b* ¢’
d) cosy=——
(d) cosy Py
() 1 sin / (d) 1 acsin 8
2 2
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(ix)  Bearing is measured from:

(x)

2.

&

g
@Q Calculate the distance between 4 Y

(a) East (b) West (c) North (d) South
Bearing is written as a:

(a) 1 figure (b) 2 figures (c) 3 figures (d) 4 ﬁg%%

Calculate the area of AABC, in which
(1) a=4cm, b=6cm,c=8cm (ii) b=21cm@n,y=45°

(i) c¢=3.1cm, 7 =44° a=36° i\'

Solve the triangle ABC, in which &
(1) a=54cm,b=34cm,a=49° (i) 7=48°, ¢c=8lcm

The diagram shows a cuboid ABCDEFGH,
mAB=5cm, mBC=7cm and mAE ;

(1) Calculate the length of AG < )

Give your answer t
3 significant ﬁgure

(i1) Calculate the le
between AG anthiile plan

Give vy nswer ect to

1 dem
The d1a a shows a rlangular prism

7{3@')11 which mAB=8 cm, mBF =14 cm

F =19 cm.

and F. B
(i1) Calculate the angle between AF
and the plane BCEF.
Hashim walks 4 km due North, then turns and walks 3km due East. What is
the bearing from the starting point to his final position?

A pilot flies 200 km on a bearing of 045°, then turns and flies 150 km on a
bearing of 135°. How far is the plane from its original position?
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Ghors and Avcs of a Circle

Students Learning Outcomes ")
4
gAfter completing this unit, the students will be a .

»  Solve problems by using the properties ofa circle:

(¢]

(¢]

A straight line, drawn from the centre of a circle to bise ord (which is not a diameter) is
perpendicular to the chord.

Perpendicular from the centre of a circle ona &b ectsit.
1be equgant from the centre.

Two chords of a circle which are equ the cen ongruent.

If two arcs of a circle (or of congru @A) are ,then the corresponding chords are
equal.

If two chords of a circle (o ngent ci &e equal, then their corresponding arcs

(minor, major or semi-circ ¢ congru
Equal chords of a circle congru K les) subtend equal angles at the centre (at the

One and only one circle can pass through three non- COH§ earp%s.

Iftwo chords of a circle are congruent, the

corresponding centr
o If the angles ‘su@by tw s of a circle (or congruent circles) at the centre
(correspondi s)arce n the chords are equal.
»  Apply concept ords and dxcs of a circle to real life world problems (such as decorative

features, rah@ bridges, roller coaster track).

= IN'IRODUCTION

explores the fascinating properties of circles and their practical applications

eal-world contexts. Students will learn how to solve problems by understanding
y geometric facts, such as the uniqueness of a circle passing through three non-
collinear points and the relationships between chords, arcs and the centre of a circle.
They will investigate how perpendiculars from the centre affect chords and how
congruence in chords and arcs leads to equal distances and angles. These concepts are
not only fundamental in geometry but also useful in analyzing and designing real-life
structures and patterns like rainbows, bridges, roller coaster tracks and decorative
elements. Through engaging activities and problem-solving tasks, students will
deepen their understanding of circular geometry and its relevance in everyday life.
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p Chords and Arcs of a Circle

144

k\Circle 2}{1‘d its Con.lgonents /‘

A circle is the set of all points that are at the same distance from a fixed

point.

We also define circle as:

A circle is the locus of a point in a plane which moves in such a way th@stance

from a fixed point is always constant.

Radial segment

The line segment joining any point of
the circle to its centre is called radial
segment and its measure is called
radius of the circle.

o

nt joining any two distinct

A line se
poi a circle. In the below figure,
a chord of the circle.

—5-Se

P

The len
is calle

™
A @
@‘b'

th of

the boundary of a circle
mference.

C=2ur

1\

Circumference

Diameter

A chord passing through the centre of
circle is called diameter.

PQ is diameter of the circle.

\i/
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Semi-Circle

A semi-circle is half of the circle, that is
a figure bounded by a diameter and
circumference cut by the diameter.

| Qe

Minor arc

A minor arc is an arc which is
smaller than the arc of a semi-circle.

ABC is a minor arc.

p Chords and Arcs of a Circle

Arc

Any part of the circumference of a circle
is called an arc. ABC is an arc of the

circle. Similarly, 4B and BC are@rcs.

A major @arc is an arc which is greater
than t ; of a semi-circle. ABC isa
mafor afc. 3

~ e,

B

)
The area (region&@o\sed bet
which it (KC@

en a cho

egion) enclosed between two radial segments

T %l
) and an arc of a circle is called sector of the circle.

Angle in the Segment

If a point on the arc of a segment is joined with the end

points of a chord, the angle formed by the

so drawn is called angle in the segment. ©4ACB is an angle
in the segment ACB. This is also called circum angle.

alled a segment of the circle.

Q ‘
Segment
rd and the arc Am B
(0]
P 0
Sector

line segments

N
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p Chords and Arcs of a Circle 146

Angle Standing upon an Arc

If a point on the circumference of a circle |
is joined to the extremities of an arc, the
angle so formed is said to angle stand
upon the arc.

A straight line cutting the circumference | If the extremities 0

or of a chord

of a circle at two distinct points is called a| are joined with ntre of a circle,

secant. ﬁis a secant. angle so fon& lled a central angle.

B ZAOB i entral angle of chord 4B or

A~ B
C
¢-| Key Concept Sum of central angles

The sum of the ures of th angles

of a circle wi nterlor [éu. common

is 3600, °

i.e. Y2+ m

[/
@) Key Concept

-

Minor arc Major arc Semi-circle

An arc whose central | An arc whose central angle | An arc whose central

angle measures less | measures greater than 180°. angle measures 180°.
than 180°.
4 . D F
DEF
C
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@© | Challenge!

What is the difference between chord and secant?

‘@-| Do you know? y

(1) Circles with same centre are called concentric circles.
(i1) Any two circles are similar. B

(iii) A cricle whose radius is zero is called point circle.

X<

Theorems (Properties) of a Cirgle

One and Only One Circle
Through Any Three Nofi-

Points. \@
If 4, B and C are three points no, %sam (b' /<(

straight line, then one and on on 01rcle

can pass through 4, B and C.
\O ’
§ .
ints

oHinear

e Adcircle cannot thro than two points in a straight line.
e Iftwo 01rc1e three poi mmon, then they coincide.

e Two cilc nnot intersect in more than two points.

Slopeof 45~ % -3
Slo eofBC: 5__2 = 3273 It A(x"yl)and B(xz’yz),
p 3—-4 -1 then Slope of AB=L2"N o DT
¥ =% X, — X,

Slope of AB # Slope of BC

Hence, the given points are non-collinear and unique circle can pass through them.
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A Straight Line, Drawn from the Centre
of a Circle to Bisect a Chord (which is not
a diameter) is Perpendicular to the Chord.

If AB is any chord (not a diameter) and OC meets AB
at C such that mCA = mCB , then OC 1 4B

from the centre O. Find mOP if radius is 5 cm. ‘\
€ Solution P mAB=8cm,mOA4="5cm, mﬁ=4cm&®

Since triangle APO is right angled triangle.
So, by Pythagoras theorem

(mOA) = (mOP) +(mP)
5 = (mOP) +4° CJ
—\2
25 = (mOP) + 16 Q/
(mOP) =25-16=9 Q
mOP =3cm s\
8 Perpendicuf from sSSentre of a

Circle g Q hor ; cts it.
If OCL AB , th &%bmects A
=mCB

le. Find the d1stance from O to the chord 4B.

Given that mAB=12m \ J
Distance from O to chord 4B is perpendicular so by theorem, \\\\ /,"l
M is the mid-point. T
mOM = \/ (mOB)* — (mBM)* [By Pythagoras theorem]
=(8)" —(6)
m =28

529 m
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Chord AB of 24 m is across a circular arch /\
12m M 12m B

of radius 13 m. Find the height of the chord from the centre.

_ A
@ Solution » mAB =24 m across a circular arch. O is W

centre of the circle of the arch that mOB =13 m. 0 o l
OM L AB, therefore, mMA =mm=%=l2m O
2 —\2 —\2 O
Now, (mOM ) = (mOB) —(mMB) [By Pythagoras theorm@
(mOM) = (13) ~(12) Q:\~
mOM = (13)" —(12)° &

=169-144 =25=5m
If Two Chords of a Circle, A ongruent,
then they will be Equidis@ om the Centre. ,

If ABand CD are congruent (equal ?z ures) @s of a
circle with centre O. i.e,. MQ CD, @ AB and
WJ_C_D,thean:m06§\ &

Q ’
Two eq g{ss‘%hords) are tied in a circular playground.

One is 8 m from the ce the second be placed?

Q. here @
@ Solution P S%\c ords%ongruent, they must be equidistant from the
ne’ch

centre. So, the ord muste 8 m from the centre.

ength r

hords of a Circle which are Equidistant
from the Centre of a Circle, are Congruent.

d CD are chords of a circle with centre O, OM 1 4B,
CD and mOM = mON, then AB = CD i.e;
AB=mCD

In a circle with centre at F,

mNP =12 cm and mEF = mFM .

N
Find the length of DE. /
@ Solution B As mEF =mFM S 0
P N \"\,

— — Two chord of a circle which are
then mDG = mNP [equidistant from the centre are congruent.

0
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mD_G =12 cm © mNP =12cm
Since the radius bisects ﬁ, SO
mGE = mDE
— — 1
= mDE = %mDG = 5(12 cm) =6 cm \ l

In a round table design, two decorations are placed @Q:trically

4 cm from the centre. One chord is 14 cm. What is the length of th

Since both decorations are equidistant fro;@*'centre therefore

chords are congruent.

So, the length of second chord is 14 cm.

1. Calculate the length of a chord w t ds at istance of 5 cm from the
centre of a circle whose radius ig/1l

2. In construction, three steel Q age fi 1nts A, B, and C (not in a
straight line). A crrcular n eds t through all three. How many

hoops can be used?

3. In a park, lamp posts @ the edge /\

of a circular part adlus 1 owninfigure.  / 7m M Tm \,

Find the d1stan® the m the centre of Ll o
anEl

the park. 0

4. In aci ords 4B CD both have length 10 cm.

élance from the centre to AB is 6 cm, what is the distance from

centredto CD?

5. Qo holes 4 and B are drilled 12 cm apart on a circular tabletop of radius

cm. Find the perpendicular distance from the centre to AB.

@ A chord 8 cm long is at a distance of 3 cm from the centre. Calculate the

radius of the circle.

7. In the given figure, mCD = 121 units and mBC = 3x units.
Find the value of x.

8. In a circle with centre at O, the perpendicular distance of
the each chord PQ and RS from the centre is 6 cm. If the
length of chord PQ is 18 cm, find the length of the other
chord.
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9. Aline from the centre ofa circle cuts a 10 cm chord at right angle where radius of
the circle is 6cm. What is the length from the centre to the chord?
10. In a circle, a perpendicular is drawn from the centre to chord AB. If

mAB =12cm, what is the length of each segment after bisecting?

RN If Two Arcs of a Circle (or of Congruent
Circles) are Congruent, then the
Corresponding Chords are Equal.

In the circle with centre O, APB = COD and AB,CD are

their corresponding chords, then AB = CD @

In a circular garden, two pair of degorative lights are placed such

that the arcs between each pair (4 and B, C and D) al in the length. If the straight-
line distance between points 4 and B is 8 metres, %}‘e distance points C and D?

@ Solution P Given that

mAB = 8 metres %
Since the arcs AB and CD are con thm@ must be equal.

L mAB = mC
Hence, mCD =8 m
If Two Cherds of rcle (or of Congruent Circles)

are C0 nt _( I in Measurement) then their
Corre % Minor, Major) are Congruent.
re/0O and

If circles with COQ

o’ are% ent and
Chord = Chord CD, N s N
— A e =~/p
tHehAPB = COD \/ \/
N )
W9 ; 5

Find the value of x

in the given figure.
Given that: )\
Chord PQ = Chord QR = Chord RS
As, we know that equal chords have equal arcs.
Arc PQ = Arc OR = Arc RS
But  Arc PO=3cm
Arc QR =3 cm and Arc RS=3 cm 3 cm

?:J
X cm
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-Ililii! P Chords and Arcs of a Circle I ﬁsﬂ

From figure, we have
Arc QR + Arc RS=x
3em+3cm=x
x=6cm
Equal Chords of a Circle (or of Congruent
Circles) Subtend Equal Angles at the

Centre (at the corresponding Centres). A

In the circle with centre O, mAB = mCD, chord AB and

chord CD subtended ©4OB and L COD respectively at the
centre O, then m2AOB = m-COD

In the given figure, PT is a diameter 0[&

If mPQ = mOR = mRS = mST, then find a. 0 R g
@ Solution P mPQ = mOR = mRS = mS
. mZPOQ=m/QOR=m/ROS = mzsovx /
(equal chords have equal angfes gt the c = T

But

mZPOQ + mZQOR + mAROSQ @ i Edb.

If the Angles @s\endg@ Two Chords of a Circle (or

Congruent Lixcles) a Centre (Corresponding Centres)

are Equ@ thé@l‘ds are Equal.

In the circle v@{) entre O, AB and CD are its
tend ZBOA and ZCOD

resp ly at the centre O, of the circle such
a&OA = mZ/COD, then mAB= mCD

In the given figure, find the value of x.

chords,

@ Solution p)  From the given figure
m/AOB =m/COD = 85° ‘

If central angles are equal, then corresponding C [ 7 s
chords are also equal.
mAB = mCD ‘
A

x=4cm
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h&i hﬂilii‘ p Chords and Arcs of a Circle .
I D ANNGINI I 8.2

1. In the given figure, if 2. Inthe given figure, find the values
mP_QZmQ_RZmRSZME of xand y.
and mZPOT = 70°, then find

the value of x.
T

&

Xy

3. Find the values of x and y in the gi «

n ure, A
such that mAB = mBD @g \% b
4. Two congruentarcsina circu@’a subte%@; S, i f
of 60° each at the centre. I% gth of gne chdrd of Q\,B@_S\/ 3 &
the circle is 10 metres, v®1 the l@ther chord?
J

5. In a circular foun two water are installed such that they spray water
along arcs of ¢ . jet sprays between points P and Q and the

) is 12 metres, what is the straight-line distance
(chord R& red by th&second jet spraying along arc RS, which is congruent

toar I@
6. In cular park, two walkways AB and CD are both straight paths (chords)
length 14 metres. What can be said about the minor arcs subtended by these

@ lkways?
$ In two congruent circular clocks, the minute hand points from the centre to the

3 on both. A decorative string connects 3 to 9 on both clocks. Are the arcs
from 3 to 9 on both clocks congruent?

REVIEW EXERCISE g—‘

1. Four possible answers are given for the following questions. Choose the correct answer.
(1) Distance of a point on the circumference to the centre of the circle iscalled:
(a) radius (b) arc (c) chord (d) tangent
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-Ililii! p Chords and Arcs of a Circle I (154

(i)

(iif)
(iv)
v)

(vi)

(ix)

(x)

é@

Radii of same circles are:

(a) all unequal (b) all equal

(¢) half of each chord (d) double of the diameter

The boundary of the circle is called:

(a) chord (b) segment (c) circumference (d) diameter
Any part of a circumference is called: %
(a) chord (b) diameter (c) radius (d) O

A chord passing through the centre of the circle is calledg a@ 5

(a) radius (b) diameter (c) secant (d) circumfi

In the given figure, what is 4B?

4
(a) diameter (b) tangent (c) chord (d&@
(vil)  In the given figure, major arc is: . C

(a) mAB  (b) mBC  (c) mBDC mAD 4
(viii) circle(s) can pass through non-collinear points.
hree

(a) one (b) two (d) many
Perpendicular bisector of a ¢ aljvays p s@nough the of circle.

(a) arc (b) radius (d) circumference
The sum of the measur central aneleg of a circle is:

(a) 90° b} M80° &(c) 270° (d) 360°
On a circular clock wi b adius @1, the points from 2 to 10 form a chord
thatis 10cm long. @the perp&di lar distance from the centre of clock to the
chord.

*
Achord 6 c@@s at @ce of 4 cm from the centre. Calculate the radius of

the circle:s

Ina i@ park, two benches are placed so that the chords formed by their

pa‘&s are both 10 m long. What can you say about the angles subtended at the
ntre by each bench?

at is designing a triangular garden with corners at points 4(2, 1), B(4, 4)
and C(1, 5). Can she install a circular fountain that touches all three corners?

Two chords, PQ and RS, each measure 18cm in length. If the distance of PO from
the centre of circle is 7cm. Find the distance of RS from the centre.

A tree branch lies across a circular pond, forming a 20 m chord. A measuring
rod having length 10 m is perpendicular to chord from the centre. What is the

radius of the pond?
A steel bar 6 m long lies inside a circular structure with ends on the circle. It is

bisected by a perpendicular rod from the centre. Find the radius of the circular
structure if the perpendicular distance from the centre to the bar is 4 m.
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Tangentand Angles oi'a Cirele

Stwdenty Learning Outcomes
gAfter completing this unit, the students will be ablq@

Solve problems by using the tangent and angle properties of a circle;
&ou‘[er end point, it is tangent

Q"

Ifaline is drawn perpendicular to a radial segment of a circl
to the circle at that point.

The tangent to a circle and the radial segment joining t int of contact and the centre are
perpendicular to each other.

The two tangents drawn to a circle from a p01 it, are equal in length.

If two circles touch externally or inte ally then t @me between their centres is
respectively equal to the sum or differ 1r radn

The measure of a central angle o ble that of the angle subtended by
the corresponding major arc. q
entofa 01rcl re equal

Any two angles in the same s

The angle in a semi- mrcle t an egment greater than a semi-circle is less than a
right angle, in asegm an a se 1- 1s greater than aright angle.

The opposite angl n quadrlé inscribed in a circle are supplementary.
rcle using angle in both degrees and radians.

Find the arc length a of' secto
Apply concept; gents and es of a circle to real life world problems (such as architecture,

monuments 1ds)
Apply tr1 0®etry to solvereal life problems in arc length and area of the sector of circle.

TP TRODUCTION)

'(Lélit focuses on solving problems using the tangent and angle properties of a

ircle, which are essential for understanding the geometry of circular shapes in both
mathematical and real-life contexts. Students will explore key concepts such as the
perpendicular relationship between a radius and a tangent, the equality of tangents
drawn from an external point and the geometric properties of angles formed within
and around circles. The unit also examines how the positioning of angles affects their
measures and how these properties relate to cyclic quadrilaterals. Practical
applications include solving problems involving architecture, engineering structures,
monuments and pyramids, where circular and angular relationships are commonly
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found. Students will also learn how to calculate arc lengths and areas of sectors using
angles measured in both degrees and radians and apply trigonometric concepts to
real-world scenarios involving sectors of a circle.

Tangent to a Circle J

In a plane, a line is a tangent to a circle that touches
only one point on the circumference of a circle.

Here AB isa tangent at point P on the circle. Point
P is called point of tangency or point of contact.

(a) If a Line is Drawn Perpendicul @kadlal Segment

of a Circle at its Outer End Poiht, it is Tangent to
the Circle at that Point

If a circle with centre O and OC is its radi
segment. AB 1 OC at C, then 4B is tan@

to the circle at point C. @ (&
The Tangent to a Clrcl§ zQ the 6

Radial Segment Joining oint of &

Contact and the O

Perpendicular to Ea@)ther.
*

3 ;

v

If a circle with ce ‘, ocC

radial segm is a tangent
at point &;&. OC L MN ST C

=3

such that mPR =8 cm. What is the length of @?

— g
@ Solution P Since OR is tangent to the circle at Q oS e

and it is perpendicular to the PQ. 7

APQR is a right-angled triangle and PR is its hypotenuse.
By using Pythagoras theorem,

(PR = (n7B) + (nF)
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h57 p Tangent and Angles of a Circle
8 = 4> +(mOR)
64 =16 + (mOR)*
(mOR)" = 6416 = 48

mOR = 6.93cm
o

Real Life Examples of Tangents Perpendicular to Radius O

1- The entry or exit roads of a roundabout are often design: ential to the
circular structure to allow smooth transitions and minimi ing effort.

2- Each seating cabin on a Ferris wheel hangs su suspension arm 1is
perpendicular to the wheel radius, ensuring thebghm stays tangent to the
rotational path.

3- The tip of a clock hand touches the circ rimeter of the clock and if a
tangent is drawn at the tip, it is perpe ular to the radius (hand) at that point.

The Two Tangents Dr tga Cn\@rom a Point Outside

it, are Equal in Len 6®-
If P4 and PB are two tange n fro an
external point P to a circle cer‘rg@
where 4 and B are p01 f cont t

m PA=

%hltect esﬁns a circular dome

on a buildin .@gh‘ung rod is placed 12 m away
from the ¢ of the dome which has a radius of 5 m. Support cables are attached
from rod to the dome, touching the dome at two points. What is the length of

*’\m Suppose two tangents (cables) P4 and PB
dte drawn to the circumference of the circle (dome)

from the point P (on the rod). Here,
P

mOP = 12m, mOA=mOB = 5m
In the right triangle OAP, by Pythagoras theorem, we have

() = () + (mP
12° = 5° + (m4P)
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144 = 25+(mﬁ)2
(mA_P)2 — 144-25=119

mAP = 1091 m
So, the length of each cable is 10.91 m O$
Real-Life Examples of Equal Tangents to a Circle O

1. A lamp post is erected at a point outside a circular gar Qvo paths are
constructed from the lamp post to the edge of the c E arden such that

they just touch the garden. These paths represent t o the circle.

D

A security camera is placed such that it monitors a 1rcular restricted zone.
The lines of sight just touch the boundary of t

3. Two ropes from a peg outside a circulagte tied to two points on the base
circle of the tent.

- (a) If Two Circles Touc all he Distance Between
Their Centres is E thelr Radii.

If two circles with centres 0 ' touch ac 4

other at point P externally, nd P@@helr

radii respectively, then

moQ. @
adu of th o circles are B

=4+6 =10cm
If Two Circles Touch Internally, Then the Distance Between
Their Centres is Equal to the Difference of Their Radii.

A
If two circles with centres O and O' touch each other at

point P internally, PO and PO are their radii respectively,
— P
then mOO' = mOP -mO'P.
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An inner decorative circle touches the outer clock face internally.

If the outer circle has radius 12 cm and the inner has radius 7.5 cm, find the
distance between their centres.

@ Solution ) Since, Radius of outer circle = 12 cm l l

Radius of inner circle = 7.5 cm
Thus, the distance between their centres =12 - 7.5 =4.5cm

VAR The Measure of a Central Angle of a Minor a Circle
is Double that of the Angle Subtended by th responding
Major Arec.
In the circle with centre O, APB is a minor arc. It subtet@n
angle AOB at the centre and an angle ACB is subten the
majorarc, then mZAOB=2m/ACB Y
A curved running track fo that

subtends 60° at the centre of the circular'groynd. W
angle does it subtend at a point on the §gundary?

P D
Since curved run@ track fo@n arc that subtends 60° at the

centre of the 01rcular ground.

Vo | Skilled Practice!
As we know that the measure@an angiﬁ ch A radar antenna scans an arc
i

an arc of a circle subten a he cent s double  subtending 90° at the centre. What is
the angle subtended by the arc at the

that which it sub t on the edge of its circular path?
remaining part o cumfe

Therefore, @&chmference = =30°
0 91 |

Find the value of x. 2. Find the angle ABC.
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3.

A, B and C are points on the
circumference of a circle with centre
at 0. AC is the diameter of the circle
and DE is the tangent to the circle at
the point C and m£BCD = 62°. Find
(i) m«sBCA (11) mZ/BAC

D, E and F are points on the
circumference of a circle with centre

at O and m£DOF =130°. Find
mZDEF.

X, Y and Z are points on t(}
circumference of a circle with @

at O and mZXYZ =85°. Fi

s\ L 7
In a historical monum@a circs@untain with a radius of 3 m is built. A
m {

flagpole is erectedQv away e centre of the fountain. Two ropes from
the pole are ‘t@ he e @t e fountain, just touching it. Find the length

of each ro
Two téﬁr gears touch each other externally for proper rotation in a
rr@Q: ~The radii of the two circular gears are Scm and 7cm. What is the
istanCe between their centres if they touch externally?
mall sensor lies inside a satellite dish and touches its wall internally. If the

8.
@dish has radius 15 cm and the sensor has radius 2.5 cm, find the distance

10.

between their centres.

An inner holder touches the outer cylindrical container internally. If the outer
container has radius 8 cm and the inner holder has radius 6 cm, find the
distance between their centres.

A pyramid-shaped sculpture is placed in the center of a circular plaza with a
radius of 10 m. A decorative pole stands 26 m from the center of the circle.
Two guide wires are attached from the pole to the plaza edge, just touching
the circle. Find the length of each wire.
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Any Two Angles in the Same Segment of a Circle are Equal.

If £APB and £AQB be angles in the same
segment APQB, of a circle whose centre is O, then
mZLAPB = mZAQB

A

In a large circular stained-glass window of a libfiary

beams are drawn from the same chord 4B to two points &@ on the arc opposite
to AB such that ~<APB and £AQOB are formed. If ~4PBN
what is m~ZAQB? v

Since msAPB = 40° 4‘ n
Therefore, m4AQB = 40° ’
e

)

(a) %@ngl% emi-Circle is a Right Angle.
(b) & e Angle in a Segment Greater than a Semi-Circle is
Less than a Right-Angle.

Q% The Angle in a Segment Less than a Semi-Circle is

s measured to be 40°,

A projector casts an image over an arc
on a éircular wall. Two observers on

@ egment report one observing
s angle. What is the other angle
e same segment?

D

Greater than a Right-Angle.

ircle with centre at O and AC

B B
a chord of the circle.

(a) In Fig. I, ABC segment is a o

semi-circle, then A ° C

mZABC = 90°. — <>
(b) In Fig. I, ABC segment 4 vc

is greater than a semi-circle, . -

Figure I Figure 11

then mZ£ABC < 90°.
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B
(c) In Fig. III, ABC segment is
less than a semi-circle, A\
then mZABC > 90°. v

In the diagram P, Q and R are

points on the circumference of a circle and the line
segment PQ is the diameter. Find the angles x and y.

@ Solution P Since angle in semi-circle is 90°.
Therefore, x = 90°

As we know that the sum of the interior angles of any
triangle is 180°.

46°+90°+ y = 180° v
ie. 136°+y ~180° &

=180°—-136° =
Vi | Skilled Practice!
A cable in a semicircular bridge form ngfe w1th eter of the arch. If the cable meets

the endpoints of the diameter and thg,top of the arch whatef the angle at the top?

The Opposite Al s of @)uadrﬂateral Inscribed in a Circle

are Supple

If a circle with ce\@at @ABCD is an inscribed

quadrllateral the
DC =180°, m<sBAD +m-BCD = 180°

Therefore,
X +82°=180° ‘ y +161° = 180°

x =98°
V&g | Skilled Practice!

A round table has a decorative quadrilateral pattern inscribed on its
surface. If one angle of the quadrilateral is 105°, what is the measure
of the opposite angle?

y =19°
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Area of Sector and Arc Length of a Circle J

Arc Length and Area of Sector
Let ¢ be the length of a circular arc AB of a circle of radius l
)

rand 60 be its central angle measure in radians. Then
Ratio of ¢ to the circumference 2zzr = Ratio of 6 to 27

or {:2nr=0:21

4 0
or — =
2nr 2w

/= i>< 2rr

2

{=r0 , where 0 isin radian. v

Area of a Sector & E

A sector of a circle is a region bounde Co)radu \\@
corresponding arc. ?5'

A slice of Pizza and region betwee:@ hands 0@

are examples of'a sector of circle.

A pair of radii divides the 01rc e@& namely
major sector and minor sec O&

The area of a sector Qf lar r 1®Xtad1us ris 76
where 0 is the cent \gle anjtesdmeasured in radians.

Proof: As sho@q adjoining figure,

cgof sector _ Central angle of sector A
rea of circle  Complete angle in circle /
A

\Q A4 __0 ' 1
@ nr 27 So, A= = r(ro)
_ w0
4="0 A==t

= Area of sector = %rze, where 0 is in radians.

Find the area of sector of a circle having central angle 60° and

radius 7 cm. Also find the length of the arc.

@ Solution P Here 8= 60°= 6;);()7[ =1.047rad, »=7cm
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l1’26?
2

1
= S(7701.047)

Area of sector

= %(49)(1.047) =25.65cm’

Length of arc 4B = r@ AN\
(7)(1.047) =7.33 cm \/

The length of an arc and area of sector o%@&e 5cm and 25¢m’

respectively. Find radius and the central angle of sector.

@ Solution P /=5cm, 4 =25cm’, r=2,0="2 ?\
As t=r0 5=r0 ?‘

=

)Qfﬁ | Skilled Practice!

1
nd A——2 C
a 279 @

S . % O If £ is the arc length and 7 is

2 \r StS ec( the radius of the circle

25x2 where /= 14m, r = 4m, then

5 7 e r 1@ find the central angle. Also

Put value of 7 in (] G, e have find the area of the sector of
4 ! the circle.

@ 9.2 ’
1. fAEB, and D are points on circumference of a

cle with centre at O as shown in figure.

$®Find the angle x.

2. In the adjoining figure mZBDC = 74°,
find m£BAC, mZBOC and mZOBC.
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3.

9.

Find the angles x and y in the following figures.

Find the angle x in the given figure. Q
&; :

D

In a circular arch over a monu@gance \spotlight fixtures are placed

such that they each shine Q () dif@%ms on the arch to the same

chord PQ on the base ofghe axch. If th‘an ¢ formed at one light is 55°, what
e side of chord PQ?

is the angle at the seco@ t ont
A circular gard%a alkin orming a quadrilateral inscribed in it. If

one angle is 87°,ghat'is the ite angle?
A ferris wheel radius .Ifapassenger travels a distance of 18 m along

the circu @1 e of th&Jerris wheel, what is the angle (in radians) swept by
the pasér’s position from the starting point?
Fipd en

1) {=3cm, r=2.2cm (i1) {=5.6cm, r=2cm
d r, when

Find 7 and area of sector, when

E Q, Y (=55cm, 0= 40°20 (i) ¢=13cm, 0= 70°

11.

12.

(1) r=17cm, 6= 0.25radian (ii)) r=3cm, 6= 45°

Uzma cut a pizza of radius 14 cm into 8 equal slices. What is the area of one
slice (sector).

The perimeter and area of a sector are 14 cm and 10 cm’ respectively. Find the

radius of the circle and the central angle of the sector.
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REVIEW EXERCISE

1. Four possible am3wers are given for the following questions. Choose the correct
answer.

(1)

(iv)

v)

(vi)

Tangent is a line that touches the circumference of the circle at: O$

(a) many points (b) three points O

(c) two points (d) one point

________ tangents can be drawn to a circle from a poi 1de the circle.
(a) one (b) two (c) three \ many

________ tangents can be drawn to a circle fr of the circle.

(a) zero (b) one (c) two (d) three

In circle, radius and tangent are: ;

(a) parallel z

(c) perpendicular (d zer E @

An angle in a segment gre _____ angle:
(a) an acute (b r1 (C) tuse (d) straight
The angle subtend he a centre of the circle is called:
(a) acute angle ) central angle

(©) rlght.a (d) complete angle

(vii)  What @wasur angle inscribed in a semi-circle?

&Qz

(ix)

(x)

(b) 60°

w& 90° (d) 120°

Any two angles in the same segment of the circle are:

(a) supplementary (b) complementary
(c) equal (d) zero
Area of the sector of the circle =
1 3 1 3
a) —r6 b) =r’0 c) —ré d) —r@
()2r ()ZV ()zr ()Zr

If r=6cm and 6 = 2 radians, then arc length is:
(a) 12 cm (b) 8 cm (c) 6 cm (d) 3cm
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2.

10.

In the adjoining figure, find the radius of the

circle.

Find the angles a, b, ¢ and d in the given figure, if

O is the centre of the circle.

—
Find the angles @, b and ¢, if ML is a
tangent line and O is the centre of the

Find the angles marked i@e iven ﬁ%e, here

O is the centre of the c@. s\o
Two round dinj @ged to touch at their edges. The radii of the

circle.

two round % tabl cm and 12 cm. What is the distance between
their cent&' they touch‘externally?

A cis mosaic pattern is laid on the floor beneath a modern pyramid
structdre. Two tiles are placed such that they both connect to the same chord

@ and reach two points G and H on the arc above EF. If m ZEGF = 65°, find

@ym<EnF.

A triangular frame within a semicircular gate joins the ends of the diameter to
the peak. What is the angle formed at the peak?

A circular birthday cake has a radius of 15cm. A slice has an arc length of
10cm. What is the area of this slice?

A sector cut from a circle of radius Scm has a perimeter of 16cm. Find area of
this sector.
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- UNIT ([
Praclical Geometry of @D[F@Daa‘

Students’ Learning Outeomes

/—gAfter completing this unit, the students will he @h dto:
» Locate the centre of a given circle.
o  without finding the centre,
when a part of its circumference is given. < ’
e centre@ gh a given point P when P is
o outside the arc.
o outside the circlg

» Draw a circle passing through three given non—collinea%.
» Draw a tangent to a given arc, w1th0
o  the middle point of the arc.
» Draw atangent to a given c@Xom a K@Xhen P lies
»  Draw two tang circle each other at a given angle.
» Apply conce ractlca%try of a circle to real-life world problems (such as

» Complete the circle:
o by finding the centre,
o atthe end of the arc.
o on the circumfere
athletic tra reatlonal parks, Ferris wheels and mechanical machines).

= INTRODUCTION

@A‘it,focuses on the key geometric properties and constructions related to circles
their practical applications. Students will learn how to accurately locate the centre

of a circle and draw a circle passing through three given non-collinear points. The
unit further guides students in completing a circle using various methods, whether or
not the centre is known and even when only a part of the circumference is given. A
major focus is placed on constructing tangents to arcs and circles from different
positions of a given point, both with and without using the centre. Additionally,
students will gain hands-on experience in drawing two tangents that meet at a specific




angle. To bridge theory with real-world relevance, this unit highlights how these
geometric concepts are applied in everyday structures such as athletic tracks, Ferris
wheels and engineering designs. Through these activities, students will enhance their
precision and spatial reasoning of geometry in the physical world.

Construction of a Circle J O\L~

The construction of a circle is a fundamental concept in practical geo @., . A circle
can be drawn using a compass when its centre and radius are However, in
more advanced constructions, a circle can also be constructe gh three given
non-collinear points, as these points uniquely determine @ . In some cases, a
circle may need to be completed when only a part of its circynference is given, either

by finding the centre or using geometric techniques tit.
ILUSBEY Locate the Centre of a GiVK
Given: 4 circle.

Required: To locate the centre of the circl
Steps of Construction: Q@

Take any two chords AB a
Draw}?Q as right bisector . &

o of the'Cirele. Fig. 10.1.1

1

2.

3. Draw ﬁas right bisego CD .

4. @and <IIST intense@ h ottgré%fnt 0.
5. C

Points that lie on the same line are collinear.

A e Points that do not lie on the same line are non-collinear.

Draw a Circle Passing through Three Given Non-collinear
Points

iven: Points 4, B and C are non-collinear.

Required: Draw a circle passing through points 4, B and C.
Steps of Construction:

1. Join B to 4 and C.

2. Draw ﬁ as right bisector of AB.
3. Draw FG as right bisector of BC.
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4. DE and FG intersect each other at point O. Now O, is centre of the required
circle.
5. Take O as centre and draw a circle of radius mOA4 = mOB = mOC, which is

the required circle
IR Complete a Circle by Finding its Centre, When a P@&( Its
Circumference is Given 0

Given: PQOR is an arc of a circle.

Required: To complete the circle by finding its centre.

Steps of Construction: & [
1. Join Q to P and R. <\ O
+—> R >< ’

Draw DE as right bisector of PQ.

) Vol \
3. Draw FG as right bisector of Q_R i Fig. 10.1.3 IWL
4.

+—> +—> .
DE and FG intersect each othe@pomt K O 1is the centre of the

circle.
5. Take O as centre and draw i P = mOQ =mOR.
Thus, this circle passes rough p01 and R on the given part of the

circumference.

10 1 4 Complete cle wi s&t Finding its Centre, When a Part
of 1ts ere @src) is Given

Given: ABC i %t of circulaference of a circle.

Required: :@plete a circle of which ABC is a

part without~finding the centre of the circle.

Ste onstructlon.
$ Take E, BC two chords of the
given arc ABC such that
mAB = mBC.

2. Extend 4B and BC to form
rays AP and BQ respectively.

3. Construct mZb=mZa. Fig. 10.1.4

4. Take mCD = mAB = mBC and construct mZc=mZa =mZLb.
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h71 ﬁililiilil ) Practical Geometry of Circles l

5. Similarly, construct Zd and Ze.

6. Now, draw arcs on CD, DE, EF and F. FA with smooth hand.
Thus, the required circle is completed.

[ ST

1. Construct a circle with the help of given radius and veri centre by

construction: \
(i) r=15cm  (i)r=17cm (iii))r=2cm +

2. Take any three non-collinear points P, O, R an tpuct a circle passing
through these points. K

Draw an arc ABC and complete a circle by fi its centre.
Draw an arc POR and complete a circ/]g0 out finding its centre.
ons oféw lamp posts in the park),

construct a circle passing thro se p01n
6. A part of the Ferris wheel Vi 1ble Usmg any three points on

the arc, construct the c1rcle inding 1ts

5. Take any three non-collinear p01n

ABC an arc of a fount?ax omplete icle without finding its centre.

Tangent to

10.2.1 MK Dr a Given Arc without using the Centre
a Given Point P

\
(Case 1 )~When point P is the middle point of the arc )

i@;PB is an arc where P is midpoint of

the arc.
equired: Draw tangent to the arc at point P.

Steps of Construction:

1. Join end points 4 and B of the arc.

“—> JRE—
2. Draw right bisector LM of AB, it
passes through point P.

Fig. 10.2.1(a) v
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3. Construct right angle MPC and produce CP in the direction of P.

+—> Nl\
So, CPD is the required tangent. T
| W—
Case When point P is an endpoint of the arc. M
(Case’ i) When p p DI

Given: PLM is an arc, where P is its endpoint.
Required: Draw tangent to the arc PLM at point P.

Steps of Construction: L

1. Take any point 4 on the arc and join P to 4.

2. Draw right angle PAN so that ﬁ cuts the arc at point B ¢

3. Join point B to P. &

4. Construct mZAPR = mZABP.

5. Produce RP towards P, so @ is th ?irzd R Fig. 10.2.1(b)
tangent. vg.

(Case 111) When Point P is outside the (rc. i) \@
Given: ABC is an arc and a poi 6‘0’
outside it.

Required: To draw a tangen@he arc
from point P. s\

Steps of Construction: Q

1. Join A to P, ‘&Qts the a @ 4

2. Find the i@int M of

3. T@S as diameter and draw
a semi=circle. ¢

ot :
4. w perpendicular OS on AP f
Q » :
that cuts the semi-circle at R.
Take mRP as radius and draw an arc that cuts A/lng at D.

Fig. 10.2.1(c)

6. Join P to D and produce towards D, so% is the required tangent at D.
I®A (a) Draw a Tangent to a given Circle from a Point P
when P Lies on the Circumference.

Given: A circle with centre D and a point P on its circumference.
Required: Draw a tangent to the circle at point P.

NOT FOR SALE-PESRP



Steps of Construction:
1. Join centre D with the point P. Now, DP is the radial
segment.

2. Draw a perpendicular 4B at point P to the radial
segment DP.

So, APB is the required tangent.

b Draw a tangent to the circle from a point P when P
lies outside the circle.

Given: A circle with centre O and a point P that
lies outside the circle.

Required: To draw a tangent to the circle from
point P.

Steps of Construction:

1. Join centre O to point P

2. Find M, the mid-point of OP.

3. Take M as centre and draQ mi- c1r
with radius as mOM =

This semi-circle cuts t rcumﬁ@ at point 7. >@

4. Jom Pto T and pr € towar Fig. 10.2.2(b) M
Thus, PT is the requ ngent g gth of tangent is measured as mPT .

Dra Tang
@a

to a Given Circle Meeting each other at a
ngle

Draw a circle with radius 1.5 cm. Draw two tangents to this circle

that meet an angle of 30°. o4

30’
yiven: A circle with centre O, of radius 1.5 cm.

Q 1.5cm

Required: Draw two tangent to the
given circle that should meet at 30°.

Steps of Construction: . 30° v
— S P ~ B
1. Draw a diameter AOB. 7 \\\

2. Draw a perpendicular at B on AOB | this is one tangent. Fig. 10.2.3
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Sl

b

o N

)

(i)
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p Practical Geometry of Circles 174

Draw an angle of 30° at O, as mZ4AOC = 30° where C is a point on the
circumference of the given circle.

Draw a perpendicular at C on OC as CP that meets the already drawn
tangent at B.

tangents BP and CP are the required tangents that meet at m~ CI@ 0°.

[ooc ST

Draw tangent to APB at point P, when P is midpoit o@e arc.
Draw tangent to PQR at point P, when Pis e int of the arc.
Draw tangent to ABC froma point P, K &3 outside the arc.

Draw a circle of radius 1.3 cm and tangent at point P, when P lies on

its circumference.
Draw a circle of radius 1.5 dra @ent at point P, when P is at
a distance of 8 cm from ifs ceugfre. : )

Draw a circle of radiu

tangents that meet an angle of 30°.

Draw a tangent to oint o

From a pulle-_y wo tangents to a machine wheel having
r=2. lcm at th between them is 30°.

@ﬁ

lar part of the track having radius=2 cm.

FWQSSIble answers are given for the following questions. Choose the correct

&

In the adjacent figure, AE&' is: 4 B ¢
(a) achord (b) an arc

(c) atangent (d) a secant

There are types of arcs.

(a) 2 (b)3

(c) 4 (d)5
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(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

)

Right bisector of the chord of a circle always passes through the:

(a) diameter (b) non-collinear points (c) radius (d) centre

A circle has only one:

(a) chord (b) centre (c) diameter  (d) Se%%
The point where two tangents meet outside a circle forms: O

(a) a semicircle (b) a diameter (c) aradius angle
Two equal tangents from a point to a circle can be dr en the point
is the circle.

(a) on (b) inside (c)’o s% (d) at centre of
Tangents drawn from a single external poi a circle are:

(a) unequal in length (b) p icular to each other

(c) equal in length inside the circle

At least how many chords are to 10 centre of the circle?

(a) 1 (b) 2

To draw a tangent at mi@% of @ ﬁrst step is to:
(a) join endpoints Of&

(b) draw radius \
(c) draw a hn endlc tothord
(d) draw @m

The a etween tf?; radius and a tangent at the point of contact is:

(d) 4

( )@ (b) 60° (c) 90° (d) 120°
2. Dh& circle of radius 1.4 cm and draw a tangent at point P, when P lies on

>

aw a circle of radius 1.2 cm and draw a tangent at point P, when P is at

circumference.

\Z
$ a distance of 5 cm from the centre.
4 Draw a circle of radius 1.7 cm. Draw two tangents that meet an angle of 30°.

5. Take a part of the circular track, use chords and perpendicular bisectors to
complete a circular track.

6. Two decorative fences touch the circular flower bed of radius 2.1 cm and meet
outside it at an angle of 30° to form an entrance arch. Draw two tangents to
the flower bed from the point where the fences meet at an angle of 30°.
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Stuwdenty Learning Outcomes \Q
4
gAfter completing this unit, the students will be a .

%

Construct cumulative frequency table and cumulative frequenc@gon or Ogive.

>

» Interpret the median, quartiles, deciles, percentiles and quartile range from cumulative
frequency curve. v

» Interpret and analyze box and whisker plots.

»  Construct and interpret data from scatter diagran&a o draw lines of best fit.

»  Measure correlation using scatter diagram.

»  Calculate the range, standard deviation ang’ vagiange for gro ta.

»  Use the mean and standard deviation to g%?e two .

»  Solve real life situations involving covnd staifd iation for grouped data.

» Apply concepts from measureg of dispersion to s real life situations (determining the

consistency of data, checking va

ility in forecdsting, manufacturing, finance and economics).
= b\
' B INTRODUC1 ION
This unit focuses ical tools and techniques for analyzing and
interpreting datax ents will Yearn to organize data using frequency tables and
visualize it cumulative frequency polygons (Ogives) and box-and-whisker
plots. TheY=ayll interpret key statistical measures such as median, quartiles, deciles,
percw and interquartile range to understand data distribution. The unit also
Qe constructing and analyzing scatter diagrams to assess correlation and draw
of best fit. Students will calculate and interpret measures of dispersion (range,
ndard deviation and variance) for grouped data and apply these to compare
datasets. Real-life applications in fields such as forecasting, manufacturing, finance
and economics are integrated to highlight the importance of statistical analysis in

essenti

decision-making and assessing consistency in data.

In class IX, we learned that a frequency distribution organizes raw data into a table
using class intervals and corresponding frequencies, allowing us to summarize and
interpret large sets of data more effectively.




Construction of Cumulative Frequencies J

Cumulative frequency is the running total of the frequencies, where each frequency is
added to the sum of all frequencies before it.

A table of cumulative frequencies, also known as a cumulative freg@iencies
distribution, presents the running total of frequencies for each data poi class
interval showing how many observations fall at or below a specific val

The marks of 50 college students out of 101ven below.

Construct cumulative frequency table. ‘

85 . 66 . 76 . 45 . 66 . 91 | 74
47 .78 . 76 . 42 . 70 . 58 . &6 80,78
73 . 48 . 68 . 87 . 81 . T2 . 78 . 84
75 ., 53 , S8 . 87 ., 56 , T2 9 .73 . 83
97,81 51, 61, L 79 , 88 , 74

58 , 7
nghest marks =97, Low& ks =42
The same 50 scores grouped into a frequ r@stribu i 1@
iye Fr Table
enci

Cumulative Frequencies

Class Intervals

Tally Mag
40 — 44 | g

1
S3 1 3=4

45 — 49 +

50 — 54 *(§;| <§° 2 4 + 2=6
55 - 59 | 4 6 + 4=10
60 — & Il 4 10 + 4=14
65 — 09 N 6 14 + 6=20
0 74 NN 10 20 +10 = 30
5-179 Ll 8 30 + 8 =38
80 — 84 N 5 38 + 5=43
85 — 89 Il 4 43 + 4 =47
90 — 94 I 2 47 + 2 =49
95 — 99 | 1 49 + 1=50

Total n=3f=50
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ISR E Cumulative Frequency Polygon or Ogive

A cumulative frequency polygon, also known as an ogive, is a graphical
representation that shows the cumulative total of frequencies up to each class
boundary in a frequency distribution.

It helps in understanding how data values accumulate over intervals and 1
useful for estimating medians, quartiles, deciles and percentiles. The cu

cially
pically

drawn by plotting the cumulative frequencies against the upper ndaries or
lower class boundaries and joining the points with a smooth or -line curve. It
provides a clear visual insight into the distribution and spread ata.

There are two methods for construction of a cumulatlve '&, polygon or ogive:
(a) Less than method ore thah method

|8 B WA Steps for Construction of Cumula? equency Polygon or Ogive
(Step I ) Prepare a cumulative freque 1¢ fr
(Step 11 )  Mark the upper class bo on t% for less than method.

Mark the lower cla ies -axis for more than method.
(Step III) Mark the corres cumul t1 equencies on the y-axis.

p% the

(Step IV)  Plot each point ass boundary or lower class boundary
on the x-a@nd its ch ive frequency on the y-axis.

(Step V) Connec@ plot (®mts using a smooth freehand curve or use
strag\hne seé to form the cumulative frequency polygon or

rtant Definitions

om the given data.

Thz@an is the middle value in a set of data when the values are arranged in

ing or descending order. It divides the data into two equal parts.

Quartiles divide an arranged data set into four equal parts, each

containing 25% of the data. (®)| Remember!

0, (First Quartile) Q, is the lower quartile, O is the
25% of the data falls below this value. median and @, is the upper
0, (Second Quartile) quartile.

50% of the data falls below this value (also called the median).
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03 (Third Quartile)
75% of the data falls below this value.

Deciles divide an arranged data set into ten equal [QIEEIEIES
parts, each representing 10% of the data. In other words,  Pss 1s the same as %‘7 is
there are nine decile values from D, to D, the same as th dian

For example, D, is the value below which 30% of the (), and P i@ Same as
data lies and D, is the value below which 70% of the 0;. &

data falls. +
K<

Percentiles divide an arranged data set into 100 eiual pafts, each containing 1%

of the data. There are ninety nine percentile values fr L 1o Py

For example Py, means 90% of the data lies b value.

The interquartile range is a measure of at repr the distance between the
first quartile O and the third quarti is c as 0.-0

The table pro infa at n about the speeds, in km/h of
90 vehicles passing a speed cl @ 1nt ct the cumulative frequency polygon
by less than method and ]@s{e medliy\Ql, 0, D,, Pys and IQR on it.

Speed (km/h) | * 0 | s886d [ 60-70 | 70-80 | 80-90 | 90- 100
f 'S 10 18 30 17 9 6
Speed (km/h) f c.f-
\Q 40 — 50 10 10

50 — 60 18 10 + 18 = 28
$ 60 — 70 30 28 +30 = 58
70 - 80 17 58 +17 =175
80 — 90 9 75+ 9 =84
90 — 100 6 84+ 6 =90

Total n=x f=90
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Cumulative Frequency Polygon

100
90| 85.5 ——*

= 1 &F
N\
or

50( 45
401 36
30
20

10 4 Y Y

o b, % P | %
0 5 10 15 20 25 30 35 40 45 50 55 70 75 80 85 90 95 100
V' Speed (klw

Flg
The position of median i 1s —=—=45 % oriz the from 45 on the y-axis
ertical li

60 Q0

22.5

Cumulative frequency

=

until it meets the curve and then dr: m this point to x-axis. Now,

take the reading on the x-axis w e t e verti hne hits the x-axis. So,

Meds&QS 7

By the same way, we E + Pys and semi interquartile range.
The position o@s - = =22.5. So, from the curve O, = 56.9.
The p@on of Q;is %l = &40) =67.5. So, from the curve O, =75.6.

<

. .4 4
¢ position of D, is % = % =36. So, from the curve D, = 62.7.
The position of Py, is ?Oig = % =85.5. So, from the curve Pys = 92.5.

IOR = 0,— 0,=75.6 - 56.9 =18.7
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Draw the cumulative frequency polygon for the following

frequency distribution of the weekly wages (rupees in thousands) of number of
workers by more than method. Also locate O, on it.

Wee::yﬂm ?szsngs';pees 0-20 |20-40|40-60|60- 80|80 {&-
No. of workers 30 48 61 40 QIV
D
@ Solution P ~\~
(rulmegll);l?(; 21‘1gs§sn ds) No. of worker$)~ c.f.
0-20 g 200
20 — 40 200 - 30 =170
40— 60 AT )170—48=122
60 — 80 QV 4 122 - 61 =61
1< 61 —40="21

80 — 100§
Tota

X

A

-,
x
[«=}

equency
ZA 2N

fr

20002 \O‘ %

é
—r
S N
S D

Qs »

G o0 ¥
40
20

x' Q2 JS
O 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

Weekly wages (rupees in thousands)
Fig. 11.2
.. .n_ 200
The position of 0, is 5= TN =100. So, from the curve O, = 47.2
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1092 Box-and-Whisker Plot J

A box-and-whisker plot or box plot is a graphical representation of a data set five-
number summary (minimum, first quartile, median, third quartile and maximum). It is

useful for visualizing data distribution and comparing data sets.
There are following key components of box plot:

The Box: It represents the interquartile range, which is middle 50% of, ta with
the box edges marking the first quartile (Q,) and third quartile (Q,).

The median: A line within the box representing the second Q
middle of the data set. ;ﬁ'
Whiskers: Lines extending from the box to the mini&%ﬂ maximum values,
showing the overall spread of the data.

We can show this information on a box-and-whisker » To begin with, we draw a

horizontal number line using a suitable scale number line, the minimum
value, the maximum value and the quartiles are in% as shown in the figure given below:

Minimum value 0, Me@ 2 @ Maximum value

58 60 62
Minimum value S &2‘

58 Q
J’ * v ‘l’
| ! | ! | ! | ! |
— T T 1
60 64 66 68 70 72
Weight in kg
@ Figure 11.3

“® For the given set of data,

Q 2,10, 3, 16, 14, 13, 4, 7, 11, 5, 17, 14, 18
@ hat 1s the median of the data set?

What are the upper and lower quartiles?
ii))  What are the extreme values of the data set?
(iv)  Draw a box-and-whisker plot to display the data.

(02) or the

0, Maximum value

v

@ Solution P (i) Arrange the given data in ascending order.
2,3,4,5,7,10, 11, 13, 14, 14, 16, 17, 18
Here n =13,
13+1

th th
Median = [nTHj value = (Tj value =7" value =11
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- . (n+1Nt 13413 4 cih
(11)  Lower quartile = (T ) value = (—4 ) value =3.5

As the lower quartile is 3.5" value, so we find average of 3* and 4" value.

+
Lower quartile = % =4.5

Upper quartile = 3(”+1) value = 3(13: 1) value =10.5" O$

As the upper quartileis 10.5" value, so we find average of 10" and 1@

Upper quartile = 14 ;16 =15 *\
(iii))  Minimum value = 2, Maximum value = 18 @
(iv)  The box-and whisker plot is drawn below: &
. 0, Median 0,

Min. value | vn Max. value

& J 1 1 1 1 1 1 1 1 1 1 1 1 1 L S

T2 03 4 5 6 7 8 9 10 13 14 15 16 17 18

Fig‘ll 4) @

w 5 Kiran recorded the of daygst rained or snowed each month

during the last year. The followingQ- t displays her data:

1 2

(1) What do the extre@tells abogt th& number of days it rained or snowed?
(11) What is the me@ uml;gr é\a&s it rained or snowed?
(i11))  Whatare t er an quartiles for the data?
(1V) Where &1 t data is clustered?
4 Solution\}¥
(1) Th&™east number of days it rained or snowed in a month was 2 and the
%atest number of days it rained or snowed in a month was 10.

edian = 6 days (ii1))  Lower quartile = 3 days, Upper quartile = 7 days
Most of the data is clustered in the box.

Scatter Diagram |

A scatter diagram (or scatter plot) is a graphical tool used to display the relationship
between two numerical variables. Each point on the graph represents a pair of values.
One variable is plotted on the horizontal axis and the other is plotted on the vertical axis.

Line of Best Fit

A line of best fit (also called a trend line) is a straight line drawn through a scatter
diagram that best represents the overall direction of the data.

NOT FOR SALE-PESRP



It is called an estimated line of best fit because it is drawn manually, based on general
guidelines to best represent the overall trend of the data. It should go through the
middle of the points. Ideally, there should be about the same number of points above
and below the line.

It is the relationship between two variables, where a change
in one variable is associated with a change in the other.

¢ | Do you knuw ?

According to the correlation, scatter diagrams are divided
into following three categories:

Positive Correlation

If one variable increases as the other increases, then

called positive correlation. If you draw a straight lige al%

the data points, the slope of the line will go up. For e
height and weight.

If one variable increases as the other cre es,

called negative correlation. If you dr alght 1&
the data points, the slope of th For
example, speed and travel time.s\

Zero Correlation 9
erh bet eé& ¢ two variables,

If there is not consistent patt
then it is called zero @ation. ]'0 ample, shoe size and
test scores.

Correlation Paiicru of Scatior Diagram
Whengt
posi

=V

<
—>

dlue of Y increases as the X value increases, it is called strong
ive correlation.

n the value of Y decreases as the X value increases, it is called strong
tive correlation.

en the value of Y increases slightly as the X value increases, it is called

D

Strong positive correlation

weak positive correlation.

VA YA

S
7

0] X

Weak positive correlation

YA

)

Strong negative correlation
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e When the value of Y decreases slightly as the X value increases, it is called
weak negative correlation.

e When there is no connection between the two variables, it is called no-

correlation.
YA o N\ l

VA4

Weak negative correlation

The table below displays the amount?&‘ne spent on revision and
Test score (%) | 22 [ 38 | 6

the corresponding test scores for ten students.

s

770 | 60 | 86 | 90
(1) Construct a scatter diagram@ 1
(i1) Describe the correlation %

g diagram.
(ii1))  Saleem spent 5.5 hou revis"@ e line of best fit to estimate his test

Time spent on

revision (hours) 051 1 4

Test scores (%)

sScore.
@ Solution P . M
() 50 %
A 70164 .
50
é}o el ]
10
x' X
y" Time spend on revision (hours)
Steps: Fig. 11.5

& 80
60 *
30
20(°
o 1 23 4 56 7 8 910
* Draw x-axis for “Time spend on revision” and y-axis for “Test scores”.

» For each pair from the table, mark a point on the graph.
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* Observe the pattern of points and draw a line that should be close as

possible to all points.

(i)  When the time spent on revision increases, the test score increases.
Therefore, strong positive correlation is between given two variables.
(111)) At 5.5 hours, test score of Saleem will be 64%.

oviccis: SY

O

oF

1. The following frequency distribution represents the achiey ’r%m; of a student’s
group upon a memory test:

<

(1) Plot cumulative frequency graph of group
(1)  Determine median, lower and uppgr quartiles, D,, P,, and
interquartile range graphically. % ~

Note: Write your answers in whole nu b

Scores | 44 —48 [ 49-53 | 54— 58?/ w 69-73 1 74-78

No. of

Students 3 12 8 7
2. Construct an ogive for the w1ng dlst u on of scores:
Scores 69 - 79 -89, \&9 99 99 - 109 109 -119

f N 10 8 5

Determine me

\lower

pper quartiles, D,, F, and interquartile

range grap %
3. Find Q d1an rang® and /QR for the dataset given below:
6, 8,4, 7,5, 10, 11, 13, 9, 14, 12, 15, 16, 17
aW a box-and-whisker plot.
d Q1= 0,, median, range, /OR and extreme values plot for the following data:
102, 98, 95, 100, 93, 110, 108, 104, 97, 96, 92, 101, 99, 105, 107
Also draw a box-and-whisker plot.
5. Find Q,, O,, median, minimum and maximum values for the following box-
and-whisker plot:
L ¢ |
St
10 20 30 40 50
6. Draw the box-and-whisker plot, if min. value = 12, max. value = 26,

median =

19, 0, = 14 and Q, = 24.
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7. Construct a scatter diagram and draw a line of best fit for the following quiz
scores for 8 students in a class:

1% quiz 14 28 34 36 43 45 46 49

2M quiz 16 20 33 35 38 39 42 43

Describe correlation between 1% and 2™ quiz scores also.

8. The following table shows the test scores (one measuring speed e other
measuring strength) of football players out of 200:

1% Test | 20 38 70 40 | 100 | 110 | 50 | 1 50 | 80
2 Test | 160 | 142 | 130 | 120 [ 70 | 50 | 140 [ =T 36 | 100
(1) Construct a scatter diagram and draw a lin 9% fit.
(i1) Describe correlation between the 1% and 2" te

(iii)  Abdullah scores 60 in the 2" test. Esti is score in the 1% test.
9. The following table shows the number iy social media hours and GPA
of university students. R
Social Media Hours | 0.5 | 1 ‘29.2 4 6| 7]8]9
513 1{29128[2.6]25

GPA 4.0]3.9 4%
(1) Construct a scatter (@a and d Tine of best fit.

(i)  Identify the naturggof c rrelatn&11 een social media use and GPA.
(iii))  Estimate the G el spends 6.5 hours on social media.

55 Measures ispersion

The following data e runs sgotied by two batsmen in the last 10 matches:
Batsman 4: 25, 2 % 3,8, 1%87 72, 24

Batsman B: 33 38,45, 40,36, 48, 37, 46

25+20+45+93+8+14+32+87+72+24 420
Mean of 0 = 0 =42

33+50+47+38+45+40+36+48+37+46_ 420

e Qatsman B= =42
<& 10 0
Batsman A - Batsman B
90

012345678910
Match numbers Match numbers

12345678910
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p Information Handling 188

Although both batsmen have the same mean score, batsman B’s runs are closely
clustered around the mean, while batsman A4’s scores are widely spread from 0 to 100.
Therefore, to understand how the data values are spread out, we need more statistical
information. For this purpose, we will study measures of dispersion.

Measures of dispersion are statistical tools used to describe how spre@t or

scattered the values in a data set are around a central value. O

Different measures of dispersion are
1. Range 2. Variance 3. ard deviation
4. Interquartile range 5. Mean deviation 6. rtile deviation
7. Coefficient of Variations

In this unit, we will discuss only a few measures of dispe&

IN'SE» Range

The difference between the highest value (/) %west value (L) is called range.
Range (R)= H-L
where H is the highest value and L ist @t Value

Find the range of ?@wm@(b' i | Skilled Practice!
17,25

15 22 What is the range of
@ Solution D Here 15 first 20 prime numbers?
utr = =

Range (R) %
? 301
The tz@ e weekly incomes (in thousands of rupees)
&;gé}’

of a group of em %\ Inac Find the range of the weekly income.

ekly Income iRs 1000) | Number of Employees
25-35 4
35-45 6
$Q1 4555 5
55-65 3

@ Solution » Here H= 65

L =25 If the frequency of initial class is zero,
Range (R) = H —-L then the next class will be considered for
—65-25=40 the calculation of range.

Thus, the difference between the lowest and highest weekly incomes among
employees is Rs. 40,000.
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189 p Information Handling

I %A Variance

The average of the squares of the deviations of the values from their mean is called
variance. It is denoted by o2 (read as sigma square).

Ifx,, x,, ..., x,, are n observations, then the variance is given by $
3 X
Z( X=X ) Q
62 == (For ungrouped da%
L (e Y <
Yoo [ 3 &
or 2=+ = (For un ed data)
n n
Letx, x,, x5, ..., x, be the n values with th@%ncies Jnla> f35 -+, TESPECtively.
Then, @ {b'\
ol = \ (:or gr B&ed data)
O 6 The greater the variance, the
, more spread out the data; the
\ smaller the variance, the
2 0 more consistent or tightly
clustered the values are

around the mean.

(For grouped data)

Standard Deviation

d deviation is the positive square root of the average of the squares of deviations
e given values from their mean. It is denoted by o.

Standard deviation helps us understand the extent to which values differ from the
mean.

(For ungrouped data)
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p Information Handling 190

n n
inz in Karl Pearson was the
or G = i=1 _| = (For ungrouped data) first person to use the
n n word standard deviation.

(For grouped data)

— @ | Clallenge!
/<\i
n n 2
Z f;"xiz Z fz"xi
or c = - = (For grouped %"
o2 \?~

i i
i=1 i=1

A factory produces rodg with ngths )

Check the con usmg andefd deviation.

an variance be negative?

@ Solution ) x= >0. 1+49ﬁ 8 220 50
) (- %)
< . . 0.01
AQ}‘ 49.9 0.1 0.01
50.0 0 0.00
\Q 50.2 0.2 0.04
$® 49.8 0.2 0.04
z(x-3) =0.10

5
= /0.02 =0.141cm

As the standard deviation is very low, this shows high consistency in rod lengths.
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h91) -Hiliiﬂ> Information Handling l
The number of carpets sold in each day of a week is 13, 8, 4, 9, 7,

12, 10- Find its variance-

@ Solution P x |13 8|4 lo9o] 7] 12] 10 Yx=63

¥ |169] 64 | 16 | 81| 49 | 144 | 100 %,&623

2 \
ol = x| Zx © | Challengelﬂ
n n
L ().

Cant rd deviation be
mo+ he variance?
— | =89-81=8
7 7) &Q)
A financial analyst recorded the slosing share prices of several

companies on a specific day and grouped them as fol

Share prices (Rs.)| 40—50 50-60 6070 70 — 80 80—-90 | 90-100
Frequency 2 3 o~ y 2 1

Find the mean, variance and standar eWon. WW you conclude about the
volatility in share prices?

@ Solution D [ Price Range {i f fx fx?

40 — 308 g\\ 45 90 4050

50 60 %Q“ 55 165 9075

0 \ 6 65 390 25350

\‘76 8@ 4 75 300 22500

J 80-90 ¥ 2 85 170 14450

A V" 90100 1 95 95 9025
f=18 Tfic = 1210] fi? = 84450

< go X _1210_ o os
s 18
2
Gl [ Efx _M_(mzz)
sf o\ xf 18
— 4691.67 — 4518.52 = 173.15

c=+173.15=13.16

Standard deviation of Rs. 13.16 shows moderate price volatility.

Two students, Ali and Rooma, appeared in 5 Mathematics tests. Their
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score (out of 100) were as follows:

Ali: 72. 68. 74. 70. 76 When comparing two data sets:
’ ’ ’ ’ e The mean tells us about the

Rooma: 72, 65, 80, 68, 75 average performance.
(1) Who performed better on average? e The standard deviation tells us
(i1) Who was more consistent? about the consistency.

O

€ Solution P (AL = g 72+ 68+ 74+70+76 360_72 O
5

o’ (Ali) = E(x—’_c)z +

(72 72)? + (68— T2)* + (74— A@ ~T2) 4 (76— T72)?

_ O+ (A (2 + RSB

e
_ 0+16+451+4+1f' @
N Q/ r&

o(Al) = /8 =2.83

X(Rooma) = % —¥=72
o (Rooma) - 2 <O
@ 72— 72 ~72)* + (80— 72)2+(68—72)2+(75—72)2
&6 0y’ T&7) +(8) +(—4)’ +(3)
A _ 0+49+654+16+9:¥=27.6

@ 6 (Rooma) = J27.6 =5.25
Since x(Ali) =72, x(Rooma) =72 . Both performed equally on average.
@ o (Ali)=2.83, c(Rooma) =5.25
Hence, Ali was more consistent.

oxicis: STEY

1. Find the range of the following data sets:
(i) 63,89,98,125,79,108, 117, 60 (i) 43.5,13.6,18.9,38.4,61.4,29.4

2. If the range and the lowest value of a set of data are 46.7 and 13.4
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respectively, then find the highest value.
3. Calculate the range of the following data:

Income (in Rs.) |4000 —4500| 4500 —-5000 | 5000—5500 | 5500 — 6000 | 6000 — 6500

No. of workers 8 12 30 21

<
4. A group of 7 workers reported the number of items they assembled S;y_as:
52,55, 50, 53, 54, 56, 52
Find the standard deviation and variance of the items asse @
5. A librarian recorded the number of visitors during 5 days;r‘.a,xeek

120, 135, 130, 125, 140
Calculate the variance and standard deviation of Vé&s.

6. Find the range, variance and standard deviatio rst 23 odd numbers.

7. The rainfall recorded in various places o
below. Find its variance and standard

Rainfall (in mm) 42 ;1 54 63 71

Number of places 5 % 5 4
8. Machine A Output (unit% 100, 102, 16, 99

Machine B Output (unj 5, 100 90,110
(1) Which machme bette rmance?

(1)  Which 1S mQ 0ns1stent')
9. The monthl& @ s) for two salespersons over 6 months are:
Person 5.7, 5.4,%.6, 5.8, 5.6
P% 5 5, 6.5, 4.5, 6.0, 5.0, 6.0
Corhpare their performance and consistency.

10. table given below shows the daily wages of workers in a textile mill,
\@grouped into six income brackets:

districts in a week is given

@‘l(ngage 800 — 1000 [1000 — 1200 [1200 — 1400 |1400 — 1600 {1600 — 1800 [1800 — 2000

Frequency 2 4 6 8 2 1

Calculate the mean, variance and standard deviation of the wages.

1. A company forecasts monthly sales (rupees in millions): 15, 18, 14, 20, 13.
Find variability in sales predictions.

12. Unemployment rates (%) in five provinces are 5.2, 6.0, 4.8, 5.5, 6.2. Calculate
standard deviation and describe is there balanced unemployment rate?
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13. Find variance and standard deviation:
(i) Sx=453x" =421, n=5 (i) =210, K5 =7560,f =6
(i) x=18,2/*=1670,%f =5

review exercise S TNEESNE

Four possible answers are given for the following questions. Choose the@[ answer.

1.
(1) is used to get the cumulative frequencies. Q
(a) Addition (b) square root () multiplicatiu@ division
(11) Second quartile represents: @
(a) mean (b) mode (c) median N, (d) variance
(ii1))  First quartile divides the data into al parts.
(a) Two (b) Three  (c) OY: (d) ten
(iv)  Difference between the highest % est values is called:
(a) mean (b) varian (c) r (d) standard deviation
(V) Scatter diagram represents a onsh _ variables.
(a) five (b) t ree (d) four
(vi) is measu of spers1
(a) mean edla\ﬁ\ (C) mode (d) variance
(vii)  Positive squa t of varignce s called:
(a) meart O O (b) median
(c) st@'dev1at$ (d) range
(viii) 1s not measure of dispersion.

&

nge (b) arithmetic mean
(c) variance (d) standard deviation
Variance of the data 8, 8, 8, 8, 8, 8 is:

(a0 (b) 16 (c) 8 (d) 48
Range of first 20 natural numbers is:
(a) 20 (b) 10 (c) 19 (d) 30
2. The following results for the long jump were recorded:
Distance (in cm)| 170 — 180 | 180 —190 | 190 =200 | 200 —210 | 210 —220 | 220 — 230
f 2 6 9 12 8 3

Construct the cumulative frequency polygon and locate median, Q,, O,, D
P,, and interquartile range on it.

70
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)

p Information Handling

The summary statistics for a data set is given below. Show it with a box-and-
whisker plot.

Min. Value | Max. Value 0, Median 0,

5 70 12.6 43 55.64 |

The following table shows the weekly hours spent exercising
heart rate (beats per minute) for ten individuals:

@wsting

K

Exercise Hours 0 1 2 134156 9
Heart Rate 90 | 85 [ 83 [ 80 | 76 | 74 “_\I’m 68 | 65
(1) Plot the data on a scatter diagram and dra\(gg)f best fit.
(11) State the type of correlation observed.
(ii1)  Predict the heart rate of Sakeena,w rcises for 6.5 hours per week.

25& 5.40.50,60, 65,75

Find the range for the given data,

5.
. Calculate range, variance and st @eviati @he following data set:
Class Interval | 05 SQ ;ao— 64 Q—zo 20-25 | 25-30
4 A A

4 24 16 4

N4

A4
The sum of 5 nu?grs is 45)%11'(1 e sum of their squares is 421. Find the
mean and stan@\@ eviati @t e data.
The mon, bousehok%enses
6 ms re:

(rupees in thousands) of two families for

A: 45,47, 46, 48, 46, 47

family spends more on average? Which family has more stable expenses?

\?mﬂy B: 38, 52, 40, 50, 42, 49
$® alculate the mean and standard deviation of the monthly expenses. Which

0. The daily wages of 40 workers in a factory are grouped as follows:
Daily Wages (Rs.)[ 1000-1200 | 1200-1400 | 1400-1600 | 1600-1800 | 1800-2000
No. of Workers 6 10 12 8 4

Find the mean, variance and standard deviation of the daily wages.
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Stuwdenty Learning Ouwtcomes \QO

gAfter completing this unit, the students will be }iﬂ -

A

»  Calculate the probability of combined events using, where appropfigte: sample space diagrams,

possibility diagram, tree diagrams and Venn diagrams.
» Apply addition law of probability to solve problems

as left and right-hand turns, tossing a coin, even

a game)

dependent events (trading, flipping ,such as

g mutually exclusive events (such

numbers on a dice, winning and losing

being drawn one by one with

» Apply the Multiplication law of probabjlify to olve pg involving independent and

replacement and without replacem

LB INTRODUCTION] 5\0\

This unit explores th atio, 01p1es and
practical methods culat probablhty of
combined eve s a criti concept in

Students learn to visualize and solve
prob problems using sample space diagrams,
y diagrams, tree diagrams and Venn

rams. Emphasis will be placed on applying the
dition law of probability to mutually exclusive

events, situations where two outcomes cannot

understarﬁ&@lcertamty and de01510n-makmg.

% | History!

The earliest exploration of
probability as a science was
undertaken by Girolamo Cardano
(1501-1576), an Italian physician
and mathematician.

occur simultaneously, such as flipping a coin or choosing between left and right-hand
turns. Additionally, the unit will cover the multiplication law of probability for both
independent and dependent events, helping students analyze real-world scenarios like
drawing cards with or without replacement and understanding outcomes in games or

trade activities.




Probability J

Probability helps us understand how likely | Do you know?
A statistical experiment is a type of

random experiment wherg the

something is to happen. We use it every day
without even realizing it like guessing if it will outcomes are numericall red
rain, deciding whether to carry an umbrella or and analyzed usin ®t1stical
thinking about the chances of winning a game. methods. 6

It gives us a way to make smart guesses when Gl e riments  are
) random exper: ut all random
we don’t know for sure what will happen. experimen not statistical

Simply, probability is useful whenever we deal eXpe;(
with uncertainty.

IVARE Random Experiment s ?“

A random experiment is an experiment in whi

(1) The set of all possible outcoi S ar know >

(11) Exact outcome is not kno

For example, tossing a coin, rolhngQ' 6
IVAWA Outcomes and ple i;g
1s known

The possible result of a . om exp

as outcome.
The set of all ible 1n a random
experiment 1s a sample space. It is generally

denoted b

For le, when we roll a dice, the possible outcomes are the face numbers 1, 2, 3,
4,5 e@he dice. Therefore the sample space is S = {1, 2, 3,4, 5, 6}.

element of a sample space is called a sample point.

Event

In a random experiment, each possible outcome is [@IETLE AT

called an event. Thus, an event will be a subset of  Performing an experiment once is
called a trial.

When we toss a coin thrice, then
For example, getting two heads is an event when  each toss of a coin is a trial.

the sample space.

we toss two coins.
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occurring.

Events Explanation Example
Two or more events are said to | Numbers 1, 2, 3, 4, 5, 6 are
Equally likely | be equally likely if each one of | equally likely events when
events them has an equal chance of | we roll a dice.

Certain events

In an experiment, the event
which surely occurs is called
certain event.

When we ro I&e the

event of g any natural

number 1 to 6 is a

c%i@e t

Impossible events

An impossible event is an
event that cannot happen under

Wha} we toss two coins,
event of getting three

any circumstances in a gi heads is an impossible
situation. a& event.
Two or more evengsfare Baid to \@n we roll a dice the
be mutually ex if ents of getting odd
Mutually don’t have on S numbers and even numbers
exclusive events | points. 1eXe s A a Bare [are mutually exclusive
said to uall Ve if | events.

<

Exhausti&@ |

collﬁ'.%
C)lnion 1S e

A4

events whose
whole sample
called

space is exhaustive

events.

When we toss a coin twice,
the collection of events of
getting two heads, exactly
one head and no head are
exhaustive events.

K\
Complementary
events

The complement of an event 4
is the event representing a
collection of sample points not
in 4. It is denoted A or A°

or A. The event A and its
complement A" are mutually
exclusive and exhaustive.

When we toss a coin, the
event ‘Head’ and the event
‘Tail’ are complementary
events.
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If an event E consists of only one In 1713, Bernoulli was the first to recognize the
outcome, then it is called an wide-range applicability of probability in fields
elementary event. outside gambling.
'PEWD Combined Events N-

A combined event (or compound event) is an event that consists of two ;e simple

events happening together. Remember simple event is an event that mgle point of

ards = 52

ot
iIPARS Types of Combined Events ?\ . stits
E Independent Events @ + \L l,

Two or more events are said to be

13 pades 13 Hearts 13 Diamonds
independent, if the outcome of one d% ack)Q Red) @ (Red) ¢

the sample space t
For example, flipping a coin twice and getting at least one h@ bined event.
T

not affect the outcome of the other. .‘]' .‘l’

% 1 kmg 1 king 1 king
For example, flipping a coin 1ple Qu 1 Queen || 1 Queen || 1 Queen
times, each flip is 1ndepend6 of the ck 1 Jack 1 Jack 1 Jack
others. J Ace 1 Ace 1 Ace 1 Ace

(2— 10) cards | [(2 - 10) cards| |(2 — 10) cards| |(2 - 10) cards

u Dependent EvetQ
Two or more even aid @endent if the outcome of one does affect the

outcome of the o er

For examplez ing cards from a deck without replacement; the outcome of the first
g

draw chan he probabilities for subsequent draws.

ually Exclusive Events

more events are called mutually exclusive events if they cannot happen at the
e time. If one event occurs, the other cannot.
For example, when we roll a single dice, getting a 3 and a 5 at the same time is
not possible.

E Non-Mutually Exclusive Events

Two or more events are called non-mutually exclusive events if they can happen at
the same time. These events may overlap.
For example, drawing a card that is red or a king from a deck
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b Probability - 200

IVANY Tree Diagram

A tree diagram is a visual representation used in probability to show all possible
outcomes of one or more events. Each branch in a tree diagram represents a possible

outcome.
; (1) When we throw a dice, then from the tree (&ﬂ
@ 3 (Figure 12.2), the sample space can be as
4
5 S={1,2,3,4,5, 6}
6 s

Figure 12.2

(11) When we toss two coins, then from the tree
diagram (Figure 12.3), the sample space can
be written as S = {HH, HT, TH, TT}

Express the sample space fo &? Figure 12.3

two dice using tree diagram.

When we roll two dlc@g)each @mtams 6 faces marked with

1,2,3,4,5,6, the tree diagram wil

Hence, the sample space can be ittch as

((1,1),(1,2),(1,3)
(1,4),(1,5),(1,6)

2,1),2,2),(2,3)
2,4),(2,5),(2,6)

3,1),3,2),3,3)
(3,4),3,5),(3,6)

9%}
I
A

4,1),4,2),4,3)
4,4),4,5),(4,6)

5,1),5,2),(5,3)
(5,4),(5,5),(5,6)

(6, 1), (6,2),(6,3)
L (6,4), (6,5), (6, 6)

CNBELUR = QONRRURN= CONALDN= ANRRN = OUA DN - a\(ll-hmn.—
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1VA WA Sample Space Diagram

Sample space diagram is a representation that shows all possible outcomes of an
experiment in list or table form.
When we toss two coins, then the sample space can be written as

S={HH, HT, TH, TT} O¥

IVAR® Possibility Diagram O

Possibility diagram is a representation in grid or table that Q@ all possible
combinations of two events. +

When we toss two coins, then the possibility diagram Wil&@ke
Coin 1

H
H H& HT

r | @,
w 2 Hashim rolled a %d to c{b})in simultaneously. Draw a
possibility diagram. $\ %

Coin 2

@ Solution P Dice
3 4 5 6
2) | (H3)| (HA) | (HS5) | (H,6)

(1,2) | (T,3) | (T,4) | (T,5) | (T,6)

N\

m}(@ability of an Event
In a random €xperiment, let S be the sample space and £ < S. Then if E is an event,
the @@ility of occurrence of £ is defined as:

P(E)= Number of outcomes favourable to occurence of £ n(E)
Number of all possible outcomes n(S)

This way of defining the

probability is applicable e 0<P(E) <1 (The probability value always lies from 0 to 1).
only to finite sample spaces. ® If P(E) = 1, then the event is certain.

So, in this unit, we will be ® If P(E) = 0, then the event is impossible.

dealing problems only with ® The complement event of £ is_f.

finite sample spaces. P(E) + P(E) =1
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A bag contains 5 blue balls and 4 green balls. Abu Bakar draws a ball

at random from the bag. Find the probability that the ball drawn is (i) blue (ii) not blue.

@ Solution » Total number of possible outcomes n(S)=5+4=9

(1) Let 4 be the event of getting a blue ball.
nd)=>5 *
y O
Therefore, P(A) = n(4) =3

n(S) 9 Q
(i1) A be the event of not getting a blue ball. ‘\

5 4

So P(d)=1- P(A)=1-5 =1 &Q}

e Divide students into groups.
e  Ask the students to take a coin, toss it 5 tlmes , 15 times Or 20 times and
record their observations.

e  What proportion of the number of tosse ows eads‘7 a s‘7 What is the probability

that the outcome is head?
Two dice are rolle&e pr%1 that the sum of outcomes is

(i) equalto4 an 10  (ii1))  less than 13.

When we roll dice, th ple space is given by:

§=A{(, 1} (1,2),( , (1,6) .
2.1),@2, 2)&7 (2&; 5),2,6)
(. 1),0, 3.9,0,0  anrof an imposible
4, 1) J(4, 3)%),(4,5) , (4,06) event?
5,1 ,(5,3),05,4,(5,5,(6,6)
QQ 2),(6,3),(6,4),(6,5),(6,6)}; n(S)=36
(1) t A be the event of getting the sum of outcomes equal to 4.

end=1{(1,3),2,2),3, 1) }; n(4) =

3
$®Probability of getting the sum of outcomes equal to 4 is
P(4) - n(4)_3_1
n(S) 36 12
(11) Let B be the event of getting the sum of outcomes greater than 10.
Then B = { (5, 6), (6, 5), (6,6) }; n(B) =3
Probability of getting the sum of outcomes greater than 10 is

p(B)zﬂzizi
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(ii1)  Let C be the event of getting the sum of outcomes less than 13.
Here all the 36 outcomes have the sum value less than 13. Hence C = S.

Therefore, n(C) =n(S) =36
Probability of getting the total value less than 13 is P(C)=——= =72 =1

Two coins are tossed together. What is the probabi getting

different faces on the coins?

@ Solution ) When two coins are tossed together, the sample S
S ={HH HT,THTT};n(S) 4
Let 4 be the event of getting different faces on the coms

A={HT,TH}

1
Probability of getting different faces on the CK =—t ===
t

w ' A dice is rolled and a/€oi owlmultaneously Find the
probablhty that the dice shows an odd and t shows a head
Sample space Q') %

3, 7\(4 @4, D), (5,

=, H) (1,D), (2, H), (2 1), (5,1, (6,H), (6, ;;

n(S) =12 Dice C0IN
Let 4 be the event of gettipg an odd ﬁ‘ and a head. 1 <H
T
, ;n(4)=3 q

;

Ask students to collect the details and find the 4 <
pro@es of T
ié’e ecting a boy from your class. 5 < H
i) selecting a girl from your class. T
&i\) selecting a boy from 10% class in your school. H
(iv) selecting a girl from 10% class in your school. 6 < T

A game of chance consists of spinning an arrow which is equally

likely to come to rest pointing to one of the numbers 1, 2, 3, ..., 12. What is the

probability that it will point to:

(1) 7 (i1) a prime number (i)  a composite number?
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@ Solution P
Sample space S = {1,2,3,4,5,6,7,8,9,10,11,12}; n( S) =12

(i) Let 4 be the event of resting in 7, n( 4) =1

(1))  Let B be the event that the arrow will come to rest in a pri

B =12,3,57,11} ; n(B)=5 +
_n(B) 5 QJ
P(B) W_E &

(iii)  Let C be the event that arrow will come to E a composite number.
_{46891012}71 Q

P(C):n—‘a‘z@ ,&Q

There are four routes R,, R,, R, a Hur1 ¢ to her place of work. There are three
parking lots P,, P,, P, and two e s Bl, @ © ofﬁce building. There are three elevators
E,, E,, E, to her floor. Using the t iagram how many ways can she reach her office.

N
9\0 12.1
1. Fin tl@]ple space for tossing three coins using tree diagram.

2. aghef randomly selects one boy and one girl from a group of 2 boys (Hamid,
mad) and 2 girls (Zainab, Samia). Draw a tree diagram and list the sample
ace for all possible outcomes.

$®If A is an event of a random experiment such that P(A4) : P(Z) =17:15 and
n(S) =640, then find (i) P(4) (i) n(4)
4. Acoinistossed thrice. Whatis the probability of getting two consecutive tails?
5. A dice is rolled and coin is tossed together.
(1) Find sample space by drawing possibility diagram.
(11) Find sample space by sketching tree diagram.

(111) ~ What is a probability of getting a tail and an even number?
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6. Two unbiased dice are rolled once.
(1) Find sample space by sketching tree diagram.
(i1) Find sample space by drawing possibility diagram.
(ii1))  Find the probability of getting
(a) same number on both dice. $
(b) the product as a prime number. O
(©) the sum as an even number. O
(d) the sum as 13.
7. Three fair coins are tossed together. Find the probability &%}ﬁng
d

(1) all tails (i1) at leas
(i)  at most two tails (iv) 2 hea&

(V) at most 2 heads (vi) ?
8. A bag contains 4 red balls, 5 white bal balls and 3 black balls. Ali
draws a ball at random from the bag. robablhty that the ball drawn is

(1) white (11
(iii)  not white % ack

9. A number is selected at rand m t whole numbers 1 to 15, both
inclusive. Find the prob hat the r selected is:

(1) odd (i1) ult (ii1))  the square of 2
i 20 @

(iv)  prime %
10. If the probabj @) an ese@ 1s —, then find the probability of the event

“not 4”.
I1. led twice. Find the probability of having a number greater than 4
om.:& roll.

Addition Law of Probability J

If A and B are any two non mutually exclusive events then
P(AUB) = P(A)+P(B)-P(AN B)

(il)  If 4 and B are any two mutually exclusive events then
P(AUB)=P(A)+ P(B)

VA8 Venn Diagram

In a random experiment, let S be the sample space. Let 4 < S and B < S be the events
in S. we say that
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p Probability 206

(i) (AN B)isanevent |(ii) (4 B)isanevent | (ii) A is an event that
that occurs only that occurs when occurs only when A4
when both 4 and B either one of 4 or B doesn’t occur.

OCcCurs. OCcCurs. N
S S \% S
A B 4 B O

4? f)
v
AN B AUB

V.

If P(4)=0.37, P(B) = 0.42, P ?&E .09, then find P(4 U B).
@ Solution P Given that: P(4) = 0.37, PEB) =

~ B)=0.09
P(4 U B) = P(4) + P(B) — P( @

P(AUB)=0.37+042-0 6{0' Q | Challenge!
ed at

W9 A flower is gsel What is addition of P(4 U B)
random from a basket contai s%ﬂ k@\ and P(4 N B)?

70 red and 80 whlte 1
probability of selec‘u ellové'n
flower?

" ‘ 1 number of flowers, n(S) = 50 + 70 + 80 = 200
No. of yellow flowers, n(Y) =50

n¥) 50

\Q A n(S) 200

Y and R are mutually exclusive events, so probability of drawing either a yellow or
red flower is
P(YUR)= P(Y)+ P(R)
P(YUR) = 50 70 120 _3
200 200 200 5
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Two dice are rolled together. Find the probability of getting a same

number on the both dice or sum of faces as 10.

@ Solution P Let S be the sample space, then n(S) = 36

Let 4 be the event of getting a same number on the both dice and B be the evm
getting face sum 10.

Then 4= {(1,1),(2,2),(3,3),4,4),(5, 5%@
B = {(4,6). (5. 5). (6. 4)} X\
AnB={5.5) Q}“\‘

n(4)==6,n(B) = 3, n(AnB)=1
") _ 6 A

P(d) = === ?\
n(S) 36
- 2034 0T
n(S) @
PnB) - "4 AN\
35 O
P(getting a same number on th% ice or%ﬂ of 10) = P(AUB)
(A4) + }8\— P(ANB)
8.2
9

Hence, the re&@nrobab%6
A\ 122

1. @ A and B are two events such that P(A)= P(B) and

1
2

1
@Q’P(A N B)= 3 find P(4 U B).
: In an apartment, selecting a house from door numbers 1 to 50 randomly,

find the probability of getting the door number of the house to be an even
number or a perfect square number.

3. The probability of a team winning any match is % and the probability of

losing any match is % What is the probability that

(1) the team wins or loses a particular match.
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(1))  the team neither wins nor loses a match.
4. In a single throw of two dice, find the probability of having sum of 7 or 11.
5. Find the probability of getting a sum of 5 or 7 in a throw of two dice.

6. A card is taken out at random from a standard pack of 52 cards. Find the
probability of taking out. %

(1) A king or a Jack. (i)  Neither a king nor
7. A dice is thrown twice. What is the probability that at le f the two

throws comes up with number 3
8. There are 15 cards in a bag marked as 1, 2, 3, ...., 15 ’n%'the probability of
picking a card at random, the number written on whiéh,is a=hultiple of 5 or of 7.

9. Two fair coins are tossed once. What is the prgbability of getting at least one
head or two heads.

10. At a busy intersection, 50% of vehicl ;nght 30% turn left and 20% go
straight. What is the probability th domly lected vehicle turn left or
right?

11. Two fair coins are tossed. %&w p%@y of getting either two heads

or two tails?

12. If A and B are two m ly excl events of a random experiment and
P(not 4)=0.45, P 0. 65 d P(B).

13.  If P(4)= —. @ @uB)_— then find P(4NB).
N

14. A and two evehts such that, P(4) = 042, P(B) = 0.48, and

P4 %0 16.
Fh&. i PA) (i)  P(B) (ii)) P4 U B)

ultiplication Law of Probability J

If A and B are independent events, then

P(4 and B) = P(4 " B) = P(4) x P(B) Mot ioaton e
(i1) Conditional Probability ¢
If A and B are dependent events, then A .
P(A and B) = P(A " B)= P(A)x P(B| A) Independent‘7 —> P(4 and B) = P(4) . P(B)

where P(B| A) represents the probability of event o

B occurring after it is assumed that event 4 has  p and B) = P(4) . PB | 4)
already occurred (read B| Aas “B given 4”).
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A bag contains 4 red and 3 green balls. Kabeer draw two balls one

after the other with replacement (the second is drawn after the first is replaced). Find
the probability that the first ball is red and the second ball is also red.

@ Solution P Let 4 be the event that first ball is red and B be the event th@ond
ball is also red. O

Then P(A)— 4 and P(B)=— (Slnce the ball is replaced, the sa@ace is not

affected).
P(A4and B)=P(4 N B) = P(A) x P(B ®+
4 4

A bag contains 3 Whlte and 2 bla%rb es. Two marbles are drawn
e

one after the other without replacement. Fin robability that the first marble is
white and the second marble is also Whlte

@ Solution P Let 4 be the event t arble te and B be the event that
second marble is also white.
Total marbles

Then P(A)=-— and P(B| A) és es@ ble is not replaced, the sample space
is affected).
P@g@) P(é@B 4)

420 10
w 13 ajld dealt two cards successively (without replacement) from a
well sh fled"deck of 52 playing cards. Find the probability that the first card is a king
and ' ond card is a queen.
QS¥ition »

drawing card is a queen. Remember that we must take care for the sample space of

Let A be the event that drawing card is a king and B be the event that

event B, that event A4 has already occurred.

1 4
P = —=— ; PB|AH=—
(4) = BT (B[ 4) =
P(A and B) = P(A)x P(B| A)
1 4 4
= — X — = —
13 51 663
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Two numbers are randomly chosen from 1 to 10 with replacement. Find the
probability that:

(1) both are prime (i1))  their product is even *
One letter is chosen from the word PUNJAB and another fro @ ORE.
What is the probability that: 6
(1) both are vowels ’@
(11) one is consonant and other is vowel

A single dice is rolled twice. Find the probability )Q@ roll is a multiple of

3 and the other is a 5.
Two dice are rolled. Find the probability of g% an odd number on one and

a multiple of 2 on other. Y\
From a pack of well shuffled cards, t () are drawn at random one by one

with replacement. Find the p%aﬂlt that @t is heart and second is

king.

If two cards are selecte ?'deck of 52 cards without
replacement, find the pr that \

(1) Both are black. ® Both are queens.

(ii1)) Bothares S. (iv)  Both are diamonds.

Saleem draws one without replacement from a well shuffled
pack of 5 \g car t is the probability that first card is jack and the
second is queen.

REVIEW EXERCISE l—ﬂ

1. 2! ossible answers are given for the following questions. Choose the correct
wer.

(i)

The probability of impossible event is:

(2) 0 (b) 1 (c) 2 (d) -1
What is the probability of getting a head when a fair coin is tossed once?
(@0 (b) 0.25 (c) 0.5 (d)1

(ii1))  The sum of probabilities of all possible outcomes of an experiment is:

(a) 0.5 (b) 0.25 () 1 (d) 0.4
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(iv)  If P(4) = 0.6, then the probability of event 4 not happening is:

(a) 0.4 (b) 0.6 (o) 1 (d) 1.6
v) Two events are said to be mutually exclusive if:
(a) they can happen at the same time. $
(b) one affects the other. O
(c) they cannot happen together. O
(d) they are always equal.
(vi)  If one coin is tossed and one dice is rolled, then mber of sample
point are:
(a3 (b) 6 (c) 2 & (d) 12

(vil)  What is the probability of sure event?

(a) 1 ()0 ,Q (d)
(viii) The probability of getting a nungber gr ater tha™6 on dice is:

(a) 0.33 (b) 1 (c) (d) 0.5
(ix) outcomes are %{wh aw a card from deck of cards.
(a) 13 % (d) 26
(x) If P(E)=0.07, the rob not E’ is:
(a) 0.95 0.89 (c) 0.93 (d) 0.90

2. Arshia selec;s Qro @! y, Wednesday) and a time from (Morning,
ag

Evening). poss ram. Also sketch a tree diagram.

3. A card@wn from a deck of cards. Find the probability of getting an ace or
a spade‘edrd.

Qima dealt two cards successively (without replacement) from a shuffled
ck of 52 playing cards. Find the probability that both cards are red.

$ If two dice are rolled, then find the probability of getting the product of face
values 6 or the difference of face values 5.

6. A bag contains 7 orange and 5 purple marbles. Two marbles are drawn one
after the other without replacement. Find the probability that the first marble
1s orange and the second marble is also orange.
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IDANNGINI 1.1
1. () i (ii) 1 (iii) —i (iv) 2
) 0 (vi) 0 (vii) i (viii)
| . .. I O;
2. () 2+2i (ii) 3— iﬁ (iii) —+ — (1V0 -3
3. () x=-2,y=5 (ii) x=1y=7 (iii) x=2 Q
) x=2,y=1 ()  x=3y=5 +
EXERCISE 2N W) &Q}
1. () 5+ (5 -2)i (i) 251 (iii) vi:i (@iv) 2+ 16i
. . . 1. 3.
) 18—1i (vi) 7 — 26i (V m + El (viii) —+ gz
2. (i) -3-2i (ii) —4+3i éi) -5+7i (@iv) g—%z
3. G) % - %i (ii) - (i) %% 53—81' (iv) % + %i
-2 _4 C ) ..5,.7
5. x_?’y_g 6. \7 a >0=3
1.3
1. () 5 (ii) \/6 (iii) J5 5. (i -5 @) -1
*
6\ 1.4
0 . y ;
1. (@ Rea@ 55, Imag. part =48 (ii) Real part = — | Imag. part =
34 34
_ 3 - -1 -2
(iii) | part = H , Imag. part = 1 (iv) Real part = Y , Imag. part = 023
‘Q 18 _ 1 : _ 7 -2
@ Real part = 3’ Imag. part 3 (vi) Real part 25 Imag. part s
(vii) Real part = — 2 , Imag. part = %
2. (i) z=1l,w=3-2} (ii) z==T+4i,w=6-5i (iii) z=4—i,w=1-i
(@iv) z=-24+9%,w=2—-6i ) z=—1+2i,w=%—%i
REVIEW EXERCISE 1
1. () b (ii) d (iii) a (iv) b w) d
(vi) c (vii) d (viii) b (ix) a (x) d
3. (@) i (ii) 1 (iii) i
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. . 13 41, 8 9 .
@iv) -9-38 (V) TR 4. -8— ,’m_m
. , 2302 o
6. (i) 7+22i (ii) E+Ez (iii) 7-22i (iv) J533
7. Realpan=£,lmag.part=_—7 8. z=—2i,w:§+ii 9.a=i,b=i 10. x= =0
53 55 25" 25
2 O
L@  2X-3x+1=0 ()  ¥-3x-6=0 (iii) \Qx_7=o
(iv) 9 — 12x+8=0 ) 2% —5x+2=0 (vi) &F7x—20=0
i N , 47 {1_2 Q} ) 3.3
. {3,-2) (i) {4,-7} @) 1375 (iv) —
) {4,%} i)  {11,-13}
1 .. 34 . 4
3. @) {—5,—2} i {6,-7} (;{ ng} (iv) {4,5}
) {%,13} (vi)
. 3 N 745
4. (i) {51} (i) { 3 }
(A7) {%,6} (vi)
5.

QY

Aly
5
24 4
-8 —6 4 - 2 4 6/8
5
=1
—~15
~20{
Vy
@iv) Solution set = {—4.5, 1.5}

y“T

X

: '\ 5
X
‘3 % 4 2
0
15
20

A

24

5 10 15 20
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ERCISE 27-1

1. @) (8,0)and(0,8) (i) (1,0)and (0,-1)
Aky

Ny

~10 -1
v : :% ¥y

(iv) (-2,0)and (0, 1) (v) (0.2, 0) and (0, 0.2)

A4

(i) (1,0)and (0, -0.5)

4

1

by
’
< 2 3
}/1
Y

0.6 0.4 02 0 /ﬂ.z 04 06
; 0.
X
O &O 0.6
¥

2. () (3,5? ’\O (ii) ?) (iii) (1,(3)

y

TS 5\\:' | S\H}\)x‘/lis/m:
&y - \

-1,2)

T 05 0
/

(iv) 0,2) (\))
\
K x’—10 5 0
B

NOT FOR SALE-PESRP

A

by
I /)i
3 0" \11 |
-10
y 'y’




215 » ANSWERS

3. G3) (4, 0) and (10, 48) ()  (2,0)and (-3, 5)

Aky Aky

50
40 10
= 4 R

0 o S\ o TN 1l
1 =

GEEi - o
-6 4 2 ,,erY' 6 8 10 12
XERCISE
1. () X -5x-36=0 (i) x¥+2x-35=0 & 25x +65x+42=0
(iv) 4 —8x-21=0 (v) ¥ -6x+4=0 Y+ax+1=0
X +5x+6=0 3. X —2px+4g=0
(i) 47 +2x+1=0 (i) X +x+ 1z (iii) 47+ 14x+49=0
(iv) ¥ +4x+16=0 v) XN = a=c

6. k=2 7. m——§ 9. (i \»' F4q (111\@

1. (i) Irrational and unequal (1 and equ i Imagmary (iv) Rational and unequal
) Imagmary al and
2. t< p 5. m=16

108

25 |

3, 00) (iii) (-3,2) (iv) No solution (v)B’ ﬂ (vi) [1, 2]

AQJ | EXERCISE 2.6 |

1 432 2 p--L b r= 1 Y el et
. ﬁﬁ+ . (a) = b T Cam T
v 24 - P-2
% . 5. h= 6. x=21° 7. ="
r b+b, 2
y 3

8. x=-"— 9. §S=P+C 10. h = —
nr

[ 201

1. Year2030 2. Rs.15 3. 3.79seconds 4. 1<7<5 5. 80metres 6. 10 hours per week

EW EXERCISE

1. (@) a (ii) d (iii) c (iv) b (v) a
(vi) a (vii) c (viii) b (ix) d (x) c
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2. @) {—%,1} (ii) {—z,g} 3. 2¢-15x+18=0

4. (i) Rational and unequal (ii) Irrational and unequal 5. v=14/2¢gh 6. k=-

Fixercise SO

1. Number of rowsin 4 =2 > Number of columnsin 4=2 , Number of rows, '$,

Number of columnsin B=1 , Numberofrowsin C=1 , Number of ¢ in C=3,
Number of rows in D=3 , Number of columnsin D=3 , Number o in k=2,

1
2

Number of columns in £ =3 x
2. Orderof A =2-by-1, Order of B=1-by-2, Order of C=2-by-2, Ord*L = 2-by-3,

Order of £ = 3-by-2, Order of F = 1-by-1 Q}

3. A=F, B=D, C=E 4. a=3,b=7,c=

5. x=4,y=5 6. a=7,b=3,c=4, 7. p=4,q9=2
EXERCISE

1. A = row matrix , B = null matrix &m matrix, D = null matrix,

E = column matrix , F = column matrix
2. A= column matrix , B =square matrix = recta

D= square matrix , E = rectangular F= %rx,
G = square matrix , H = rectangul
, (= diFgonal matrix,
\ {2 3 4}

3. A = unit matrix , B= scalar&
D = diagonal matrix , E = scal i

n =
., -
I !
— 1
| won
v, w (TN
| I
s3]
~
3 Jl
| W
[>] /\1
[ <E
\] W
4
I
[
1
Lo
Q=
| |

0 | exercise JEEN

% are conformable for addition and subtraction.
7’G and M are conformable for addition and subtraction.
C and F are conformable for addition and subtraction.

[

F and H are conformable for addition and subtraction.

21 22 2 1 —4 12 3 0 -9 0 0
2. () (i) (i) (iv) ) (vi)
1 6 3 -10 -8 10 4 4 -14 -16 0 0
-5 2 1 -1 0
3. () G [-9 3] i) (iv)
7 2 -3 0 -1
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Ercior SN

5 0 1 6 3 -6
1. () AB = ,BA = (i) AB=[11],B4 =
-2 2 2 -4

-3 8
_ i 3 10 3
8 20 2
(iii) AB = , BA = 28] (iv) AB=| 3 -1 0],B4
8 20 2 7
- T 312 03 O
_ i 16 7 7

7 25 -5

) AB = ,BA=[14 8 8 3. a=-3,b=— ’&, =4, y=-2
Lo » 19 8 8 2@
EXERCISE »&I5 &

1. () 40 (ii) 59 (iii) 6 2. lar = B, D; Non-singular = 4, C

. d -b 2 ) 2 -5

3. x=2 4. Ad_]A=|: }1&% ,Adjc{ }
-c a -3 5 3 -3

R CJ

1 3 3
5. (i) (iv) 34 34
S 3
34 34
L [—1 3}
v) 4 =
-2 5

1. () JC%@ (i) x=3,y=-1 (iii) x=5y=-2 (iv) x=0,y=1

8 1 _ 5
2. (@—,y=— (i) x=1y=3 (i) x=-3,y=0 (v x=—2,y=5
3773

&,y4 4. x=8, y=-6 5. Loadofbeam 4 =60 kN, load of beam B =40 kN
7

2,1) Son’s present age = 10 years, Man’s present age = 42 years. 9
8. Speed of the slower cyclist = 8.07 km/h, speed of the faster cyclist=13.93 km/h 9. E
REVIEW EXERCISE 3
1. () b (ii) a (iii) d @iv) b ) d
(vi) c (vii) c (viii) b (ix) a (x) b

-1 -1 11 23 19
2. () {_3 _2} (i) L 2} (i) [38 36}
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4 -3 1 -3
4. (@) 14 (i) (iii)
-2 5 -2 7
. 1 0 41 12 . 5 3
(iv) ) (vi)
0 1 33 10 2 4 R l
15 29 3 12
5. () x=—,y=— (ii) Xx=-6,y==— (i) x=—, —O
377 23 2 5 0
6. 5,11 7. Cost of knife = Rs. 19, cost of fork =Rs. 10

8. Daily wage of a man = Rs. 250 ; Daily wage of a woman = Rs. 750

ﬂ&

|
CoG) Sx+3 (i) x+7 2. () 202 +4x+4) 2N +4) (i) 5 @) 2
3. () (a) 2°+3 () (2x+3)3 V} 4x+9 @
(b) C (c) d) 8x*—8x?+1
- x
Gii) @) «x ®)  x @ \ 4x—3 () x:3
4 k=-5 5. % Giy -1
6. () xj @ QW s 5\0\ @iy 2l @) 23’; *_}
.00 =" . Qx) ﬂ%\' i) x=42
9. () Domai %@ ) ; Ra$oo 0) (ii) Domain = (-, ) ; Range = (— o0, )
(i) Do Z0, 1) U (1, 00) : Range = (-0, 1) U (-1, )
(@iv) Q = [0, ») ; Range = [2, o) 10. 3,4
O a
i\ @ (i)
Aky Aky
10 10
¥ N X ¥ /| X
Sl-lo | 5 |0 5 | 1o | C o -10 | 5\/0 5 | 1o |
~10 =10
vV vV
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Y ¥
=
Ve ()
Lal =
wy
= N
4 N >
S w = D S =
il i
i
= i
| p
%)
—
_ i
(=)
G
Ry = - \
= /A
~~
Z Zz A v
-’
Y'Y
=a =)
Ne}
< ')
(Q\l
- =
=~ | (e
> =) o =)
e S AN T / T
9
|
<
|
i =
|
Ry
Ry
~~
>
N’

(iii)

{=4. 8}

(@

4.3}

(i)

3,4}

@iv)

&
i)

x=3

pd
~

)

—s 00

3
4

M

4
2
(2,4 3j

—00, —

¥ |
\ 9
2
3

@iv)

S

(—o0, —2) U (3, )

(vi)
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[xercs: 0

1. Rs. 6200 2. Rs.390 3. Rs.275,000 4. 3hours 5. Rs.375

T<345°CorT>39.5°C 7. 246 m<x<254m 8. x<-0.lmm or x> 0.1 mm
REVIEW EXERCISE 4 N\ l
. G b Gy ¢ @i o Gv) b @ ¢
vi) d i) d (viii) b (ix) d a
2. () —2+x+30 () —x>—x+20 (i) —x' — 5% +25x+ 125 (iv) 5—x (vi) -3
3. G) (14 + 2x)° )  207+x)  Gi) ¥ (jv‘\v Q2x +21)
. x+1 .. S5+x 2 @
4. (@) 9 (i) e (iiii) X+ K iy)  3-2x
5. () L 37 (ii) T %y
6 ?‘
v 10
/ >
0 B 10
=10
v
6. (i)
N 2 .1 } } o+
(i) {—15,1— N S S R R
& 42 L
© 3 :
< [] [] [] [] ‘ ‘ >
UL\ R S B N S
e [ o——t—+—+o |
(QQ 7. 1] 8§ 6 4 2 0 2
@% x;7 (ii) x=; 9. 100  10. Rs. 1700 11.  94<r<106
EXERCISE %N
. 3 .. b c . 3b%c
1. (i) 2 (ii) - (iii) o (iv) 200-0)
v) E vi)  4x—y)  (vii) (viii) ——
2x 2a+3x
. 3x x+2y . 2x+3
(ix) e & o Py i)
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1. G -2 (i) —
x—y x—
. 9 ..
V) (x+3)2x-3) (vii)
®) Sl
(= 1) (r—2) (x—3)
. 30(0—2m)
Lo ==
v) x+2
. 2x+2)
(ix) 3(x=2)

1. ) {i 3,42

221 » ANSWERS
2
Sx+y . 1 3
(itf) 18(2x—y) i) x=2y ) x+2
2x%— 3xy—3y° 5 . 2)
ey O aiaeen ™ Oy
2x° +1
(xi) X+o+y 2, (xsz)z \\90
53 Q,\'
Giy 22 (iif) 'S\ Gv) (@rb-o”
3(x+2) a(a+2c)
(vi) 1 & > (viii) 6y
x) 3(x—

(iv) -3,0 Q ,
Y ’\O
wiy |1 %i) {—713\6’51\/5} (ix) {—1i\/ﬁ,13iﬁ}
2 2 4 2
®) 3 965 PO EENEEIE ELVCTY Qe {—916
Q 4 2 2 2

NG Cexercise 30
1. 24 km/h 2. 12 hours 3. 3 hours 45 minutes
4 8 hours 34 minutes 5. 55 km/h, 65 km/h 6. 12 days
7. 6.67 8. 6m/ss 9. 10 km/h

REVIEW EXERCISE 5~]

1. (i) b @ b (iii) a ivy b v) d

(vi) Db (vil) ¢ (viii) b (ix) b (x) a

NOT FOR SALE-PESRP



» ANSWERS 222

. x—4 . x+6 . 9
2. x—3 (i) 7 30 (x+3)(2x-3)
(i)  x+3 (i) 1 4. (i) {3, £47}

(i) {i%oi%} Gii) (1,2} (iv) {ZMS@}
) {1,_31;\/3 (vi) {—4,2,—11~/ﬁ} (vii) @ .5, 7}

5. 3.16 hours 6. 18 hours 7. 10 toys

ﬁ&

1. ) I ) IV (iii) H.?\ (iv) I

2.
4y V 3. () Tail=B , Tip =4
. il i) Tail=P,Tip =0
7 @7) \(r Tail =S , Tip = R
6 @ % iv)  Tail=M, Tip=N
5 Q O, ()  Tail=d, Tip =B
i) B (_3, 3) 4 & \ o (vi) Tail=D Tip =C
3 0 0 4. (i) ——31+111
2 \ \ (ii) AB =4 6/
, 5. () 130 Gy s
54 -3 4 5 6 7 i R
2 I HRRRN
-4 5
& 2 6. () i+
, : Jai
i) 4(3,-3
(VA > lgye 14l @ AG.3) Gy 2i+d;
57 5%
>y 1 1
& 6|7 (i) ——i+t—/
v V2o 2T
W) 2 . e N o 19
iv — il . - . 1+ —
V13 \/_3 V293 4293 V82 4827
9. () Parallel (ii) Parallel (iii)  Non-parallel
(iv) Parallel
10. ~9i + 6 1L 6i—10j,—6i+ 10/
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(i) 8 +2j (ii)
™) 3li+35 (vi)
@) 2 (i)
()  x=5y=3 (i)
13i— 18] 6.

223 » ANSWERS
EXERCISE 2Xiw:
107 + 12_j (iii) 7i_§1 (iv) —61+81'
9. 19,

PRET \l
85 i) 17 &

x=-=11,y=0  (iii) x=2,y=14

3 4
VM +
EXERCISE 3! &QJ

!

X

Ay

e e
Mt
3}
G I 1 DD
l" ”’f” ”’ x

87654324011 2.4 5678

A(-6, -2)

B(-6,-5)

’ ’

P r’_l 4
D3 |

=3
’,"’ _4
Cc3,-5) [
_6 ,
vy
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10.

(7, 9)

30i - 30/

10

A(=6,3)

<

NN Wk W

’

\\\ I S %
P % \\ X O
—8 -7 —6 -5 —4'3°2 —1?\1‘\2 3456 7 8 '0
=6 ’ [
yyy BQ”_
6. Yes, ABC is an isoscelele 9., 20 m, 40 m
11. 20i + 507, 53.85 unit;_.
Gy d Q %a ) ¢ & b
(vii) c (viii) \ (ix) b x)
5 . .
(i) +—J
V26~
5
5. x=—, y=-13
X g y
3,1
3
1 2 3456 78
=2
=3
-4
=5
o
\ 24

10.

200i + 60/, 208.8 km/h
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IDANNGINI. 7.1
1. (@ Positive (ii) Negative (iii) Negative (iv) Negative
) Positive (vi) Positive 2. (i) - (ii) +
(i) - vy - ) + (vi) ey l
1 -1 2
3. @ — ii — fii -—— iv
O 5 G @ - (iv) O%
) L (vi) L (vii) L (viii) - Q (ix) -1
z : 7 AR
|IDANNGINI - 7.2 @
1. () c=8.6cm,f=67.1°, y=709° (ii) =20.6 cm,a =36.3°, f =93.7°
(iii) a=6.7 cm,a =81.4°, f =50.6° (@iv) cm,a =52°,y =57°
) a=84cm,c=15cm ,y=10° vi v* 6 cm,c=6.3cm,f = 65°
(vii) a=17.7cm,b=44cm ,o =82° &
(viii) a=123cm, c=24cm ,y=11°
2. (i) 17.24 cm? (ii) 59.82 :ﬁ! (iv) 39.89 cm?
) 4.29 cm? (vi) 7. (Vll)‘cr ra'cm (viii)  21.29 cm?
1. (i) 64cm (ii) .1 em i) 25.1°
57.8° 59.5° 4. %ﬂ 5. 29.5° 6. 14.14 units
319 m 160 Q 978, 10. 9.66 m 11. 376.4m
7.4
1. () O@ (i) 290° (iii) 220° (iv) 015°
2. (i) (i) 120°
3. (1) (i) 130° (iii) 220° (iv) 040°
4. 316.2m (ii) 252° 5. 270° 6. 10 km
7 @ 231.8 km 9. 156.2 km
$ EW EXERCISE
1. () d (ii) a (111) c (iv) c ) d
(vi) c (vii) c (viii) d (ix) c (x) c
2. (i) 11.62 cm? (i) 3.71 cm? (iii) 4.01 cm?
3. () c=6.98 cm, 3 =28.37°, y =102.63° (i) B =100°,a =57.8cm,b=107.3cm
4. (i) 9.11 cm (i) 19.2°
5. () 16.1 cm (i) 29.7°
6. 036.9° 7. 250 km
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oxecise S0

1. 24cm 2. 1 hoop 3. 7.14m 4. 6cm 5. 8cm
6. 5cm 7. 20.17 units 8. 18cm 9. 332cm 10. 6 cm

| EXERCISE E O\L_

x =145° 2. x=77°,y=6cm 3. x=28°,y=4©

10 metres 5. 12 metres
The minor arcs subtended by chords 4B and CD are congruent. ®

Yes, the arcs are congruent. \
REVIEW EXERCISE 8 g @

1. @) a (ii) b (iii) c (iv) d )

i) d (vii) ¢ (viii) a ?ﬁx) ¢ )
2. 332cm 3. 5cm
4. The angles subtended at the centre by each bench &V\
5. Yes 6. 7cm 7. 14.14

1. 52° 2. 57.5° 3
4. 65° 5. 170° & 6.32

8. 12.5cm 9. 2cm 10. ,2

NS R-

Q 9.2
228° 2. w@—w @c— 148°, m/ OBC = 16°

1.

3. x=21%y (ii) =%52°,y=90° (iii) x=90° y=28°

4. x= 20° % 6. 7. 1.5rad

8. 45@ (ii) 2.8rad 9. () 7.8cm (ii) 10.64cm
10. (1) (=9.425cm, A = 0.36125¢cm? (i) ¢ =236cm, A=3.53cm’

11. %@mz 12. r=5cm,6=0.8rad or r=2cm, O6=5rad

[Review exercrse S0

@) d (i) b (iii) a (iv) c )
(vi) b (vii) c (viii) c (ix) c (x)
7em 3. a=90°,b=90°,c=48° d=18°
. a=68,b=56°,c=56° 5. a=40°, b=40° 6. 22cm 7. 65°
8. 90° 9. 75cm?
10.  15cm?
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EXERCISE
ii

10.1]




228

p ANSWERS

D 4N NEGN I 10.2

v
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5,
6.
11.1
1. (@ 80“ b% Q \ (ii) Median = 61,
‘ O / e
70 Qs = 66,

\ D=57,
6 - Poy=173,
IOR =11

Cumulatéeq ency
(]
(e

40
20
10

¥ ollp,lo. o, |p X
0 485 535 585 635 685 735 785

Y Scores
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V' s
y
40
36
g 32
=
S
=3
- O
5 24
.E \Q
S 20
g “\~
5 16 @
d &
12
8 ; Median = %4,
4 ?‘ 0, =85
x' A 0, Dy x 0;=103,
0 79 89 O, 99 10 \Q; D¢= 97,
Scor Pgo =105
Y IOR =18
01=6,0:=14, Medlan— 10¢Range = 14, I
Min. value x;adla“ 2 Max. value
]
| < ‘ 1
* N A4 v
! ! | ! ! | ! | S
| ) ) | ) ) | ) | e
8 10 12 14 16 18
105 Median = 100, Range = 18, /[OR =9
ue =92, Max. Value =110
@ Min. Value 0, Median 2, Max. value
[
1
v v v
< 1 1 | 1 1 | 1 1 | 1 | 1 | 1 | S
N l T | T | T T | ] ) | | ) | ) | ) | ) | 7z
90 92 94 96 98 100 102 104 106 108 110 112

01 =22, 03 =35, Median = 25, Min. Value = 10, Max. Value = 46
Median
Ql 4/ Q3
I v 1
< | ! ! ! ! | ! ! ! | S
~ l T T T T l T ) ) l 7z
10 20 30
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7. 8. (i)
Ay Ay

45 160

40 150

35 140 .
8130 130 . *
& 25 120 . 0
=
& 20 110 0

15 g 100 Q

10 = 90 \'

=

5 S 80

X' X
> 70 @ *
O] 5 10 15 20 25 30 35 40 45 50
V 1st Quiz 60 N
L
Strong positive correlation between 1st and 2nd quiz. <
[ ]

) N

70 80 90 100110 120 130 140 150
1st Test

(ii) Strong negative correlation. &n 115. 5
9. (i) 4 0
5.5 \
5

Q
“l O go

x' X
of 1 23 45 6 7 8 9 10
¥ Social Media Hours
(ii) Strong negative correlation.  (iii) 2.9
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1. (i)

(if)
10.
11.
12.

13.

(@)

1. (i)

(v

i)

Cu@ ve Frequencies

=

233 b ANSWERS

2’

65 (i1) 47.8 2. 60.1 3. 2500 4. c=1.88,02=3.55
50,6 =7.07 6 Range =44, 6- =176, 6 =13.27
=6727,6=8.2 8.(1)  Both machines have equal performance. O$
Machine A is more consistant. 9. Person A is better in perfo a consistency

Mean = 1360.87, variance = 60642.72, standard deviation = 246.26. ‘

Variability is 2.61million. &Q

o = 0.51, unemployement rate are fairly balanced.

=32,6=1.79, (ii) c2z3s,c=5.92?~(iii) 62=10,6=3.16

a Gi)y ¢ i ' v b ~i) d
c (viii) b (ix) & ) @Q'\
Aky

40

36 @ —202.5, 0= 192.2, 05 = 2113,
19 D7=209.2, Poo=218.8, IOR =19.1
+ O O
o > %
24 &
RN
6
8
4 Y Y \;/ Y
Q] QZ D Q3 Py X,

0 180 190 200 210 220 230

g Distance 0, Median s
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4. () 90:‘)} (i) Strong negative correlation.
()
80 T~ i) 71
70 &
D
=69
f 50 $
St
$ 40 O
=

O

30
; NS
10 +
x' x
o 1 2 3 4 5 6 7 8 9 10 &@
V' Exercise Hours
5. 50 6. Range =30, variance = 38.5, standard deviation = 6. ean =9, standard deviation = 1.7889

8. Mean (A) = 46.5, standard deviation (A) =0.96 Me 5.17, standard deviation (B) = 5.37
&ﬁe are more stable.

Family A spends more on average and family A’
9. Mean = 1470, variance = 57100, standard d Vi@ 238.9\@

1. Coin 1 Coin 2 @ ®\ 2. Boys Girls

Q Zainab
. H > <:
% Hamid

Samia

BN Ahmad Zainab
T<: H<:
@ T — THT Samia
T H —» TTH Sample Space = {(Hamid, Zainab),
<: (Hamid, Samia),
T = TIT (Ahmad, Zainab),
(Ahmad, Samia)}

Sample space = {(HHH ), (HHT), (HTH), (HTT),
(THH), (THT), (TTH), (TTT)}

@) % () 340 4.

Bl
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5. () Coin (i) Dice Coin
H T H

1| an (1,7) 1<T

o | 2 (2,H) 2,7 H
a3 on G\D) T

4 | @mn 4, 7) , <H

5 | 6.m) (5,T) T

6 | (61 6, T) @ 4<H

= 2 ;
(iiii) " 5 <H
v T

<Y !

T

a, Ly [y [ ae | as | a6
enen|ey|es|es|eo
R RN )

@D |4 (&) | &9 | 45 | 406

GD |G |G| G| G| G606
6,1 | 6,2) | (6,3) | (6,4) | (6,5 [ (6,6)

1 1
el b -
(a) S (b) c
© = @ o
2
. 1 . 7 7 . 3 . 1
7. (@) 3 (i) 3 (iii) 3 (iv) P (\)) = (vi) 3
. 5 .. 2 13 . 5
8. () E (ii) 9— (iii) E (iv) S
8 1 1 2 3 1
. 2 .e - see - . = 1 0 . — 1 1 _
9. (i) s (i) . (iii) T @iv) s W) 0 10 5
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29
50

6. (i) % (ii)

[,
| L

236
| AN NG 12.2
N 2 5
3 — — 4 Z 5 =
L 9 18
1 1 s. 1 9. 3 1.
13 36 3 4

o0 13. 14 @ o058 G 052 (iio

ERISE . 151 ®+

ésday @nesday M<:W (M, W)

1

n 3 12. I

1 ()

3. 1
9
(iif)

1. G o«

(vi) d

2.
Mornin ™, 1) M, W) <
Exgni (E, T) (E, W)

&
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Absolute Value Linear Inequality: An absolute value linear inequality in one yatgiable is
an inequality that involves the absolute value of a linear expression with only one

Absolute Valued Function: An absolute valued function is a type of functi ncludes
an algebraic expression enclosed within absolute value bars. Its general fognf
Algebraic Expression:  An algebraic expression is a combination of ¢ s and variables

joined with the signs of arithmetic operations. g{
Algebraic Fraction: An algebraic fraction is a fraction Where&l erator, denominator or
both contains algebraic expressions.

Arc: Any part of the circumference of a circle is called an age.
Argand Plane: If we consider x-axis as real axis amd as imaginary axis to represent a

complex number, then the xy-plane is called compleXplane or Argand plane.

Bearing: Bearing is an angle measured i grdes fro direction in a clockwise
manner. It is always written in 3 ﬁgures.%

Box-and-Whisker Plot: A box-and-vQ rylot is cal representation of a dataset.
Central Angle: If the extremities dfan akc or of afchord are joined with the centre of a circle,
angle so formed is called a centr. . O

Chord: A line segment joiniag any two di tisl&points of a circle is called chord of the circle.
Circle: A circleisa 19c§30int i Kne, which moves in such a way that its distance
from a fixed point is%\ conﬁ%

Circumference: Rhe length of the Boundary of a circle is called circumference.

Column I\;I:Sb@matrix having only one column is called a column matrix.

Complex er: A complex number is expressed as x + iy, where x and y are real numbers

and z@ is the imaginary number.
@ te Function: If f(x) and g(x) are two functions, then their composite function is
en as (fog)(x) = f(g (x)). Composition of function is a process of combining two or
ore functions to produce a new single function.
Compound Event: Compound event is an event that consists of two or more simple events
happening together.

Conjugate of a Complex Number: The conjugate of the complex number x + iy is defined
as the complex number x — iy. The complex conjugate of z is denoted by z .

Coplanar Vectors: Two or more vectors are said to be coplanar if they lie on the same plane
or parallel to the same plane or in the parallel planes.
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Cumulative Frequency Polygon: A cumulative frequency polygon, also known as an ogive,
is a graphical representation that shows the cumulative total of frequencies up to each class
boundary in a frequency distribution.

Deciles: Deciles divide an arranged data set into ten equal parts, each representing 10% of the data.
Dependent Events: Two or more events are said to be dependent, if the outcome o %gd
affect the outcome of the other. O
Diagonal Matrix: A square matrix is called a diagonal matrix if at least o @e elements
of its main diagonal is non-zero and non-diagonal elements are zero. @

Diameter: A chord passing through the centre of circle is called dia

Equal Complex Numbers: Two complex number z, = x, + iy& x, + iy, are said to be

equal if and only if Re(z1) = Re(z,) and Im(z,) = Im(z,), that is x, =%, and y, = y,

Equal Matrices: Two matrices 4 and B are said to be e and only if they are of the
same order and their corresponding elements are equal and in such a case we say
that 4 = B.

Equal Vectors: Two vectors are said to if theN@)equal length and the same
direction.

Exponential Equations: Equations Qrvh ch Va occurs in exponents are called

exponential equations.
Event: In a random experiment, @ poss1I§S ome is called an event.

Function: A function frorxﬁwt X to is a rule that assigns each element of set X
exactly one element i is
matrl

f X—Y.
Identity Matrix %ed an identity or unit matrix if all of its main diagonal
entries are 1.
Independws Two or more events are said to be independent, if the outcome of one
does not a he outcome of the other.
Invtenction: An inverse function is a function that ‘reverses’ the effect of the original
3.

jor Arc: A major arc is an arc greater than the semi-circle.

eaning if a function f'maps X to ¥, then its inverse denoted by /!, maps Y back to X.

atrix: A matrix is a rectangular array in shape whose elements are written within square
brackets in a definite order, in rows and columns. The arrays obey certain algebraic operations.
Measures of Dispersion: Measure of dispersion are statistical tools used to describe how
spread out or scattered the values in a data set are around a central value.
Minor Arc: A minor arc is an arc smaller than a semi-circle.

Modulus of a Complex Number: If z = x + iy, then the modulus of z is denoted by |z| and
defined as |z| = \/xz + y2 .
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Multiplication of Matrices: A matrix A4 is said to be conformable for multiplication with a
matrix B if the number of columns of 4 is equal to the number of rows of B.

Mutually Exclusive Events: Two or more events are called mutually exclusive events if they
cannot happen at the same time.
Negative of a matrix: The negative of a matrix A4 is obtained by multiplying each of i@ents

by—1.Itis denoted by —4. O
Negative of a vector: A vector that has the same magnitude as the given Vec@ut opposite

direction is called negative of a vector.

Non-Mutually Exclusive Events: Two or more events are called %.\tually exclusive
events if they can happen at the same time

Order of Matrix: If a matrix 4 has ‘m’ number of rows and ﬁmber of columns then the
order of the matrix A4 is “m x n” (read as m by n)

Outcome: The possible result of a random experimen Y&?n as outcome.

Percentiles: Percentiles divide an arranged data % equal parts, each containing 1%
of the data.

Polynomial: A polynomial in one variable press1 e form:
P(x)=ax"+a,, X"'+..+ax+a,, %{
integer, x is a variable and a, # ()

Quadratic Equation: A quadra uatlon 1&ond degree polynomial equation in one

eal numbers, » is a non-negative

variable \
Quartiles: Quartiles (QI, d1V1de ged data set into four parts.

Radial Segment: The® \ gment 1 any point of the circle to its centre is called radial
segment.

Random Experi A random experiment is an experiment in which the set of all possible

outcomes are and exact outcome in not known.

Range: The

Ratio xpression: A rational expression is the quotient () , where O(x) # 0,
@polynomials P(x) and O(x).

eciprocal Equation: A reciprocal equation is an equation when variable is changed to its
reciprocal, the equation remains the same.
Rectangular Matrix: If the number of rows and number of columns in a matrix are not equal, it
is called arectangular matrix.

ifference between highest value and the lowest value is called range.

Row Matrix: A matrix having only one row is called a row matrix.

Sample Space: The set of all possible outcomes in a random experiment is called a sample
space.

Scalar Matrix: A diagonal matrix is called a scalar matrix if all the entries in the main diagonal
are same and non-zero.
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Scalar: A scalar is a quantity having magnitude but no direction.

Scatter Diagram: Scatter diagram are used to visually represent the relationship between
two variables.

Secant: A straight line cutting the circumference of a circle at two distinct point is called a

secant N\ !
Sector of the Circle: The area (region) enclosed between two radial segments@ ti) and
arc of circle is called sector of the circle.

Segment of the Circle: The area (region) enclosed between a chord an which it cuts

off is called a segment of the circle \
Semi-Circle: A semi-circle is half the circle, that is a figure O@G by a diameter and
circumference cut by the diameter.

Simultaneous Linear Equations: A set of two or moregdinear equations with two or more
variables that are solved together (simultaneously) to find a\¢0mmon solution.

Skew-Symmetric Matrix: A square matrix 4 i& sKew-symmetric if 4'=—A4.

Square Matrix: A matrix in which number of r

is
square matrix.

Standard Deviation: Standard deviation@e posi iv®are root of the average of the
squares of deviations of the given Vahﬁo their n@

Symmetric Matrix: A square m

ie, A =A.

Tangent to a Circle: In a Iih& ne is a@ t to a circle that touches only one point on

ual to the number of columns is called a

calle mmetric if it is equal to its transpose.

the circumference of a cir

Transpose of a Matri ématrlx d from a given matrix by interchanging the rows
and columns is cal transpose,of the given matrix.

Tree Dlagra ee dlagram is a visual representation used in probability to show all
possible outc f one or more events.

Unit V e tor: A unit vector is a vector whose magnitude is 1. If g is any vector, then its unit

A

Vec® presented as a (read asg hat). It is defined as a =

a
iance: The average of the squares of the deviations of the|v|alues from their mean is called
riance.
Vector: A vector is a quantity having both magnitude and direction.
Vertical Line Test: A curve drawn in a graph represents a function, if every vertical line

intersects the curve at most one point.

Zero Correlation: If there is not consistent pattern between the two variables, then it is called
zero correlation.
Zero Matrix: Ifall the entries in a matrix are zero, it is called zero or null matrix.

Zero Vector: A vector whose initial and terminal points are coincident is called a zero vector.

NOT FOR SALE-PESRP



241

p  Symbols

Symbols Stands for Stands for
= is equal to T i
q i (U
# is not equal to (a, b) ord
€ belongs to/element of a m\g tor a
d
¢ not belongs to/not element of n(4) &@f elements in set 4
»
v union P(4) probability of event 4
N intersection i line segment AB
> is greater than o B measure of line segment 4B
O3 5&
< is less than 4 <J AB \ ray AB
I iota Q 6) conjugate of z
. —
< is less than or equ& B line AB
PN <\
> is greater than or M to \.)" ~ABC measure of angle ABC
»
|Z | modul.uAs (f*gﬂute V{hév ZABC angle ABC
N
efore/so$ AABC triangle ABC
\ é since |E| length of 4B
a ~Q alpha AB arc AB
,w beta II is parallel to
@/ gamma a vector a
= implies that L is perpendicular to
— if . .. then or implies |x] absolute value of x
0 theta o degree
¢ phi A lambda
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Instructions for Preparation of Exam Paper of

Mathematics for Grade-10

» The paper of Mathematics for Grade-10 will consist of 75 marks.
» Objective Type = 15 + Subjective Type = 60 marks.
» Timing of the paper will be 2:30 hours. $
» Objective Type = 20 minutes + Subjective Type = 2:10 hours. OO
» The paper will be made as per following details: “
Q-1: There will be 15 Multiple Choice Questions ( Y
s from the entire content of the textbook. The disgribution
Object
Jective is as follows: @ 1x15=15
(MCQs) One MCQ each from chapters 1, 2, 3,4, 5, 6, 7, 8%nd 10 and
two MCQs each from chapters 9, 11, and ?\
This section contains three short quest he details are as
follows: 2% 6=12
Q-2: Students are required to ny 6 of 9 short
questions. The details llo
e At least two short w111 t@wn each from
chapters 1, 2, 3
ParIi-I: . Q-3: Students are g¢gqui d to atte 6 out of 9 short
Subjective questions. etails ar llows 2% 6=12
o At least t ort q m will be drawn each from
Chap ,0,7, a
Q-4 e e@ to attempt any 6 of the 9 short
ons % ails are as follows: I%x6=12
t least t ort questions will be drawn each from
. Chapters 9 10 11 and 12
\ 1s section will contain three long questions bifurcated in |7 x 8 = 16

‘§b jective:

two-parts a & b (carrying 4 marks each) and students have to
attempt two questions. The detail is as follows:
Q-5: (a) One long-answer question will be selected
from chapter 1.
(b) One long-answer question will be selected from
chapter 2.
Q-6: (a) One long-answer question will be selected
from chapter 3.
(b) One long-answer question will be selected
from chapter 4.
Q-7:(a) One long-answer question will be selected
from chapter 5.
(b) One long-answer question will be selected

from chapter 7.
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Part-III: This section will contain two long questions bifurcated in
two-parts a & b (carrying 4 marks each) and students have to
attempt one question. The detail is as follows:

Q-8: (a) One long-answer question will be selected

Ix8=38
Subjective:

from chapter 6.
(b) One long-answer question will be selected either
from chapter 8 or chapter 11. O

Q-9: (a) One long-answer question will be selegt <3
from chapter 10.

(b) One long-answer question will be selectﬁd\él!er

from chapter 9 or chapter 12.

)

MODEL PAPER OF MATHEMATICS

Time Allowed: 20 Min.
Max. Marks: 15

L2420 1y

15:7F

Lh:,lﬁyjjc;u:u,//béé_)&VQ/;/?QKQLZ-@)D/J’C(B‘A&g’ﬁ)@kédl}’ﬁ 2 -1
Pl N20lh o S m_///m Ve L2 e oL 3t b

£3

1- Note: Four possible answers A, BNCand D to estion are given. The choice which you think is
correct, fill that circle in front at questioxith arker or ink pen in the answer book. Cutting or filling

two or more circles will reﬂ ero mark uestion.
D C €~\\'} B A Questions/w= Uiy e
2 ,& 4 o b - 2= i
45 ~Ag 20 20 fe ”U/a/w@/ x> +5x-5=0 | _j
What is the discriminant of x> +5x—5=07?
S gﬁ)’y S S ‘e b Advd =-aN | i
skew c| rectangular row symmetric | [f 4'= 4, then A4 is matrix.
V& FiXoY | fiYosXx | fixy wtebe  JfJrax |y
\; Y A function f from X to Y is represented by:
. 5 . g2 15xyz |
asd xyz 3 3xyz .‘qu"//}d/ 10 '
P R 1
2 2 2 Lowest form of Sxy2 is:
vz L b2 Uy e OhUAly P(4,-4) | ~vi
fourth third second first P(4,-4) lies in quadrant.
—cos@ cos@ —siné sin @ sin (90° + 0)= -vii
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D c B A Questions/e U1y W
. , . ; e bn ol KIS L 0Ll |-vii
360 270 180 90 The sum of the measures of central angles
of a circle is:
P A uf 3 Y igjfékggu’l/ 45/’|JLJ£53&3/; 04l | -ix
- ___ " tangents can be drawn to a i
many three two one from a point outside the circle. (\
7 " ,, "
3cm 6 cm 8 cm 12 cm "L'O'.'JJU””J”QZZU..&/QTH/? X
If = 6cm, 6 = 2 radians, tifeh atc length is:
;«u/'.‘d/uﬁ} zﬂ'f/ (}1’”/} %{’b -xi
4 3 2 1 At least how ma @d are ?‘Ld)’?
needed to locajﬁ:e tre of the circle?
c'_/"/;;] 31" :;w/-’} Ll \ ‘Lt'/%wyd/%’ 9y | -xi1
variance mode median mean Second qu represents:
o JVHj/.L:a/ e L~ ‘Lt’ﬂﬂ/d/lk.;ﬁgg”j —xiii
range 3;%?;13{% median mean itive square root of variance is called:

-Xiv

IS A DAL A S P(A) = 0.6.]]

1.6 1 0.6

. CJ@ Libﬁl},ugc,ufdi'i(u’t‘ -XV
13 s
< ? outcomes are possible when we
& aw a card from deck of cards.
. \ Subj@ Type (G A2 E1)
Time Allowed: 2:10 hrﬁ\o S é‘fZ:lO:g@

Max. Marks: 60 .
&% (Part-I J:Lﬂ’) 07

26 52

2. Write (@nswers to any six (06) questions: _g%,p,z /'?Lg,wyw)ﬁz:.éf -2
() Simplify: i LS (i)
the modulus of =5 —4i -ér)l"u'}g"fl. (i)

Define quadratic equation with example. -é - /.’.a’ L«CJC”J& fala(Gnas (ii1)

Write the quadratic equation 2x (x+ 1) =4 (2x+ 3) -46 - Jﬁ d/‘lgf/o sls (G (iv)
in standard form.

(v)  Examine the nature of roots of equation  3x*> —9x—2=0 -“éo‘/' b g:/fid/u%/écabl/ )

5 9 3 6
(vi)  Find A—B and B— A. A={4 8}32[2 1} _ér)”B—AA'A—B (vi)
. . e -4 8 : .
(vii)  Find the multiplicative inverse of { 7 2} _“é r}:’d,@d Yol (vii)
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(viii)  Find f(x)-g(x), if fO=x+1,gx)=2x-3 ﬁc“érﬁh”f(x)'g(x) (viii)

(ix)  Solve and express the solution on number line: [4x-9|=3 _Z& .5 L0 el gt f (ix)

3: Write short answers to any six (06) questions: -46;,;1,2 /‘:‘LQ Ul (6) ,:Lé g -3
(i)  Simply: 3 (1)
X—y y—x
(i1) Define reciprocal equation with example. _{ - /)ﬁ’l/i_ @/ﬁ’ (i1)

2
(iii)  Reduce to the lowest form: 2)6;5)6 u’ //5 (iii)
X —4x-5
(iv)  Show that @=5i —2 and b=-10i +4 @ 2jIE et (i)
b=-10i +4 are parallel. Ui
(v)  Find a unit vector in the direction of a = g i+ % j _23/ l{lu.‘.’ ;-/J a= g i +% J v)

(vi)  State law of sines. v -2;“( ubuil?gcf - (vi)

(vii)  Calculate area of triangle ABC in whicha=6.12 cm, b & =7.12cm: ¥ J> 5 r)L”',J/ ¥AABC (vii)

(viii) Define “Secant” and draw its figure. J J w‘{ - /U/ b(‘f F  (viii)

(ix)  Prove that a unique circle can pass t @ @(4 2).A(1, 1) L fé_/b' (ix)
the points A(1, 1), B(4, 2)and C, Q -aU:///lu//‘..fcu"

4: Write short answers to any 6) questi &J,Lli /"'Lumy(@ ,’LL};{ -4

@) Define tangent to a circle ith ure. -é - /U/ JWL o bF VLJ(’ (1
(i) Find the value of x. Oé -g;r,%gJ x (ii)

(ii1) Fin%@)f sector of a circle having central 60% 2 oY )}Kf.éfﬁ’ﬁ/ K/..Céa/’b (iii)
apgle 60° and radius 7cm. Also find the length of the arc. -éf’l”(f’{&ud/u/}-é7 cm ol
& ¥ :

(iy) struct a circle with the help of radius =2cm 2, 3L J{,ié&u’l);u J Jbs2 cm (iv)
nd locate its centre by construction. - é &1 ,uﬂ."d/ /} = sl

Draw a circle of radius 1.3 cm draw a tangent Jt/._f Iz PJ;,«J/;ILL/D/I;J 161 1.3 cm v)
at point P, when P lies on its circumference. -y'@l;/ MLJ lP,Jv/> u‘?{

(vi)  Find median for the given data: -“é r}":, lb,«;(;ly‘é P (vi)

102, 98, 95, 100, 93, 110, 108, 104, 97, 96, 92, 101, 99, 105, 107

(vii)  Find the range of the given data: 15,22, 18, 30, 17, 25 -érk’w&ly{é 3 (vii)

(viii) Two coins are tossed together, what is probability U }/’u );;_ZLL,»:?X L/.J,jg 9y (viii)
of getting different faces on the coins. Vggd E'?!KLTC 7
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(ix)  Two numbers are randomly chosen from 1 to 10, Léju{ol ke uﬁ;wlz:._f 101 (ix)
with replacement, find the probability that both ¢/ sy S é ()‘Ul}”l iy L,(_‘Z{_,;} 19

numbers are prime. _Us /z
(Part-I1 f15.)
Note: Attempt any two (02) questions. -“J :«U;?L.:«Ulf ey
_ES 3z @riw=11-i, @=i)z—w=—1+i L LwilzUs §> O

5: (a) Solve 3z+2+i)w=11-i, (2—i)z—w=—1+i with complex coefﬁcw and z.
-éfk’o{f({k%}n@b‘ﬂz& X +2(1+k)x4-\2~— 0 :«bl//?i (u)

(b)  If the equation x*+2(1+k)x+k> =0 has equal roots, thén e value of k.
3x+2y=2
6: (a) Solve by matrix inverse method: " 5 Y ) e J’ =3 )L JG’J}‘;" (1) -6
X—2y=— = 2 -

- x#-2 f(x)—

- ‘;@W»#'(f(x»ﬂ,éw ©
() Verity £(f'(x)=7"(f(x)) (x) N -2
7: (a) Solve: ‘@Z _éf O
Z%y 64°

(b)  Solve the triangle ABC =7cm, B - :{ S ABCe L ()

Q Par
Note: Attempt any one (01) %ﬂ %\ -.é.,;,zwwgcéf 0

_E el Cen bl WIS ; (2, 8) 116, 3) (1, 2) 2 Pl e st DiiBA - (1) -8
8: (a) The coofdi A, are (1 2), (6, 3) and (2, 8) respectively. Find the coordinates
of using vector method if ABCD is a parallelogram.

by A fa&&roduces rods with lengths (in cm).-<- (}/A.}'Uf U/d/( S é""/ Uy VJ,,)'@/:U’ }?VQ ()

Q 50.1, 49.9, 50.0, 50.2, 49.8
@x k consistency using standard deviation. -ci“( élpgfofb( LIZ_/UW‘i ] fid/Lv
-uri/ﬂﬁi/ﬁ 30°% u"{]b’;wicw/!}(wul 5em (1) 29

(a) Draw a circle of radius 1.5 cm. Draw two tangents that meet an angle of 30°.
-"é(kfdl?wKL/U"blojﬁévxug;ﬁd,g_éf&jﬁ’vugu’ﬁ» (&)
(b) Two dice are rolled together. Find the probability of getting a same number or sum of faces as 10.

——l ==
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