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Real Numbers

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Explain, with examples, that civilizations throughout history have systematically studied
living things [e.g., the history of numbers from Sumerians and its development to the.present
Arabic system]

Describe the set of real numbers as a combination of rational and irrational numbers
Demonstrate and verify the properties of equality and inequality of real.numbers

Apply laws of indices to simplify radical expressions
Apply concepts of real numbers to real-world problems (such as temperature, banking,
measures of gain and loss, sources of income and expenditure)

YV V VYV

1.1 Introduction to Real Numbers
The history of numbers comprises
thousands of years, from ancient
civilization to the modern Arabic system.

Here is a brief overview:

Sumerians (1900 — 4500 BCE).used a

sexagesimal (base 60) system for.counting.

The Sumerians used a small.cone, bead,

large cone, large perforated cone, sphere

and perforated sphere; eorresponding to 1,

10, 60, 600, 3600 and 36000.

Egyptians (2000 - 3000 BCE) used a decimal (base 10) system for counting.

Here are some-of the symbols used by the Egyptians, as shown in the figure below:

The Egyptians usually wrote numbers left to right, starting with the highest
place value. For example, 2525 would be written with 2000 first, then 500, 20, and 5.

1 10 100 1,000 10,000 100,000 1,000,000
4 1 A
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Mathematics - 9 Unit — 1: Real Numbers

Romans (500BCE-500CE) used the Roman numerals system for counting.

Roman numerals represent a number system that was widely used throughout Europe
as the standard writing system until the late Middle Ages. The ancient Romans
explained that when a number reaches 10 it is not easy to count on one’s fingers.
Therefore, there was a need to create a proper number system that could be used for
trade and communications. Roman numerals use 7 letters to represent different
numbers. These are I, V, X, L, C, D, and M which represent the numbers 1, 5, 10, 50,
100, 500 and 1000 respectively.

Indians (500 — 1200 CE) developed

the concept of zero (0) and made a

significant contribution to the

decimal (base 10) system.

Ancient Indian mathematicians

have contributed immensely to the

field of mathematics. The invention

of zero is attributed to Indians, and

this contribution outweighs all

others made by any other nation

since it is the basis of the decimal

number system, without which no

advancement in mathematics would have been possible. The number system used today
was invented by Indians, and. it.is still called Indo-Arabic numerals because Indians
invented them and the Arab merchants took them to the Western world.

Arabs (800 — 1500 CE) introduced Arabic numerals (0 — 9)

to Europe. The“-Islamic world underwent significant

developmentsy in\ mathematics. Muhammad ibn Musa al-

Khwarizmi played a key role in this transformation,

introdu¢ing algebra as a distinct field in the 9™ century. Al-

Khwarizmi's approach, departing from earlier arithmetical

traditions, laid the groundwork for the arithmetization

of algebra, influencing mathematical thought for an extended

period. Successors like Al-Karaji expanded on his work,

contributing to advancements in various mathematical

domains. The practicality and broad applicability of these mathematical methods
facilitated the dissemination of Arabic mathematics to the West, contributing
substantially to the evolution of Western mathematics.

4 2 .
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Mathematics - 9 Unit — 1: Real Numbers

Modern era (1700 — present): Developed modern number systems e.g., binary system
(base - 2) and hexadecimal system (base - 16).

The Arabic system is the basis for modern decimal system used globally today. Its
development and refinement comprise thousands of years from ancient Sumerians to
modern mathematicians.

In the modern era, the set {1, 2,3,...} was adopted as the counting set. This counting set

represents the set of natural numbers was extended to set of real numbers which-is used
most frequently in everyday life.

1.1.1 Combination of Rational and Irrational Numbers

We know that the set of rational numbers is defined as Q = {E; P-qE ZAq# O}
q

and set of irrational numbers (Q') contains those elements which cannot be expressed
as quotient of integers. The set of Real numbers is the union of the set of rational
numbers and irrational numbers i,e., R=QUQ’

Real Numbers

( )
Rational Numbers Irrational Numbers
[ l )
Terminating Non-terminating and Non-terminating and
Decimal Recurring Non-recurring
Numbers Decimal Numbers Decimal Numbers

1.1.2-. Decimal Representation of Rational Numbers

(i) Terminating Decimal Numbers

A decimal number with a finite number of digits after the decimal point is called a
terminating decimal number.

8 3 4

5

For example, 1 =0.25,—=0.32,-=0.375,

1 55 3 =0.8are all terminating decimal

numbers.

4 3 .
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Mathematics - 9 Unit — 1: Real Numbers

(ii) Non-Terminating and Recurring Decimal Numbers

The decimal numbers with an infinitely repeating pattern of digits after the decimal
point are called non-terminating and recurring decimal numbers.

Here are some examples.

=0.333... = 0.3 (3 repeats infinitely)

=0.1666...=0.16 (6 repeats infinitely)
=3.142857142857... = 3.142857 (the pattern 142857 repeats.infinitely)

=0.44444... = 04 (4 repeats infinitely)

ole |3 o= wi=

Non-terminating and recurring decimal numbers are also rational numbers.
1.1.3 Decimal Representation of Irrational Numbers

Decimal numbers that do not repeat a pattern of digits'after the decimal point continue
indefinitely without terminating.

Non-terminating and non-recurring decimal numbers are known as irrational numbers.

For examples,

Remember!

* w=3.1415926535897932... e=2.7182... is called

Euler's Number.

* e=12.71828182845904...

« 2 =1.41421356237309,"
Example 1: Identify the following decimal numbers as rational or irrational numbers:

i) 035 (i)  0.444... (i) 35
(iv) 3.36788542... (v) 1.709975947...
Solution: (i) 0.35 is a terminating decimal number, therefore it is a rational
number.

(i1) 0.444... is a non-terminating and recurring decimal number,
therefore it is a rational number.

(111) 3.5=3.5555... isa non-terminating and recurring decimal number,
therefore it is a rational number.

(iv)  3.36788542... is a non-terminating and non-recurring decimal
number, therefore it is an irrational number.

4 4 .
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Mathematics - 9 Unit — 1: Real Numbers

(v) 1.709975947... is a non-terminating and non-recurring decimal
number, therefore it is an irrational number.

1.1.4 Representation of Rational and Irrational Numbers on Number
Line

In previous grades, we have learnt to represent rational numbers on a number line.
Now, we move to the next step and learn how to represent irrational numbers on a
number line.

Example 2: Represent \/g on a number line.
Solution: \/g can be located on the number line by geometric construction. As,
\/g =2.236...which is near to 2. Draw a line of mAB=1 ugit at point A, where
mOA = 2 units, and we have a right-angled triangle OA4B. By using Pythagoras theorem
(mOB)* = (mOA)’ + (mAB)
—QP+()P=4+1=5 = ~mOB=+5

1
I
-4 -3 -2 -1 0 1 2 3 4

Draw an arc of radius mOB=5 taking O as PRGNS

(i) Rational no. + Irrational no.
= Irrational no.

number line. So, | OP{ZA5 (i Rational no. (+0) x Irational no

centre, we got point “P” representing \/g on the

Example 3: _‘Express the following recurring decimals as the rational number £,

q
where p.and g-are integers.
6)) 0.5 (ii) 093
Solution: (i) 0.5
Let x=05
x=10.55555... ..(1)

Multiply both sides by 10
10x =10(0.5555...)
10x =5.55555... ...(i1)

4 5 .
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Mathematics - 9 Unit — 1: Real Numbers

Subtracting (i) from (i)
10x —x =(5.55555...) —(0.55555...)

9% =5

5

= X = —
9

Which shows the decimal number in the form of £.
q

(i) Letx= 093
x=0.939393... ...(})
Multiply by 100 on both sides
100x =100 (0.939393...)
100x = 93.939393... ...(i1)
Subtracting (i) from (ii)
100x —x =93.939393... — 0.939393...
99x =93

w= 23 whichis in the form of 2
99 q

Example 4 : Find two rational numbers.‘between 2 and 3.

Solution: There are infinite rational numbers between 2 and 3.
We have to find any two of them.

243 5
For this, find the averagerof 2'and 3 as — = 2

5
So, —is a rational'number between 2 and 3, to find another rational number between
: ) 5
2 and 3 we will again find average of 5 and 3

é... 3 75_'_ 6 E 11 What will be the product
ie,. 2 _ 2 _2_ 2 of two irrational numbers?

2 2 2 4
11

Hence, two rational numbers between 2 and 3 are E and Z .

1.1.5 Properties of Real Numbers
All calculations involving addition, subtraction, multiplication, and division of real
numbers are based on their properties. In this section, we shall discuss these properties.

4 6 .
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Mathematics - 9

Additive properties

Unit — 1: Real Numbers

Name of the property Va, b ceR Examples
Closure a+beR 2+3=5€ R
Commutative a+b=b+a 2+5=5+2

7="17
a+(b+c)=(a+b)+c 2+(3+5)=2+3)+5
Associative 2+8=5+9%5
10 =10
Identity a+0=a=0+a 540=5=0+5
Inverse a+(—a)y=—a+a=0 6 +(-0)=(-6)+6=0
Multiplicative properties

Name of the property Ya, b, ce R Examples
Closure abe R 2x5=10€ R
Commutative ab=ba 2x3=3x2=6€ R

2x(3x%x5)=2x3)%x5
Associative a(be)=(ab)c 2%x15=6x5
30=30
Identity axl=1xa=a S5x1=1x5=5
Inverse ax—=—xa=1 7xl:lx7=1
a a T 7

Distributive Properties
For all real numbers a, b, ¢

(1) a(b+c)=ab+acis called left distributive

Do you know?

0 and 1 are the additive and
multiplicative identities of real
numbers respectively.

property of multiplication over addition.

(ii) a(b—c)=ab-acis called left distributive property of multiplication over

subtraction.
(ili)  (a+b)c=ac+bcis called right distributive
property of multiplication over addition.

Remember!

Oc R has no multiplicative
inverse.

(iv)  (a—b)c=ac—bcis called right distributive property of multiplication over

subtraction.

4 7
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Properties of Equality of Real Numbers

Unit — 1: Real Numbers

1 Reflexive property Yae R, a=a
ii  |Symmetric property Yabe R, a=b=>b=a
iii |Transitive property Ya,b,ce R, a=bAb=c=a=c
iv  |Additive property Ya,b,ce R, a=b=>a+c=b+c
v [Multiplicative property Ya,b,ce R, a=b= aec=bc
vi |Cancellation property w.r.t addition Yab,ce R, atc=b+c¢=>a=>b
vii |Cancellation property w.r.t multiplication|V a,b,ce Randc #0;ac=bc=a=>b
Order Properties
i Trichotomy property Va,be R, eithet . a=bora>bora<b
ii | Transitive Property Va,b,ce R
e Ja>bAb>c = a>c
« a<bab<c = a<c
iii | Additive property Va,b,ce R
e« a>b = at+tc >b+c
e a<b = at+c <b+c
iv | Multiplicative property Ya,b,ce R
e a>b=ac>bc if ¢>0
e a<b=ac<bc if ¢>0
e a>b=ac<bc if ¢<0
e a<b=ac>bc if ¢<0
e a>barc>d = ac>bd
e a<barc<d=ac<bd
v | Division property Va,b,ce R
s a<b= g<é if ¢>0
c c
. a<b= 2>éif c<0
c ¢
. a>b= g>éif c>0
c c
. a>b= E<éif c<0
c c
Iy U
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Unit — 1: Real Numbers

vi

Reciprocal property

V a,be Rand have same sign
e a<b = l>l

a
e a>b = l<l

a

2
Example 5 : If azg, b

Solution: (i) Left distributive property

LHS = a(b+c¢)

2(3 5
=—| —+
2 3

2
306

3

19

a(b+c)=ab+ac
RHS = ab+ac

_9%107_ 19
9 9

LHS =RHS

-32%°) (a5

Hence, it is verifiedithat a(b + ¢) = ab + ac

(i1) Right distributive property

LHS = (a+b)c
:(_+_
3 2
-3k
L6

2 3

(a+b)c=ac+bc

RHS = ac+bc

@ | G

20+45 65
18 18

LHS =RHS

Hence, it is verified that (a + b)c = ac + bc

Example 6: [dentify the property that justifies the statement

(1)
(i)
(iii)
(iv)
4

Ifa>13then a+2>15
If3<9and 6 <12 then 9 <21
If7>4and 5> 3 then 35> 12
If-5<-4 =20>16

|

I

5

5

3

j=1+
9

)

3 5
5 ,C= g then verify the distributive properties over addition.

10

10

9 6

15
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Mathematics - 9 Unit — 1: Real Numbers

Solution:
(1) a>13
Add 2 on both sides
at2>13+2
at2>15 (order property w.r.t addition)
a+2>13+2
a+2>15
(i1) As3<9and 6<12
=3+6<9+12
9<21 (order property w.r.t addition)
(iii) 7>4and5>3
= 7x5>4x%3
= 35>12 (order property wir.tmultiplication)
(iv) As -5<—4
Multiply on both sides by —4
)X EH> (4 x(-4)
= 20> 16 (order property w.r.t multiplication)
{( EXERCISE 1.1 )
1. Identify each of the following as-a rational or irrational number:
(i) 2.353535 (i) -~ 0.6 (i)  2.236067... (iv) 7
V) e Wi 7 (vii)  5+11 (viii) B+13
. 15
(i) - )  (2-V2)2+2)
2. Represent the following numbers on number line:

@\ V2 () 3 (iif) 4%

1 5 3
v 2= \% — vi 2—
(iv) - ) S (vi) 2
3. Express the following as a rational number P \where p and g are integers
q
and g # 0:
G 04 (i) 037 (i) 021

4 10 .
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Mathematics - 9 Unit — 1: Real Numbers

4,

Name the property used in the following:

() (a+4)+b=a+(4+b) () V2+B=VB+2
(i) x—-x=0 iv) a(b+c)=ab+ac
(v) 16+0=16 (vi) 100 x1=100

(vil) 4x(5x8)=(4x5)x8 (viii) ab = ba

Name the property used in the following:

(1) 3<-1=>0<2 (i1) Ifa<bthené>%

(i) Ifa<bthena+c<b+c (iv) Ifac<bcandc>0thena<bdb
(v) Ifac <bcandc<Othena>b (vi) Eithera>bora=bora<h
Find two rational numbers between:

1 1

D\ 3 4
i —and — il 3and 4 i —and —
1 3 1 (i) (1) S .

1.2 Radical Expressions
If n is a positive integer greater than 1 and a'is a real number, then any real number x

such that x = 4/67 is called »n™ root of

Here, \/_ is called radical and » is'the index of radical. A real number under the radical

sign is called a radicand. I , 7 aré the examples of radical form.

1

Exponential form of x = f/a— is x=(a)" .
1.2.1 Laws of Radicals and Indices

) Yab'<¥a-p (i) o*= da | G) aa"=a"" (i) (@)'=a"
b

n_ npn . a Y _a_n
(i) /a" = &) (iii) (ab)"=a"b"  (iv) (Zj -
(v)(¥a) =@ =a v) Z =a""  (vi) @’ =1

Laws of Radical Laws of Indices

b

Example 7: Simplify the following:

@) Ylexty* ()  327x%°7° (i)  (64)

4 1 .
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Unit - 1: Real Numbers
! 1
Solution: (i) #16x")* = (16x*y*)* ta=a

1 1 1
= (16)* (x")* (»")* (ab)" =a"b"
41 L
:2 4Xx 4Xy 4 (am)n:amn
=2xy’
1 1
() J27x%°7 :(27x6y923)3 Ya =ar

(i) (64)3 =——

256
1.2.2 Surds and their Applications

An irrational radical with rational radicand is called a surd.

For example; if we take the #™ root of any rational number a then 3/ @ is a surd.VJ is a
surd because the square root of 5 does not give a

Remember!

whole number but V9is not a surd because it
Every surd is an irrational number

simplifies to a whole number 3 and our result is not L :
but every irrational number is not

an irrational number. Therefore, the radical V@ is | asurde.g., /7 is not a surd.

irrational \ﬁ , \/E,%/ﬁ are surds but \/; ,\/g are not

surds.
The different types of surds are as follow:

4 12 .
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Mathematics - 9

(1) A surd that contains a single term is called a monomial

surd e.g., \/g,\ﬁ etc.

(1)) A surd that contains the sum of two monomial surds is

called a binomial surd e.g., \/3 + \/g ,\/E-i- \/7 etc.

Unit — 1: Real Numbers

Remember!

The product of two
conjugate surds is a
rational number.

(111) \/5 + \/B and \/E - \/Z; are called conjugate surds of each other.

1.2.3 Rationalization of Denominator

To rationalize a denominator of the form a + b \/; or a — b NX, we multiply both

the numerator and denominator by the conjugate factor.
Example 8: Rationalize the denominator of:

@) ’ (ii) ’

i il

V542 L33

Solution (i): 3 3 J5-\2

NS RN M N

_ 365-42)¢, 365-42)
W5 -2y 5-2

RGN I
3

(ii) 3 3 5+\3
3-\3 5B +B

) a(45 )
CGBY-(B)? 5-3

35 +403)
2
{( EXERCISE 1.2 )
1. Rationalize the denominator of following:
. 13 L 2445 Lo N2
(1) PN (i1) 5 (i) 5
4 13 G
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Mathematics - 9 Unit — 1: Real Numbers

R A ) vy B
6+42 B2 J7+45

2. Simplify the following:

. B
) (Ej (ii) Gj +(gjx£ Gty (0.027) 3

5-(25)"" -25- (5%

14 21 35
X xyixz

(IV) 7 T (V) 3 (5)2n+3 ~ (25)n+1
. (16)" +20(4™) - _2 ' _2
(Vl) 2x73 % 8x+2 (VH) (64) P+ (9) R
I , 53265
(viii) Ty (ix) S 1 x5
3. If x =3 ++/8 then find the value of:
M xet () -l (i) ¥? +L2
X X X
2
(iv) x°— Lz (v) xt+ L4 (vi) (x 1 j
X X x

4. Find the rational numbers p.and ¢ such that i_ W2 =p+ q\/i

+3\/§

5. Simplify the following:

i EREERR iy oPNED

(25)2x (243)3
(1 6)1 y (8)5 Q¥+l 4 216(32)(71)

2 1

216)3 x (25)2 12 2 12 4
(1i1) % (iv) [a3 + b3 ] X (a3 —a*h?® +b? J
(0.04)2

1.3 Application of Real Numbers in Daily Life.

Real numbers are extremely useful in our daily life. That is probably one of the main
reasons we learn how to count, add and subtract from a very young age. We cannot
imagine life without numbers.

4 14 .
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Real numbers are used in various fields including

e Science and engineering (physics, mechanical systems, electrical circuits)
e Medicine and Health

e Environmental science (climate modding, pollution monitoring etc.)

e Computer science (algorithm design, data compression, graphic rendering)
e Navigation and transportation (GPS, flight planning)

e Surveying and architecture

e Statistics

Example 9: The sum of two real numbers is 8, and their difference is 2. Find the
numbers.

Solution: Let g and b be two real numbers then

at+b=8 ..(3)
a-b=2 ..(ii
Add (i) and (ii)

2a=10 = a=5 putin (ii)
= 5-b=2 = -b=2-5= -b="-[=h=3
So, 5 and 3 are the required real numbets.

1.3.1 Temperature Conversions

Kelvin Celsius Fahrenheit
In the figure, three types of scale scale(°C) scale (°F)
thermometers are shown: .
. . 373.15 () 100 () 212
We can convert (three Boiling pointof H,O
temperature scales;.Celsius, | || u
Fahrenheit, andKelvin, with ] ] B
each other. — — -
Conversion, formulae are  p,qy temperature 31015 137 1966
given below: — — —
i =°C+ - - -
M K=°C+273 . . | 1273.15 L 10 132
N 5 Freezing point of H,O =] - —
(i1) °C= 5 (F—32)° a o |
9oc Absolute zero 0 —273.15 —459.67

(i) °F-=

+32 U U

Where K, °C, and °F show the Kelvin, Celsius, and Fahrenheit scales respectively.

4 15 .
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Mathematics - 9 Unit — 1: Real Numbers

Example 10: Normal human body temperature is 98.6 °F. Convert it into Celsius and
Kelvin scale.

Solution: Given that °F = 98.6
So, to convert it into Celsius scale, we use

°C = %(F— 32)°

°C =§(98.6—32)

5
= (66.6)

= (0.55)(66.6)
°C =37°

Hence, normal human body temperature at Celsius scale is 37°.
Now, we convert it into Kelvin scale.

K=C+273°
K=37°+273°
K =310 kelvin

1.3.2 Profit and Loss

The traders may earn profit or incur losses. Profit and loss are a part of business. Profit
and loss can be calculated by.the following formulae:

(1) Profit = selling Price — cost price
P"=SP-CP

rofit
Profit% = (p
CP

xlOOJ%

(i1))  Loss = cost price — selling price

Loss = CP - SP
1
Loss % = (ﬁxlooj %
CP

Example 11: Hamail purchased a bicycle for Rs. 6590 and sold it for Rs.6850. Find
the profit percentage.

4 16 .
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Solution: Cost Price = CP =Rs. 6590
Selling Price = SP = Rs. 6850
Profit =SP-CP
= 6850 — 6590
=Rs. 260

Now, we find the profit percentage.

Profit % = (mx 100)%
CP

2
_ ( 60x100)
6590

=3.94%

~ 4%
Example 12: Umair bought a book for Rs. 850 and sold it for Rs. 720. What was his
loss percentage?

Solution: Cost price of book = CP =Rs. 850
Selling price of book =SP.=Rs. 720
Loss =€P—SP
=850 —-720
=Rs. 130

loss
L t = x 100 | %
oss percentage (CP j 0
~ (139 1000

850

=15.29%

ExampleV 13: Saleem, Nadeem, and Tanveer earned a profit of Rs. 4,50,000 from a
business. If their investments in the business are in the ratio 4: 7: 14, find each person’s
profit.
Solution: Profit earned = Rs. 4,50,000

Givenratio =4:7:14

Sum of ratios =4+ 7+ 14

=25

I 17 h
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Mathematics - 9 Unit — 1: Real Numbers

Saleem earned profit = ZiSX 4,50,000 = Rs. 72,000

Nadeem earned profit = %x 4,50,000 = Rs. 126,000

Tanveer earned profit = %x 4,50,000 = Rs. 252,000

Hence, the profit of Saleem is Rs. 72,000, profit of Nadeem is Rs. 126,000 and profit of
Tanveer is Rs. 252,000.

Example 14: If the simple profit on Rs. 6400 for 12 years is Rs. 3840. Find the rate of
profit.
Solution: Principal = Rs. 6400

Simple profit = Rs. 3840
Time = 12 years
To find the rate we use the following formula:

amount of profitx100

Rate = 3 o
time x principal

3840 x 100
= =5%
12 6400

Thus, rate of profit is 5%.

@ EXERCISE 1.3 )

1. The sum of three consecutive integers is forty-two, find the three integers.
2. The diagram ‘shows right angled AABC in which the B

length“of UC is (\/g +\/§ )em. The area of AABC is

(L+ Ji5 ) cm® Find the length AB in the form
(a\g +h 5 ) cm, where a and b are integers. 4 (B+em C

. 4
3. A rectangle has sides of length 2 +./18 m and (5 -— jm Express the area

V2
of the rectangle in the form g + b~/2 , where a and b are integers.
4, Find two numbers whose sum is 68 and difference is 22.

5. The weather in Lahore was unusually warm during the summer of 2024. The

4 18 .
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1.

TV news reported temperature as high as 48°C. By using the formula

(°F = % °C +32) find the temperature as Fahrenheit scale.

The sum of the ages of the father and son is 72 years. Six years ago, the father’s
age was 2 times the age of the son. What was son’s age six years ago?

Mirha bought a toy for Rs. 1500 and sold for Rs. 1520. What was her profit
percentage?

The annual income of Tayyab is Rs. 9,60,000, while the exempted amount is
Rs. 1,30,000. How much tax would he have to pay at the rate of 0.75%?

Find the compound markup on Rs. 3,75,000 for one year at'the‘rate of 14%
compounded annually.

@ REVIEWEXERCISE 1 P

Four options are given against each statement. Encircle the correct option.

(@)

(i)

(iii)

(iv)

)

(vi)

J7 is:

(a) integer (b) rational number

(c) irrational number (d) natural number

m and e are:

(a) natural numbers (b) integers

() rational numbers (d) irrational numbers
If n is not a perfeet square, then /7 is:

(a) rational number (b) natural number

(©) integer (d) irrational number
NEFSVER .

(a) whole number (b) integer

(c) rational number (d) irrational number
For all x € R, x = x is called:

(a) reflexive property (b) transitive number
(©) symmetric property (d) trichotomy property
Leta,b,ce R, thena>bandb>c=>a>ciscalled property.
(a) trichotomy (b) transitive

(©) additive (d) multiplicative

4 19 .
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(vil) 2% x 8 =64 then x =

3 3 5 2
(a) B (b) n (© 3 (d) 3
(viii) Leta,beR,thena=bandb =aqgiscalled property.
(a) reflexive (b) symmetric
(c) transitive (d) additive

(ix) J75+27=
(@ 102 (b) 93 (N NE] (d) 83
(x)  The product of (3 + /5)(3 —+/5) is:

(a) prime number (b) odd number
(c) irrational number (d) rational number
2. Ifa= i,b: > and c = Z,thenverifythat
2 3 5
i) ab+c)=ab+ac (i) (a+b)c=ac+ bc
4 . oy
3. Ifa= 3 b= %, c= %, then verify the associative property of real numbers

w.r.t addition and multiplication.

4. Is 0 a rational number? Explain.
5. State trichotomy property-of real numbers.
6. Find two rationalhumbers between 4 and 5.
7. Simplify the following:
) xlS 35 B - 6(3)n+2
i oo W eyt G g

The sum of three consecutive odd integers is 51. Find the three integers.

9. Abdullah picked up 96 balls and placed them into two buckets. One bucket has
twenty-eight more balls than the other bucket. How many balls were in each
bucket?

10.  Salma invested Rs. 3,50,000 in a bank, which paid simple profit at the rate of

7 i% per annum. After 2 years, the rate was increased to 8% per annum. Find

the amount she had at the end of 7 years.

4 20 .
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Logarithms

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Express a number in scientific notation and vice versa.
» Describe logarithm of a number
» Differentiate between common and natural logarithm

INTRODUCTION

Logarithms are powerful mathematical tools used to simplify complex calculations,
particularly those involving exponential growth or decay. They are widely applicable
across various fields, including banking, science, engincering, and information
technology. In chemistry, the pH scale, which measutes-the acidity or alkalinity of a
solution, is based on logarithms. They help in transforming non-linear data into linear
form for analysis, solving exponential equations and managing calculations involving
very large or small numbers efficiently.

2.1 Scientific Notation

A method used to express very large or.very small numbers in a more manageable form
is known as Scientific notation./Tt, is commonly used in science, engineering and
mathematics to simplify complex,calculations.

A number in scientific notation is written as: Remember!

ax 10", whered <a<10andne Z If the nu'mber 1s greater than 1
then » is positive and if the
number is less than 1 then # is

negative.

Here “a” is called the'coefficient or base number.

2.1.1 Conversion of Numbers from
Ordinary Noetation to Scientific Notation
Exampled: Convert 78,000,000 to scientific notation.
Solution: Step 1: Move the decimal to get a number between 1 and 10:
7.8
Step 2:Count the number of places you moved the decimal:

7 places
Step 3:Write in scientific notation:
78,000,000 = 7.8 x 107
Since we moved the decimal to the left, the exponent is positive.

4 21 .
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Example 2: Convert 0.0000000315 to scientific notation.

Solution: Convert the following
into scientific notation:

(i) 29,000,000
3.15 (i) 0.000006

Step 2:Count the number of places you moved the decimal:

Step 1:Move the decimal to get a number between 1 and 10:

8 places
Step 3:Write in scientific notation:
0.0000000315=3.15x 10*

Since we moved the decimal to the right, the exponent is negative.

2.1.2 Conversion of Numbers from Scientific Notation to Ordinary

Notation
Example 3: Convert 3.47 x 10° to ordinary notation /JRE s
Solution: Step 1: Identify the parts: If exponent is positive then the
. decimal will move to the right.
Coefficient: 3.47 If exponent is negative then the
Exponent: 10 decimal will move to the left.

Step 2:Since the exponent is positive 6, move the decimal point 6 places to the right.
3.47 x 10°=3,470,000

Example 4: Convert 6.23 x 10** to ordinary notation.

Solution: Step 1: Identify the parts: Convert the following
. into ordinary notation:
Coefficient: 6.23 (i) 5.63 x103

(i) 6.6 x 1073

Exponent: 104

Step 2:Since the exponent is negative 4, move the decimal point 4 places to the left.
6.23 X 107* = 0.000623

{(EXERCISE 2.1))
1. Express the following numbers in scientific notation:
(1) 2000000 (i) 48900 (iii)  0.0042
(iv)  0.0000009 (v) 73x10° (vi)  0.65x10°
2. Express the following numbers in ordinary notation:
(1) 8.04 x 10° () 3x10° (i) 1.5x 1072
(iv)  1.77 x 107 (v) 55x10° (vi) 4x107

4 22 .
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3. The speed of light is approximately 3 x 10® metres per second. Express it in
standard form.

4. The circumference of the Earth at the equator is about 40075000 metres.
Express this number in scientific notation.

5. The diameter of Mars is 6.779 x 10° km. Express this number in standard form.

6. The diameter of Earth is about 1.2756 x 10* km. Express this number in

standard form.

2.2 Logarithm

A logarithm is based on two Greek words: logos and arithmos which means ratio or
proportion. John Napier, a Scottish mathematician, introduced the word logarithm. It
is a way to simplify complex calculations, especially those.nvolving multiplication
and division of large numbers. Now a days logarithm remain fundamental in mathematics,

with applications in science, finance and technology.

2.2.1 Logarithm of a Real Number
In simple words, the logarithm of a real'number tells us how many times one number

must be multiplied by itself to get another number.

The general form of a logarithm is: log,(x) =y

Where: ¢ b is the base;

* x is the result or the number whose logarithm is being taken,
» yis the exponent or the logarithm of x to the base b.
This means that: » = x (Exponential form)
br=x
In words, !'the logarithm of x to the base b is y, log,x =V (Logrithmic form)
means that when b is raised to the power y, it equals x.

The relationship between logarithmic form and exponential form is given below:
log,(x)=y < b’ =x whereb>0,x>0and b#1
Example S: Convert log,8 = 3 to exponential form.
Solution: log,8=3
Its exponential form is: 2° = 8

4 23 .
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Convert log,,100 = 2 to exponential form.

Its exponential form is: 10> =100

Example 6:
Solution: log,,100 =2
Example 7:

(1) log25=x
Solution: (1) log25=x

Find the value of x in each case:

(i1) log,x =6

Unit — 2: Logarithms

(i1) log,x =6

Its exponential form is:

Its exponential form is:

5¢=25 26 =y
= 5% =35 = x=64
= x=2
Example 8: Convert the following in logarithmic form:
(i) 3*=81 () 7° =1
Solution: (i) 3*=281 (i) 7°=1

Its logarithmic form is:

log, 81 = 4

Its logarithmic form is:

log,1=0

{(_EXERCISE22 )

1. Express each of the following in logarithmic form:

(i) 10°=,1000 (i)  2%=256 (iii)
L
(iv) “20%=400 (v) 16 4 = 3 (vi)
T 1
(vily p=q" (viii) (32)° = E
2. Express each of the following in exponential form:
(i) log, 125=3 (i1) log, 16=4 (iii)
1
@iv) log, 5=1 (V) log, g =-3 (vi)
1
(vii) S5=log,, 100000 (viii) log, I =_2
4 24
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3. Find the value of x in each of the following:

(i) log 64=3 (i) logsl=x (iii) log, 8=1
(iv) log, x=-3 (V) log, x= % (vi) log,1024=x

2.3 Common Logarithm

The common logarithm is the logarithm with a base of 10. It is written as log,, or
simply as log (when no base is mentioned, it is usually assumed to be base¢ 10):

For example:

10'=10 < logl0=1 English mathematician Henry
10 =100 < logl00 =2 Briggs extended Napier’s work

R and developed the common
10° =1000 < 1logl000 = 3andsoon. logarithm: He also introduced

107 = % ~0.1 < log0.1=-1 logarithmic table.

1
107 = g =001 & log0.01=-2

10° = ~0.001 log0.001 = <3 andso on.

1000
2.3.1 Characteristic and Mantissa of Logarithms
The logarithm of a number consists of two parts: the characteristic and the
mantissa. Here is a simple way.to understand them:
(a) Characteristic
The characteristic is the'integral part of the logarithm. It tells us how big or small the

number is.
Remember!
Rules for Finding the Characteristic When the characteristic is
. negative, we write it with bar.
(1) For.a number greater than 1: s

Characteristic = number of digits to the left of the decimal point — 1
For example, in log 567 the characteristic=3 —1=2
(i1) For a number less than 1:

Characteristic = — (number of zeros between the decimal point and the first
non-zero digit + 1)

For example, in log 0.0123 the characteristic =— (1 + 1) =2 or 2

4 25 .
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Example 9: Find characteristic of the followings:

(1) log 725 (i)  log9.87
(ii1))  log 0.00045 (iv) log0.54
Solution: (i) log 725 (1) log9.87
Characteristic=3—-1=2 Characteristic=1-1=0
(ii1) log 0.00045 (iv) log0.54
Characteristic=— (3 + 1) =4 Characteristic=— (0.+ 1) =1

Characteristic of the logarithm of numbers can also be found by expressing them
in scientific notation. For example,

Number | Scientific Notation | Characteristic of the logarithm
725 7.25 x 107 2
9.87 9.87 x 10° 0

0.00045 4.5x107* -4
0.54 5.4 x 107" -1

(b) Mantissa

The mantissa is the decimal part ‘of the logarithm. It represents the "fractional"
component and is always positive.

For example, in log 5000,=3,698 the mantissa is 0.698
2.3.2 Finding Common Logarithm of a Number

Suppose we want to find the common logarithm of 13.45. The step-by-step procedure
to find the logatithm is given below:

Step 1:.Separate the integral and decimal parts.

Integral part = 13 Remember!
Decimal part = 45 log (Number) = Characteristic + Mantissa

Step 2: Find the characteristic of the number

Characteristic = number of digits to the left of the decimal point — 1
=2-1=1
Step 3: In common logarithm table (Complete table is given at the end of the book),
check the intersection of row number 13 and column number 4 which is 1271.

4 26 .
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Step 4: Find mean difference: Check the intersection of row number 13 and column
number 5 in the mean difference which is 16.

Logarithm Table

Mean Difference

3|45 6|7 8 9
12(17 21 25|29 33 37
11|15 19 23126.30 34
10|14 17 21|24 28 31

o(1|2)|3(4|5|6|7]|8]|)9

10 | 0000| 0043|0086(0128(0170(0212|0253|0294| 0334|0374
11 | 0414| 0453|0492 0531{ 0569 0607|0645|0682|0719| 0755
12 | 0792| 0828|0864 [ 0899(0934| 0969 1004| 1038| 1072|1106
13 |1139]1173|1206(1239( 1271|1303 1335| 1367| 1399| 1430 10(13 16 19|23 26 29
14 |1461|1492|1523(1553|1584|1614| 1644| 1673( 1703|1732 6 912 15 18|21 24 27
Step 5: Add the numbers found in step 3 and step 4. i.e., 1271 £.16 = 1287 so the
mantissa of given number is 0.1287.

Step 6: Finally, combine the characteristic and mantissa parts found in step 2 and
step 5 respectively. We get 1.1287

So, the value of log 13.45 is 1.1287

D N o0 0N

W W w s e

Example 10: Find logarithm of the following numbers:
(1) log 345 (i1) log 5.678 (i1), log0.0036  (iv) log 0.0478
Solution: (i) log 345

Characteristic =3 —-1=2

Mantissa =0.5378 bosk for 34 in the row and 5 in the column of the log table)
So, log (345) =2 +.0:5378 =2.5378

(i1) log 5.678

Characteristic=-1"-1=0

Mantissa =0.7542 (7536 + 6 =17542)
So, log (5:678) =0+0.7542=0.7542

Do you know?
log (0) = undefined

log (1)=0

log (a)=1

(i11) _ 1log.0.0036

Characteristic =—(2+1)=-3

Mantissa =10.5563 (Look for 36 in the row and 0 in the column of the log table)
So, log (0.0036) =-3+0.5563 =-2.4437

(iv) log 0.0478

Characteristic =— (1 +1)=-2

Mantissa =0.6794 (Look for 47 in the row and 8 in the column of the log table)
So, 1og0.0478 =-2+40.6794=-1.3206
4 27 U
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2.3.3 Concept of Antilogarithm

. . . | Logarithm(exponent) | | Antilogarithm(result)
An antilogarithm is the inverse operation of << ——
a logarithm. An antilogarithm helps to find a >=1024
number whose logarithmic value is given.
In simple terms:

If log,x =y <> b = x then the process of finding x is called antilogarithm of y.

Finding Antilogarithm of a Number using Tables
Let us find the antilogarithm of 2.1245.
The step-by-step procedure to find the antilogarithm is given below:

Step 1:Separate the characteristic and mantissa parts:
Characteristic = 2

Mantissa = 0.1245 The word antilogarithm is another word
Step 2:Find corresponding value of mantissa | for'theinumber or result. For example, in
43 = 64, the result 64 is the antilogarithm.

Remember!

from antilogarithm table (given at the
end of the book):

Check the intersection of row number<12 and column number 4 which provides
the number 1330.

Step 3:Find the mean difference:

Check the intersection of towsnumber .12 and the column number 5 of the
mean difference in the ‘antilogarithm table which gives 2.

Antilogarithm Table
Mean Difference
0 1 2 3 4 5 6 7 8 9

1 2 3(4 5 6|7 8 9
.11 [1288]1291(1294|1297(1300| 1303| 1306|1309 131213150 1 1|1 2 2|2 2 3
.12 |1318(1321}1324| 1327|1330 1334/ 1337(1340( 1343|1346/ 0 1 1|1 2 2|2 2 3
.13 |1349] 1352| 1355( 1358( 1361 1365( 1368( 1371(1374(1377{ 0 1 1|1 2 2|2 3 3
.147:1380(1384| 1387( 1390( 1393( 1396( 1400( 1403( 1406(1409( 0 1 1|1 2 2|2 3 3
.15 | 1413|1416 1419| 1422| 1426|1429/ 1432(1435(1439(1442| 0 1 1|1 2 2|2 3 3

Step 4: Add the numbers found in the step 2 and step 3, we get 1330 +2 = 1332

Step 5: Insert the decimal point: Remember!

Since characteristic is 2, therefore the The place between the first non-
decimal point will be after 2 digits right zero digit from left and its next digit
from the reference position. So, we get is called reference position. For
133.2. example, in 1332, the reference
Thus, the antilog (2.1245) = 1,33.2 position is between 1 and 3 (1,332)

4 28 .
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Example 11: Find the value of x in the followings:
(1) log x =0.2568 (i1) log x =—1.4567 (11)  logx=-2.1234

Solution: (i) log x = 0.2568
Characteristic =0 Mantissa = 0.2568
Table value of 0.2568 = 1803 + 3 = 1806
So, x = antilog (0.2568) = 1.806 (Insert the decimal point at reference position

because characteristic is 0.)

(i1) log x =—1.4567
Since mantissa is negative, so we make it positive by adding and subtracting 2
logx =-2+2-1.4567
=2 +0.5433 = 2.5433

Here characteristic = E, mantissa = 0.5433
Table value of 0.5433 = 3491 + 2 = 3,493

So,  x=antilog (2.5433)
=0.03493

Since characteristic is 2 , therefore decimal point will be before 2 digits left from the
reference position.
(iii))  logx=-2.1234
Since mantissa is negative, so, we'make it positive by adding and subtracting 3

logx =—3+43-2.1234
L3:+0.8766 = 3.8766

Swiss mathematician and physicist
Leonhard Euler introduced ‘e’ for the

Here characteristic = 3, mantissa = 0.8766 base of natural logarithm.

Table value of 0.8766 = 7516 + 10 = 7,526

So, x = antilog (5.8766)
=0.007526

Since characteristic = 3, therefore decimal point will be before 3 digits left from the
reference position.

2.3.4 Natural Logarithm

The natural logarithm is the logarithm with base e, where e is a mathematical constant
approximately equal to 2.71828. It is denoted as In. The natural logarithm is commonly

4 29 .
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used in mathematics, particularly in calculus, to describe exponential growth, decay
and many other natural phenomena.

For example, Ine? = 2 i.e., the logarithm of € to the base e is 2.

Difference between Common and Natural Logarithms

Common Logarithm Natural Logarithm
1. The base of a common logarithm |i. The base of a natural logarithm is e.
is 10.

ii. It is written as log,,(x)or simply | ii. Itis written as In(x)

log (x) when no base is specified.
iii. Common logarithms are widely | 1li. Natural logarithms\ are commonly

used in everyday CalculationS’ used n hlgher leVel mathematics
especially in scientific and particularly ealeulus and applications
engineering applications. involving-growth/decay processes.

¢ EXERCISE23 )

1. Find characteristic of the following numbers:

(1) 5287 (i) 59.28 (i)  0.0567
(iv) 2347 %) 0.000049 (vi) 145000
2. Find logarithm of the following numbers:
(1) 43 (11) 579 (i)  1.982
(iv)  0.0876 %) 0.047 (vi)  0.000354
3. Iflog3.177 = 0.5019,then find:
(1) log 3177 (i)  log31.77 (i)  log0.03177

4. Find the value of x.
(1) logx=0.0065 (i) logx=1.192 (i)  logx=-3.434
@), “logx=-1.5726 (v) log x =4.3561 (vi) logx=-2.0184

2.4 Laws of Logarithm

Laws of logarithm are also known as rules or properties of logarithm. These laws help
to simplify logarithmic expressions and solve logarithmic equations.

1. Product Law

log, xy =log, x+ log, y
The logarithm of the product is the sum of the logarithms of the factors.

4 30 .
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Proof: Let m=1log,x ...(1)
and »n =log,y ...(11)
Express (1) and (i1) in exponential form:
x=b" and y=>p"
Multiply x and y, we get
xy =b" b =p"t"
Its logarithmic form is:
log,xy =m+n
log, xy =log, x +log,y [From (i) and (i1)]
2. Quotient Law

log, (i j: log, x—log, y

Unit — 2: Logarithms

The logarithm of a quotient is the difference.between the logarithms of

the numerator and the' denominator.

Proof:

Let m=log, x ...(1)
.
and n= logb Y ---(i) e Divide the students into small groups.
Express (i) and (i) in exponential form: e Distribute the logarithmic expression
x=b"and y=>p" cards randomly among the groups.
Divide x by y, we get e Each group will work together to identify
m which logarithmic law applies to each
f — b =p" expression.
y b e After completing the task, each group will
Its logarithmic form is: present its findings.

X
log, [—sz—n
Y

log, (f j: log, x—log, y

3. Power Law

log, x" =n.log, x

The logarithm of a number raised to a power is the product of the power and the

 logarithm of the base number.
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Proof:
Let m=log, x ...(1)
Its exponential form is:
x=>b"
Raise both sides to the power n
xn — (bm)n — bnm
Its logarithmic form is:
log, x" =nm
log, x" = n.log, x [From (1)]

4. Change of Base Law

This law allows to change the base of a logarithm from*“‘b” to any other base “a”.

Proof: Let
m=log, x ...(1)
Its exponential form is:

m =y

Taking log with base "a" onrboth sides, we get
log, b" =log x

mlog, b=log x

- log, x
log, b
log  x .
log, x = loi—ab [From (1)]

2.4.1 Applications of Logarithm

Logarithms have a wide range of applications in many fields. Some examples are
given here about the applications of logarithms.

Example 12: Expand the following using laws of logarithms:
(i) log,(20) (i) log, (9 (iii)  logs, 27
I 32 .
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Solution: (i) log,(20) (i)  log, (9) (iii)  logy, 27
=log,(2x 2x5) =log, (3*)’° _log27
=log,(2°x5) = log, (3)"° log32
_ 2 log3’
=log,(2)" + log, 5 =10 log, 3 = Toa o’

0g
=2log, 2+ log, 5
Og3 Og3 B 3 log 3
S5log2
:5E log, 3
Example 13: Expand the following using laws of logarithms;
3 8
. xX— . X
i) log, (—yJ (i) log, (—y]
z z
Solution: (i) log, (ﬂ j = 3log, (ﬂj
z Z
= 3[10g2(x—y)—log22]
8

(i)  log; (ﬂ] =8 log; (ﬂj

z z
= 8[ log; (xy) = log; Z]
= 8[loggx.+ log; y —log; 2|

Example 14: Write the following as a single logarithm:

(1) 2 log,10~log, 4 (i1) 6 log, x+2 log, 11

Solution: (i) 2 log,10-1log, 4 (i) 6 log, x+2 log,11

=log, (10)* —log, 4 =log, x° +log, (11)°
=log,100—log, 4 = log, x° +log,(121)
 log, (@j = log, (121x")

4
=log, 25

Example 15: The decibel scale measures sound intensity using the formula

L =40 log,, [Ii j If a sound has an intensity (/) of 10° times the reference intensity

o
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(£o). What is the sound level in decibels?
. 1
Solution: L =40 log,, ([—j

Put I1=10%,, we get

6
L =40 log,, (101 /, j

o

L =40 log,, (10)°
L =40 x 6 log,, 10
L =40x6

L =240 decibels

Unit — 2: Logarithms

Do you know?
In (0) = undefined

In(1)=0
In(e)=1

( log,10=1)

{( EXERCISE 24 70))

1. Without using calculator, evaluate the following:

1
(i) log,18—-log, 9  (ii) logs64+log, 2 (iii) 510g3 8—log,18

(iv) 2log 2+log 25 (v) %log4 64+2log,25 (vi) log,12+log,0.25

2. Write the following as a single logarithm:

(1) %log 25 + 2 log.3

(i)  log, b’ log,5’
(v) 4log,x=log, y+log, z

1
(ii) log 9 — log 3

(iv) 2log, x+log, y
(vi) 2lna+3nb-4Inc

3. Expand‘the following using laws of logarithms:
11 a’b
@) log[?j (i) log,/8a° (iii) In [7j
1 1 5
(iv log(ﬂ j ©  mifier vi)  log, (7“)
z
4. Find the value of x in the following equations:

(i) log2+logx=1
(i) (81)" =(243)"**
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1.

(v) log(5x-10)=2 (vi)  log,(x+1)—log, (x—4)=2
Find the values of the following with the help of logarithm table:
3.68 x 4.21
i =i te (i)  4.67x2.11 x 2.397
5.234

2 3
(iif) (20.46)" % (2.4122) (iv) /9.364 x 21.64

754.3 3.21

The formula to measure the magnitude of earthquakes is “given by

M=log,, (Aij If amplitude (4) is 10,000 and reference amplitude-(4,) is 10.

o

What is the magnitude of the earthquake?

Abdullah invested Rs. 100,000 in a saving scheme and gains interest at the rate
of 5% per annum so that the total value of this investment after 7 years is Rs y.
This is modelled by an equation y = 100,000 (1.05)", #> 0. Find after how many
years the investment will be double.

Huria is hiking up a mountain where the temperature (T) decreases by 3% (or a
factor of 0.97) for every 100 metres gainedjin altitude. The initial temperature

(7)) at sea level is 20°C. Using ‘the formula 7 =7/x0.97"°, calculate the
temperature at an altitude (%) of 500 metres.

@ REVIEW EXERCISE 2 )P

Four options are given against each statement. Encircle the correct option.

(1)

The standard form 0f5.2 x 10° is:
@ 52,0007 % (b) 520000 () 5,200,000 (d) 52,000,000

(1) Scientific netation of 0.00034 is:

(a) “34x10° (b) 34x10* (c) 34x10* (d) 3.4x10°

(111). The-base of common logarithm is:

V)

@@ 2 (b) 10 (©) 5 (d e
(iv) log, 2=

(a 1 by 2 (©) 5 (d 3

log100=__ )

(a) 2 (b) 3 (c) 10 (d 1

(vi) Iflog2=0.3010, then log 200 is:

(a) 1.3010 (b)  0.6010 (c) 23010 (d) 2.6010
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(vii)) log(O)= .

(a) positive (b)  negative (c) Zero (d) undefined
(viii) log 10,000 =
(@ 2 (b) 3 c) 4 (d 5
(ix) log5+log3=_
5
(a) logO (b) log?2 (c) log (Ej (d) logl5
(x) 3*=81in logarithmic form is:
(@ log,4=81 (®)  log,3=81
() log,81=4 (d  log,81=3
2. Express the following numbers in scientific notation:
(1) 0.000567 (1) 734 (ii)) 033 x 10°
3. Express the following numbers in ordinary notation:
(1) 2.6 x 10° () 8794 x10* _@Gi) ) 6x10°
4. Express each of the following in logarithmic form:
(1) 37=2187 (i1) a=c (i) (12 =144
5. Express each of the following in exponential form:

(1) log,8 =x (i1) logs729 =3  (ii1) log,1024=75
6. Find value of x in the following:
1 3x 1 2x
i log,x=0.5 "« (i —| =27 il — | =64
(@) g (ii) ( 5 j (iif) [32 )

7. Write the following as a single logarithm:
(i) 7 log x <3log * (ii)) 3 log4—log32

(1i1) %(log5 8+log, 27)—log, 3

8. Expand the following using laws of logarithms:
(1) log (x y z%) (i1) log, Ym’n’ (iii))  log+/8x’
0. Find the values of the following with the help of logarithm table:
. . 36.12x750.9
i 3/68.24 i 319.8 x 3.543 i)
0 @) (i) 113.2x9.98
10. In the year 2016, the population of a city was 22 millions and was growing at a

rate of 2.5% per year. The function p(t) = 22(1.025)" gives the population in
millions, ¢ years after 2016. Use the model to determine in which year the

population will reach 35 millions. Round the answer to the nearest year.
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Sets and Functions

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Recall:
e  Describe mathematics as the study of patterns, structure, and relationships.
e Identify sets and apply operations on three sets (Subsets, overlapping sets'and disjoint
sets), using Venn diagrams.
» Solve problems on classification and cataloguing by using Venn diagrams for scenarios
involving two sets and three sets. Further application of sets.
»  Verify and apply properties/laws of union and intersection of threesets.through analytical and
Venn diagram methods.
Apply concepts from set theory to real-world problems (such as\in demographic classification,

categorizing products in shopping malls)
Explain product, binary relations and its domain andrange.

Recognize that a relation can be represented by astablejordered pair and graphs.
Recognize notation and determine the value of'a function and its domain and range.
Identify types of functions (into, onto, one-to-one, injective, surjective and bijective) by using

VVYVY V

Venn diagrams.

INTRODUCTION

In this unit, we will revise some basic concepts of set theory and functions, beginning
with mathematics as an essential study of patterns, structure, and relationships.
Students will learn to identify different types of sets, the laws of union and intersection
for two and three sets,@nd their representation using Venn diagrams. Additionally, they
will apply set theery to real-world problems to enhance their understanding of
demographic “¢lassification and product categorization. Classification develops an
understandifig of the relationship between various sets. Students will also explore
binary r¢lations and functions and their representation in various forms including
tables, ordered pairs, and graphs.

3.1 Mathematics as the Study of Patterns, Structures and
Relationships

Mathematics is the science of patterns, structures, and relationships, comprising
various branches that explore and analyze our world's logical and quantitative aspects.
The strength of mathematics is based upon relations that enhance the understanding
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between the patterns and structure and their generalizations. A mathematical pattern is
a predictable arrangement of numbers, shapes, or symbols that follows a specific rule
or relationship. Virtually, patterns are the key to learning structural knowledge
involving numerical and geometrical relationships. For example, look at the following
numerical pattern of the numbers

I"term  2"term  3“term  4"term  5"term

1, 4, 7,10 , 13
N AN

+3 +3 +3 +3
In the above pattern, every term is obtained by adding 3 in the preceding term. This

predictable rule or pattern extends continuously, making it a sequenee where each term
increases at a constant rate.

Consider another example of a famous

sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, ...,

known as the Fibonacci sequence. This .
sequence starts with two terms, 0 and 1.

Each term of the sequence is obtained by 50
adding the previous two terms. The 8 "
formula for the Fibonacci sequenceiis

Fr=Fn-1+Fn2, where Fo=0 and Fi=1"are the first and second terms respectively. This

recursive pattern occurs more frequently in nature.

The study of mathematical structure is essential for mathematical competence. A
mathematical structur€»is»typically a rule of a numerical, geometric and logical
relationship that helds consistency within a specific domain. A structure is a collection
of items or objects, along with particular relationships defined among them. Consider
a triangle made, up of smaller triangles, as illustrated in Figure (iii).

AV

Figure (i) Figure (ii) Figure (iii)
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The pattern of arranging smaller triangles to form a larger triangle is clear. We can
easily recognize the implicit structure: the larger triangle can be seen as consisting of
several rows, where each row contains a decreasing number of smaller triangles (e.g.,
7 triangles in the first row, 5 in the second, 3 in the third, and 1 at the top).

The repetition of the rows and the spatial relationships
between the smaller triangles are critical structural
features. The alignment of the smaller triangles creates a
sense of congruence as each row is made up of triangles
of the same size. At the same time, the arrangement
illustrates parallel and perpendicular relationships when
viewed in relation to the base of the larger triangle, as
shown in Figure (iv). We can develop logical reasoning

by understanding these patterns and structures and AN R

preparing them for more complex geometric concepts.ifi

Figure (iv)

various fields of mathematics. Similarly, we can establish a relationship between two
sets when there is a correspondence between the'humbers of these sets.

3.1.1 Basic Definitions

We are familiar with the notion of a set since
the word is frequently used in everyday
speech, for instance, water set, tea set and
sofa set. It is a wonder that mathematicians
have developed this ordinary, Word into a
mathematical concept as much as it has
become a language that'is employed in most
branches of modern mathematics. The study
of sets helps in‘understanding the concept of
relations, |, fanctions and especially in
statistics\, we use sets to understand
probability and other important ideas.

A set is described as a well-defined
collection of distinct objects, numbers or
elements, so that we may be able to decide

Georg Cantor (1845-1918) was a German
mathematician

who significantly

contributed to the

development of set

theory, a key arca

in mathematics. He

showed how to

compare two sets

by matching their members one-to-one.
Cantor defined different types of infinite sets
and proved that there are more real numbers
than natural numbers. His proof revealed that
there are many sizes of infinity. Additionally,
he introduced the concepts of cardinal and
ordinal numbers, along with their arithmetic
operations.

https://en.wikipedia.org/wiki/Georg_Cantor

whether the object belongs to the collection or not.

Capital letters 4, B, C, X, Y, Z etc., are generally used as names of sets and small letters
a, b, ¢, x, y, z etc., are used as members or elements of sets.
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There are three different ways of describing a set.

(i) The Descriptive form: A set may be described in words. For instance, the set
of all vowels of the English alphabet.

(i) The Tabular form: A set may be described by listing its elements within
brackets. If 4 is the set mentioned above, then we may write:

A=1{a e i 0, u}

The tabular form is also known as the Roster form.

(iii)  Set-builder method: It is sometimes more convenient or useful tg"€mploy the
method of set-builder notation in specifying sets. This is done by{using a symbol
or letter for an arbitrary set member and stating the property*common to all the
members. Thus, the above set may be written as:

A = {x|xis a vowel of the English alphabéts}

This is read as A is the set of all x such that x is a vowel'of the English alphabets.

The symbol used for membership of a set is €. Thus, ae” A means a is an element of

A or a belongs to A. ¢ ¢ A means ¢ does not belong 7o A or ¢ is not a member of A4.

Elements of a set can be anything: people, countries, rivers, objects of our thought. In

algebra, we usually deal with sets of numbers. Such sets, along with their names are
given below: -

N = The set of natural numbers =1{1,2,3,...}

W = The set of whole numbers =1{0,1,2,...}

Z =The set of integers ={0,+1,%2, ...}

O = The set of odd integers = {£l,+3,£5, ...}

E =The set of even ifitegers ={0,£2,+4, ...}

P =The set of prime numbers =1{2,3,5,7,11,13,17, ...}

Q = The set of all rational numbers {x |x=2 wherep, g Z and g # 0 }
q

Q' =.Theset of all irrational numbers = {x Ix# 2, wherep,qge Zandq = 0}
q

R = The set of all real numbers =Qu(Q
A set with only one element is called a singleton set.

Remember!

For example, {3}, {a}, and {Saturday} are singleton | 1y, cet (0} is a singleton st

sets. The set with no elements (zero number of | havingzero as its only element,
elements) is called an empty set, null set, or Void set. | and not the empty set.

The empty set is denoted by the symbol @ or { }.
I 40 .
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Equal sets: Two sets 4 and B are equal if they have exactly the same elements or if
every element of set 4 is an element of set B. If two sets 4 and B are equal, we write
A=B. Thus, the sets {1, 2, 3} and {2, 1, 3} are equal.

Equivalent sets: Two sets 4 and B are equivalent if they have the same number of
elements. For example, if 4 = {a, b, ¢, d, e} and B= {1, 2, 3,4, 5}, then 4 and B are
equivalent sets. The symbol ~ is used to represent equivalent sets. Thus, we can write
A~B.

Subset: If every element of a set 4 is an element of set B, then A4 is a subset-of B.
Symbolically this is written as A < B (4 is a subset of B). B B2

In such a case, we say B is a superset of 4. Symbolically | The subsét,6f‘a set can
this is written as: also beistated as follows:

B oA (B is a superset of 4). ASHH Vxed=xeB

Proper subset: If 4 is a subset of B and B contains at least'one element that is not an
element of A4, then A4 is said to be a proper subset of B5/In such a case, we write:

A < B (4 is a proper subset of B).
Improper subset: If 4 is a subset of B and 4.=.B, /| When we do not want to distinguish
then we say that 4 is an improper subset of B, From | between proper and improper

. L . . subsets, we may use the symbol C
this definition, it also follows that every'set 4 is a

for the relationship. It is easy to see
subset of itself and is called an improper subset. that:

For example, let A = {a, b, ¢}, B= {e, a, b} and
C ={a, b, ¢, d}, then clearly
A< C, BcC but A=B.

Notice that each of sets A4 and B is an improper subset of the other because 4 = B.

NcWcZcOcCR

Universal set: The-set that contains all objects or elements under consideration is
called the universal set or the universe of discourse. It is denoted by U.

Power set: The power set of a set S denoted by P(S) is the set containing all the
possible'subsets of S. For Example:

(1) If C={a, b, c, d}, then
P(C) = {0, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b, ¢}, {b, d}, {c, d},
{a, b, c}, {a, b, d}, {a,c,d}, {b,c,d}, {a,b,c, d}}.
(i) If D={a},then P(D)= {0, {a}}
If S is a finite set with n(S) = m representing the number of elements of the set S, then
n{P(S)} = 2™ is the number of the elements of the power set.
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{(EXERCISE 3.1)

1. Write the following sets in set builder notation:
(1) {1,4,9, 16, 25, 36, ..., 484} (11) {2,4,8, 16,...,256}
(i)  {0,+1,+2,...,+1000} (iv)  {6,12,18, ..., 120}
(V) {100, 102, 104, ..., 400} (vi)  {1,3,9,27,81, ...}

(vii) {1,2,4,5, 10, 20, 25, 50, 100} (viii) {5, 10, 15, ..., 100}
(ix)  The set of all integers between — 100 and 1000

2. Write each of the following sets in tabular forms:
(1) { x|x isamultipleof 3 A x <36} (ii) {x|xe RA2x+1=0}
(1)  {x|lxe PAx<12} (iv)  {x|x isadivisorof 128}
%) {x|x=2",ne NAn<8} (vi)  {x|x€NAx+4=0}
(vil)  {x|xe NA x=x} (viil) . {x| xx& Z A 3x+ 1=0}
3. Write two proper subsets of each of the following sets:
(1) {a, b, c} (i1) {0, 1} @i)s, N (iv) Z
(v) 0 (vi) R (vil) {x|xe QA0<x<2}

Is there any set which has no proper'subset? If so, name that set.
What is the difference between<{anb} and {{a, b}}?

6. What is the number of elements of the power set of each of the following sets?
o {3 G, {0, 17 (i) {1,2,3,4,5,6,7}
(iv)  {0,1,2,3,4,5,6,7} v)  Ha, {b,c}}

(Vi) {{a, b}, 1b, T} {d, e}}
7. Write down the power set of each of the following sets:

» {91 (i) o= Gi) {o)  (v)  {a {b.c})
3.2 Operations on Sets

Just asteperations of addition, subtraction etc., are performed on numbers, the
operations of union, intersection etc., are performed on sets. We are already familiar
with them. A review of the main rules is given below:

Union of Two Sets

The union of two sets 4 and B, denoted by AUB, is the set of all elements which

belong to A or B. Symbolically;
AUB= {x|xe AvxeB}.
Thusif4=1{1,2,3}, B={2,3,4,5},then4dUB=1{1,2,3,4,5}
I 42 .
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Intersection of Two Sets

The intersection of two sets 4 and B, denoted by 4 M B, is the set of all elements
that belong to both 4 and B. Symbolically:

AN B={x|xe Arxe B}.
{x| ; The symbol V means or.

Thus, for the above sets 4 and B, 4 N B={2, 3}. The symbol A means and.

Remember!

Disjoint Sets

If the intersection of two sets is the empty set, the sets are said to be disj@int. For
example, if

S, = The set of odd natural numbers and §, = The set of even natural numbers, then
S, and S, are disjoint sets. Similarly, the set of arts students and the set of science

students of a college are disjoint sets.

Overlapping Sets
If the intersection of two sets is non-empty but neithet is-a subset of the other, the sets
are called overlapping sets, e.g., if
L=1{2,3,4,5,6}and M= {5,6,7,8,9, 10}, then L and M are overlapping sets.
Difference of Two Sets
The difference between the sets 4 and B'denoted by A—B, consists of all the elements
that belong to 4 but do not belong to B.
Symbolically, A— B = {x|xe AANx&B} and B-A={x|xe BAxgA}
For example, if 4 = {1, 2,3,4, 5} and
B =1{4,5,6,7,8,9, 10},
then A-B={132,3} and B—4=1{6,7,8,9, 10}.
Notice that: 4 — B.#B= A.

Complement/of,a Set

The complement of a set 4, denoted by A" or A¢ . N
In view of the definition of

complement and difference sets it is
elements of U, which do not belong to A. | evident that for any set4, 4'=U -4

relative ‘to~the universal set U is the set of all

Symbolically:
A'={x|xeUAn xg A}

For example, if U=Z, then E'=0 and O'=E

For example, If U = Set of alphabets of English language, C = Set of consonants,
W = Set of vowels, then C'=Wand W'=C.
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3.2.1 Identification of Sets Using Venn Diagram

Venn diagrams are very useful in depicting visually the basic concepts of sets and

relationships between sets. These diagrams were first used by an English logician and

mathematician John Venn (1834 to 1883 A.D).

In the adjoining figures, the rectangle represents the|U

universal set U and the lined circular region represents a
set A and the remaining portion of the rectangle represents

the 4" or U—A.
Below are given some more diagrams illustrating basic operations ‘en two sets in
different cases (the lined region represents the result of the relevantoperation in each
case shown below).

%A,
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Disjoint sets Overlapping sets BcA

Ve v v
A U B { I | %

cANB=¢ *ANB = ¢ «AUB =B «AUB =4

1 (AUB) = n(4) + n(B) ° ”(A“B)_:na(lfgg) "B« n(4UB)= n(B) n(AUB) = n(A)

U U U B U
e (OO0

«ANB=¢ «ANB = § «ANB =4 «A"B =B

*n(ANB)=0 *n(ANB)=n(4) *n(ANB) = n(B)

U U U

B

[0

cA-B=A4 *n(A-By=n(Ay-n(ArB) *4-B=¢ cA-B = ¢

*n(A-B) = n(A4) n(A-B)=0 *n(A-B ) = n(4)-n(B)

U U U

A

L[O8

*B-4=B «n(B-A)y=n(B)-n(ANB) B4 * ¢ *B-A=¢

*n(B-A4) = n(B) *n(B—A) = n(B) —n(4) *n(B-4)=0
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3.2.2 Operations on Three Sets

If A, B and C are three given sets, operations of union and intersection can be performed
on them in the following ways:

i) AUBUO (i) (AUB)UC (i) AN (BUC)
(iv) (ANB)NC v) AUBnC) vi) ANC)UBAC)
(vii) (AUB)NC (viii) (4N B)uUC (ix) (AUC)N(BUC)

3.2.2.1 Properties of union and intersection
We now state the fundamental properties of union and intersection of two.or-three sets.

Properties
i) AuB=BuUA (Commutative property of Union)
(i) AnB=BnA (Commutative property of Intersection)
(i) AvBuU(C)=AUB)UC (Associative property of Union)
iv) An(BNC)=AnB)nNnC (Associative property of Intersection)

v) AuBNO)=AUB)N(AuUC) (Distributivity of Union over intersection)
(vi) An(BUO)=(AnNnB)u(An C) (Distributivity of intersection over Union)
(vil) AU B)=A4A"nB’
(viii) AN B)=A4A"UB'’
Verification of the Properties Using Sets

Let 4 ={1,2,3},B=1{2,3,4,5kand C={3,4,5,6,7,8}
(i) AUB=1{1,2,3}U{2,3/85 ; BUA=1{2,3,4,5 U {1,273}

(De Morgan’s Laws)

=1{1,2,3,4,5} ; =11,2,3,4,5}
. AuB=BuUA
(i1) ANB ={1,2,3¥yn {2,3,4,5} ; BnA=1{2,3,4,5} n{l,2,3}
={2,'3} ={2,3}
ANnB=BnNA

(ii1) and (1v)¥erify yourself.
(v) “dVUBnNO)={1,2,3} U [{2,3,4,5} " {3,4,5,6,7, 8}]
={1,2,3} U {3,4,5}
={1,2,3,4,5} . (1)
AUB N AuO)=[{1,2,3} U{2,3,4, 51N [{1,2,3} U{3,4,5,6,7, 8}]
={1,2,3,4,5}n{1,2,3,4,5,6,7, 8}
=1{1,2,3,4,5} ...(11)
From (i) and (i), AV (BN C)=(AUB)Nn (A4 vC)
(vi)  Verify yourself.
| £ 45 |
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(vii)  Let the universal set be U= { 1,2,3,4,5,6,7,8,9,10}
AUB ={1,2,3}0U{2,3,4,5} ={1,2,3,4,5}
(AUB) =U-(AuUB)={6,17,8,9, 10} ...(1)
A =U-4=1{4,5,6,7,8,9,10}
B =U-B={1,6,7,8,9,10}
A'n B =1{4,5,6,7,8,9,10} n {1,6,7,8,9, 10}
=1{6,7,8,9,10} ...(11)
From (i) and (ii), A W B) = A’ n B
(viii) Verify yourself.

Verification of the properties with the help of Venn diagrams

(1) and (i1): Verification is very simple, therefore, do it by [&
yourself. ( )

(iii):  In Fig. (1), set 4 is represented by a verticallydined

region and BUC is represented by a horizontally, lined %
region. The set 4 U (B U () is represented by the region

lined either in one way or both. Fig. (1)

U
In Fig. (2) A U B is represented by a horizontally lined %

region and C by a vertically lined region. (4 U B) U C is == f
represented by the region lined imjeither one or both ways. " EninT “@)
From Fig (1) and (2) we can sée-that
AUBOG=(AUB) UC Fig. @)
U
(iv) In Fig. (3);:the doubly lined region represents C —
AN(BAC) g 0 €
Fig. (3)
. . . v A
In Fig. (4), the doubly lined region represents (4 N B) N C
Since in Fig. (3) and Fig. (4), these regions are the same, =
therefore, AN (BN C)=AN B)n C. B Ktﬂ
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(v) In Fig. (5), A U (B n O) is represented by the region
which is lined horizontally or vertically or both ways.

In Fig. (6), (4 U B) N (4 v C) is represented by the doubly
lined region.
Since the two regions in Fig (5) and (6) are the same,
therefore.

AUBNCO)=AUB)N(AuvUC)
(vi)  Verify yourselves.

(vil) In Fig. (7), (4 U B)'is represented by a vertically dined
region.

In Fig. (8), the doubly lined region represents A’ N B'.
The two regions in Fig. (7)-and,(8) are the same, therefore,
(AUB)Y=A'"NnB

(vii) Verify yourselyes:

Unit — 3: Sets and Functions

U
B ] ¢
Fig. (5)
U
£ 0
(B
Fig. (6)
U

o

. (7)

Fig. (8) ]

Note: Q
Only over, ap% s have been considered in the Venn diagrams above. Verification for other cases

can be con, similarly.

Examplei1: Consider the adjacent Venn diagram illustrating two non-empty sets, 4
and B.
(a) Determine the number of elements common v B 14

to sets 4 and B. 7 "
(b) Identify all the elements exclusively in set B 12 ’ s

and not in set 4. 10
() Calculate the union of sets 4 and B. -
I 47 .
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Solution: From the information provided in the Venn diagram, we have:
U={1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15}
A=1{1,2,3,4,5,6, 8}

B={5,6,7,8,9,10, 12}
(a) The elements in both sets A and B are the intersection of the sets:
AN B=1{5,6,8}
(b) The elements that are only in set B, not in set A4, is the sets' differences.
B-4 =1{7,9,10,12}

(c) AuB ={1,2,3,4,5,6,8}U{5,6,7,8,9, 10,12}

={1,2,3,4,5,6,7,8,9,10,12}

Example 2: Consider the adjacent Venn diagram representing.the students enrolled in

different courses in an IT institution. U
U = Students enrolled in IT institutions ﬁ
A = Students enrolled in an Applied Robotics

G = Students enrolled in a Game Development @b

W = Students enrolled in a Web Designing

(a) How many students enrolledin the w
applied Robotics course?

(b) Determine the total number of Students enrolled in a Game Development.

(c) How many students are.enrolled in the Game development and Web designing
course?

(d) Identify the students enrolled in Web development but not Applied Robotics.

(e) How many students are enrolled in IT institutions?
) How many students enrolled in all three courses?
Solution:

(a) Set A represents the total number of students enrolled in the Applied Robotics
program.
Total = 370 + 205 + 125 + 240 = 940
So, the total number of students in the Applied Robotics course is 940.
(b) The total number of students enrolled in a Game Development is represented
by the set G.
Total =205 + 125 +270 + 425 =1025
Thus, the Students enrolled in a Game Development is 1025
4 48 “—_—
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(c) Total students are enrolled in both the Game development and Web designing

The course is the intersection of G and W.
Gn W= 125+270=395

Therefore, 395 students are enrolled in both the Game development and Web
designing Course.

(d) The students who are enrolled in Web development but not in Applied Robotics
are the sum of values 336 and 270 in set W.
Total = 336+270 = 606
So, there are 606 students who enrolled in Web development courses but not in
Applied Robotics.

(e) The total number of students enrolled in IT institutions are'represented by all
the values inside the circles.

Total =370 + 205 + 125 + 240 + 425 + 270+ 336'= 1971

There are a total of 1971 students enrolled in [T Institutions.

) The students who enrolled in all three courses arethe intersection of all the
circles are represented by the value 125;

3.2.2 Real-World Applications

In this section, we will learn to apply coneepts from set theory to real-world problems,
such as solving problems on classification and cataloging using Venn diagrams. We
will also explore some real-lifessituations, such as demographic classification and
categorizing products in shopping malls.

For this purpose, we use the"concept of cardinality of a set. The cardinality of a set is
defined as the total number of elements of a set. The cardinality of a set is basically the
size of the set. For.a non-empty set 4, the cardinality of a set is denoted by n(4).

If 4= {1, 3,257 9, 11}, then n(4)=6. To find the cardinality of a set, we use the
following,rule'called the inclusion-exclusion principle for two or three sets.

Principle.of Inclusion and Exclusion for Two Sets
Let 4 and B be finite sets, then

n(4 v B) =n(A4) + n(B) — n(A N B)
and AU Band AN B are also finite.
Principle of Inclusion and Exclusion for Three Sets
If A, B and C are finite sets, then
nAuvBuUC)=n(4)+nB)+nC)—nANB)—nANC)—nBNC)y+nAn BN C)
and AUBUC, AnB, AnC, BnCand AnBNC are also finite.
Iy 49 U
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Example 3: There are 98 secondary school students in a sports club. 58 students join
the swimming club, and 50 join the tug-of-war club. How many students participated
in both games?

Solution: Let U = {total student in a sports club of school}
A = {students who participated in swimming club}

B = {students who participated in tug-of-war club}

From the statement of problems, we have U
n(U) =n(4 v B) =98, n(A) =58, n(B) = 50.
We want to find the total number of students
who participated in both clubs.

n(AN B) =?
Using the principles of inclusion and exclusion

for two sets:
n(A v B) =n(4) + n(B) — n(A N B)
= n(An B)=n(4) +n(B)—n(4 v B)
=58+50-98
=10
Thus, 10 students participated in beth clubs.
The adjacent Venn diagram.shows the number of students in each sports club.
Example 4: Mr. Saleem, a-school teacher, has a small library in his house containing
150 books. He has two main categories for these books: islamic and science. He
categorized 70 boeks,as islamic books and 90 books as science books. There are 15

books that neither belong to the islamic nor science books category. How many books
are classified under both the islamic and science categories?

Solution:-, Let U= total number of books in library
A = 70 books in Islamic category
B = 90 books in Science category
C = 15 books that do not belong to any category
x = number of books that belong to both the categories

The adjacent Venn diagram shows the number of books that are classified under both
the islamic and science categories
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As, n(U)=150 U
So,  70—x+x+90—x+15=150 B
= 175—-x=150

= x=25

Thus, 25 books are classified under both
islamic and science categories.

Example S: In a college, 45 teachers teach mathematics or physics or chemistry. Here
is information about teachers who teach different subjects:

* 18 teach mathematics * 12 teach physics
= 8 teach chemistry = 6 teach both mathematics and physics
= 4 teach both physics and chemistry
= 2 teach both mathematics and chemistry.
How many teachers teach all three subjects?
Solution: Let U = total number of teachers in the college
M = teachers who teach mathematics
P

C = teachers who teach/chemistry

teachers who teachiphysics

From the statement of problems, we have
n(Mu P U C) =45, n(M)=18, n(P)= 12, n(C) =8, n(M N P)=6,
nPNnC)y=4,n(McaC)=2
We want to find the totalnumber of teachers who teach all the subjects.
n(MNPQC) =7
Using the prineiple of inclusion and exclusion for three sets:
n(Me.P OC )=n(M)+ n(P)+n(C)—n(MnN P)—n(P N C)—n(Mn C)
+nMnPnC)
= n(MNPNC)=nMuUPUC )»nM)—n(P)—n(C)+n(M~ P)+n(Pn C)

+n(Mn C)
=45-18-12-8+6+4+2
=19

Therefore 19 teachers teach all three subjects.

4 51 .

NOT FOR SALE-PESRP



Mathematics - 9 Unit — 3: Sets and Functions

Example 6: A survey of 130 customers in a shopping mall was conducted in which
they were asked about buying preferences.
The survey result showed the following statistics:
e 57 customers bought garments
e 50 customers bought cosmetics
e 46 customers bought electronics
e 31 customers purchased both garments and cosmetics
e 25 customers purchased both garments and electronics
e 21 customers purchased both cosmetics and electronics
e 12 customers purchased all three products i.e. garments, cosmetics, and
electronics.
(a) How many of the customers bought at least one-of thesproducts: garments,
cosmetics or electronics?
(b) How many of the customers bought only one of the products: garments,

Cosmetics or electronics?
(c) How many customers did not buy, any, of the three products?

Selution: Let U= total number of customers surveyed in the shopping mall

G = Customer who bought garments

C = Customer who bought cosmetics

E = (Customer who bought electronics
From the statement of problems, we have

n(U)=130, n(G) =57, n(C) =50, n(E) =46, n(GN C) =31,
n(GNAE) =25, n(Cn E)=2land n(GN CN E)=12.
(a) Wewant to find the total number of customers who have bought at least one
of the products: garments, cosmetics, or electronics.

We are to find n(G U C U E).
Using the principle of inclusion and exclusion for three sets:
n(GuU CUE)=n(G)ytn(C)+n(E)—n(GN C)—n(GN E)—n(CN E)ytn(GN CN E)
=57+50+46-31-25-21+12=288
Thus, 88 customers bought at least one of the products: garments, cosmetics,
or electronics.
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(b) Customers who bought only garments U

= 1(G) — (G C)—n(G A E)+n(Gn CA E) A

(N
N

Customers who bought only cosmetics
=n(C)—n(GNC)—n(CNE)+n(GN CNE)
=50-31-21+12

=10 Challenge!

Customers who bought only electronics The Venn diagfam “above

- . . + illustrates  the “./scenario
nE) —n(GAE) =n(CAE) +n(GNCAE) presented in Example 6. Can
=46-25-21+12=12 you provide a justification for

Therefore, the customers bought only one of the each value within the circles?

42

products: garments, cosmetics,
or electronics =13 + 10+ 12 =35
() Since the total number of Customers surveyed was 130, and 88 customers
bought at least one of the products: garments, cosmetics, or electronics. The
customers who did not buy any of the three products can be calculated as:
n(GUCUE) =n(U)-n(GUCUE)

=130-88 =42
So, 42 customers did not buy any of the.three products.

{(Exercise 3.2))

1. Consider the universal set U= {x|x is multiple of 2 and 0 <x <30},

A= {x | xis a multiple of 6} and B = {x | x is a multiple of 8}

(1) List.all elements of sets 4 and B in tabular form
(i1) Find4 N B (iii)  Draw a Venn diagram
2. Leét U = {x | xis an integer and 0 <x <150},

G ={x|x =2" for integer m} and
H = {x | xis a square}
(1) List all elements of sets G and H in tabular form
(i) FindGUH (i) FindGnH
3. Consider the sets P = {x | x is a prime number and 0 <x <20} and
Q0= {x|xisadivisor of 210 and 0 <x <20}
(1) Find Pn Q (i) FindPuQ
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4. Verify the commutative properties of union and intersection for the following
pairs of sets:
(1) A=1{1,2,3,4,5}, B=1{4,6,8,10} i) NMNZ
(i) A={x|x € RA x>0}, B=R.
5. LetU={a,b,c,d,e, [, g h,i,j}
A={a,b,c,d g h}, B={c,d, e f,j},
Verify De Morgan's Laws for these sets. Draw Venn diagram

6. ftU=1{1,2,3,...,20} and 4=1{1,3,5, ..., 19}, verify the folewing:
(1) AuA=U (i) AnU=4 (i) A~NAT

7. In a class of 55 students, 34 like to play cricket and 30 like tosplay hockey.

Also each student likes to play at least one of the two games. How many
students like to play both games?

8. In a group of 500 employees, 250 can speak Urdu, 150 can speak English, 50
can speak Punjabi, 40 can speak Urdu and English, 30 can speak both English
and Punjabi, and 10 can speak Urdu and Punjabi. How many can speak all three
languages?

9. In sports events, 19 people wearDblue shirts, 15 wear green shirts, 3 wear blue
and green shirts, 4 wear a cap and blue shirts, and 2 wear a cap and green shirts.
The total number of people, with either a blue or green shirt or cap is 34. How
many people are weating-caps?

10. In a training session,17 participants have laptops, 11 have tablets, 9 have
laptops and tabléts, 6 have laptops and books, and 4 have both tablets and books.
Eight participants have all three items. The total number of participants with
laptops;.tablets, or books is 35. How many participants have books?

11.  A'shopping mall has150 employees labelled 1 to 150, representing the
Universal set U. The employees fall into the following categories:

» Set A: 40 employees with a salary range of 30k-45k, labelled from 50 to 89.

» Set B: 50 employees with a salary range of 50k-80k, labelled from 101 to
150.

» Set C: 60 employees with a salary range of 100k-150k, labelled from 1 to 49
and 90 to 100.

(@)  Find (4 UB)NC (b)  Find n{4n(B'~C" )|
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12. In a secondary school with 125 students participate in at least one of the

following sports: cricket, football, or hockey.

60 students play cricket.
70 students play football.
40 students play hockey.
25 students play both cricket and football.
15 students play both football and hockey.
10 students play both cricket and hockey.
(a) How many students play all three sports?
(b) Draw a Venn diagram showing the distributien of Sports
participation in all the games.

13. A survey was conducted in which 130 people were agked ‘about their favourite
foods. The survey results showed the following information:

40 people said they liked nihari

65 people said they liked biryani

50 people said they liked korma

20 people said they liked nihari and biryani

35 people said they liked bityani‘and korma

27 people said they liked nihari and korma

12 people said they liked all three foods nihari, biryani, and korma

(a) At least howmany people like nihari, biryani or korma?

(b)  How many people did not like nihari, biryani, or korma?

(c) How many people like only one of the following foods: nihari,
biryani, or korma?

(d) Draw a Venn diagram.

3.3 Binary Relations

In everyday use, relation means an abstract type of connection between two persons or

objects,for instance, (teacher, pupil), (mother, son), (husband, wife), (brother, sister),

(friend, friend), (house, owner). In mathematics also some operations determine the

relationship between two numbers, for example:

>:(5,4) ; square: (25,5) ; Squareroot: (2,4) ; Equal: (2x 2,4).

In the above examples >, square, square root and equal are examples of relations.

Mathematically, a relation is any set of ordered pairs. The relationship between the

components of an ordered pair may or may not be mentioned.
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(1) Let 4 and B be two non-empty sets, then the Cartesian product is the set of all
ordered pairs (x, y) such that xe 4 and y € B and is denoted by Ax B .

Symbolically we can write it as Ax B :{(x,y) |xe A and ye B} .

(i)  Any subset of A4 x B is called a binary relation, or simply a relation, from A4 to
B. Ordinarily a relation is denoted by the letter 7.

(ii1))  The set of the first elements of the ordered pairs forming a relation is called its
domain. The domain of any relation » is denoted as Dom 7.

(iv)  The set of the second elements of the ordered pairs forming a relation'is called
its range. The range of any relation r is denoted as Ran 7.

(V) If 4 is a non-empty set, any subset of 4x A4 is called a relationsin 4.

Example 7: Let ¢, ,c,,c; be three children and m , m, be twomen such that the father
of both ¢,c, is m, and father of c; is m, . Find the relation {(child, father)}
Selution: C = Set of children = {c,c,,c,} and” F'< set of fathers = {m ,m_}

The Cartesian product of C and F':

Cx F ={(¢,m),(¢c;,m,), (¢,,m,), (¢,4m,),l¢c;,m,),(c;,m,)}

r = set of ordered pairs (child, father).

= {(c;, my),(c,, ml)’(c3’ my)}

The relation is shown diagrammatically in

adjacent figure.

Example 8: Let A={1, 2, 3}. Determine the relation  such that x r y iff x <y.
Also find domainiand range.

Solution; <4 x4={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),3,2), (3, 3)}
Clearlyjrequired relation is:
r=1%01,2),(1,3),(2,3)}, Domr= {1, 2}, Range r = {2, 3}

3.3.1 Relation as Table, Ordered Pair and Graphs

We have learned that a relation in mathematics is any subset of the Cartesian product,
which contains all ordered pairs. Each ordered pair consists of two coordinates, x and
y. The x coordinate is called abscissa, and the y coordinate is ordinate, often
representing an input and an output. Now, we describe the relation in three different
ways.
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Ordered Pairs: A relation can be represented by a set of ordered pairs. For example,
consider a water tank that starts with 1 litre of water already inside. Each minute, 1
additional litre of water is added to the tank. The situation can be represented by the

relation rz{ (x, y)| y=x+l} . where x is the number of minutes (time) that have

passed since the filling started and y is the total amount of water (in litres) in the tank.
When x=0,y=landx=1,y=2
In order pair this relation is represented as:
{0, 1), (1,2),(2,3),3,4), (4,5, (5, 6);
The above relation in table form can be represented as given below:

Table
X (time in minutes) | y=x+1 (water,iz@
0 y=0+d=1
1 y=sA +1=2
2 py=2%1=3
3 v=3+1=4
4 y=4+1=5
5 y=5+1=6
Graph: We can also represent the relations visually by A

drawing a graph. To draw the‘diagram, we use ordered
pairs. Each ordered pair (x5S plotted as a point in the
coordinate plane, wherex is the first element and y is the
second element of the,ordered pair.

The relation is represented graphically by the line

passing through'the points,
{(O, D, (®2), (2,3), (3,4),(4,5),(5, 6)} as shown in the adjacent Figure.

3.3.2 Function and its Domain and Range

Functions
A very important particular type of relation is a function defined as below:

Let A and B be two non-empty sets such that:
(1) fis a relation from 4 to B, that is, f'is a subset of Ax B
(i1) Domain /= A4
I 57 .
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(ii1))  First element of no two pairs of f are equal, then fis said to be a function
from A4 to B.

The function fis also written as:
f:A—>B
Which is read as fis a function from 4 to B. The set of all first elements of each ordered
pair represents the domain of f; and all second elements represent the range of /. Here,
the domain of fis 4, and the range of fis B.
If (x, y) is an element of f when regarded as a set of ordered pairs.
We write y = f(x). yis called the value of ffor x or the image of xunder.f.
Example 9: [f 4= {0, 1,2,3,4} and B={3,5,7,9, 11}, define a function f: 4 — B,
f={(,y)|y=2x+3,x € A and y € B}, Find the value of function f, its domain, co-
domain and range.
Solution: Given: y =2x+3 ; x € Aand y € B, then value of function,
/=1(0,3),(1,5),(2,7), 39), (4 11)}

Domf=1{0,1,2,3,4} =4
= Co-domain f = B and
= Range f ={3,5,7,9, 11} «B
Types of functions

In this section we discuss diffefent.types of

functions:

>i) Into Function
If a functionf's<_. 4 — B is such that
Range f c BUi.e., Range f# B, then

f1s said to'be a function from 4 into
8. In Fig. (i), fis clearly a function.

But Range f # B. Therefore, f is a A
function from 4 into B.
(i) (One - One) Function (or ! \
Injective Function) 2
If a function f from A4 into B is such
that second elements of no two of its Fig. (ii)

ordered pairs are same, then it is

/=10, a). 2. )}
4 58 A
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(iii)

@iv)

called an injective function; the
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function shown in Fig. (ii) is such
a function.

Onto Function (or Surjective
function)
If a function f': A — B is such that

Range /= Bi.e., every element of B

is the image of some element of 4,
then f'is called an onto function or
a surjective function.

(One — One) and onto Function (or
Bijective Function)

A function f from 4 to B is said to be
a Bijective function if it is both one-
one and onto. Such a function is also
called (1 — 1) correspondence between
the sets A and B.

(a, 2), (b, x) and (c, y) are the pairs . of

/= 1{(a,2), (b,%), (c,»)}

corresponding elements i.e., in this case f = {(a, z), (b, x), (¢, )} which is a

bijective function or (1 ~J),.correspondence between the sets 4 and B.

3.3.3 Notation of Function
We know that set-builder notation is more suitable for infinite sets. So is the case with

respect to a function comprising an infinite number of ordered pairs. Consider for

instance, the funetion

Dom f=4=1,0,1,2,3,4, ...} and
Range /= {0, 1, 4,9, 16, ...}
This function may be written as:

f={x )y =x’ xe N}

The mapping diagram for the function

is shown in the Fig.(v).
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3.3.4 Linear and Quadratic Functions

The function {(x, y) | y = m x + ¢} is called a linear function because its graph
(geometric representation) is a straight line. We know that an equation of the form
y = mx + c represents a straight line. The function {(x, y) | y = ax? + bx + ¢} is called a
quadratic function. We will study their geometric representation in Unit-10.

Example 10: If /(x) = 2x — 1 and g(x) = x> — 3, then find:
@ f(1) () f(=3) (i) f(7)
(iv)  g(1) (v) g(=3) (vi) g4
Solution: 1) f(Hh=2x1-1=1 (1) f(-3)=2x(-3)—1==]
(i) f(7)=2xT7-1=13 (iv)g(1)=(1)>-3=23
(V) g(-3)=(3’-3=6 (vi)g@)=4)-3513
Example 11: Consider f(x) = ax + b + 3, where a and_b(are, constant numbers. If

f(1)=4and f(5) =9, then find the value of @ and b.
Solution: Given function f(x) =ax+ b+ 3

If f(1)=4
Then ax1+b+3=4
= at+b=1 ..(1)

Similarly, f(5=9
= ax1l+bhb+3=4
= Sa+b=6 ...(11)
Subtract equation (1) from equations(ii), we get.
(Sa+b)—a+b)=6-1
Satb—a-b=5

da=>5 :>a:é
4

. 5. .
Substitute a'= 2 in the equation (i)

é+b:1
4
p=1-2
4
:>b:—l
4
1
Thus, a == and b:_Z
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@ EXERCISE 3.3 )

1. For 4 = {1, 2, 3, 4}, find the following relations in 4. State the domain and
range of each relation.
D) {C, ) [y=x} (i) {(x,y) [y +x=5}

(i) {(x, ) [x+y <35} (V) {(x, y) [x +y> 5}

2. Which of the following diagrams represent functions and of which.type?

3. If g(x) = 3x + 2 and Ax) = x* + 1, then find:

: . 2
@ 2(0) (i) g(=3) (iif) g(gj
(iv) ACH) (V) h(-4) (vi) A (— %j
4. Given that f(x) = ax + b +1, where a and b are constant numbers. If f/(3) = 8
and f(6) = 14, then find the values of @ and b.
5. Given that g(x) = ax + b + 5, where a and b are constant numbers. If g(—1) =0

and g(2) = 10, find the values of @ and b.
6. Consider the function defined by f(x) = 5x + 2. If f(x) = 32, find the x value.

7. Consider the function f(x) = cx? + d, where c and d are constant numbers. If
f(1)==6and f(—2) = 10, then find the values of ¢ and d.
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1.

2.

@ REVIEW EXERCISE 3 )P

Four options are given against each statement. Encircle the correct option.

(@)

(i)

(iii)

(iv)

)

(vi)

(vii)

(viii)

(ix)

(x)

The set builder form of the set { l,é,l,l,..} 1S:

57
(a) {x|x=l,ne W} (b) {x|x:;,ne W}
n 2n+1

(c) {x|x=L,ne W} (d) {x|x=2n+1, ne Wy

n+1

If4={},then P(4) is:

(@)1} (b) {1} (¢) H{ }} (d)o

fU={1,2,3,4,5}, 4={1,2,3} and B={3, 4, 5}, then U— (4 " B) is:

(a) {1,2,4,5} (b) {2,3} (o) {1,334,5} (d) {1,2,3}

If A and B are overlapping sets, then 7(4's B) is equal to

(a) n(4) (b) n(B) (c)ANB (d) n(4) — n(AnB)
If 4 € B and B —4 # @, then n(B'<A4) is equal to

() 0 (b) n(B) (c) n(4) (d) n(B) — n(4)

If n(4 U B) =50, n(4) = 30"and n(B) = 35, then n(4d N B) =:

(a) 23 .15 (©) 9 (d) 40
If4=1{1,2,3,4})andB = {x, y, z}, then cartesian product of 4 and B
contains exactly ~~ elements.

(a) 13 (b) 12 (c) 10 (d) 6

If f(x) = x>+ 3x + 2, then the value of f(a + 1) is equal to:

()= aF1 (b) &+ 1 (c)a?+2a+1 (d)d* —a
Given that f(x) = 3x+1, if f(x)=28, then the value of x is:

(a 9 (b) 27 (c) 3 (d) 18

Let 4 ={1, 2, 3} and B ={a, b} two non-empty sets and f: 4 — B be a
a function defined as /= {(1, a), (2, b), (3, b)}, then which of the following
statement is true?

(a) fisinjective (b) fis surjective (c) fis bijective (d) fis into only

Write each of the following sets in tabular forms:

(@)

{x|x =2n,ne N} (i) {x|x=2m+1, me N}
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10.

1.

12.
13.

(i)  {x[x=1ln,ne WAan<l1l}  (iv) {x|]xe EAd4<x<6}
(V) {x|]xe OA5<x<T} (vi) {x|xe OAx* =2}
(vil)  {x|xe QA x=—x} (viii) {x]x€ RAx¢ Q'}
LetU=1{1,2,3,4,5,6,7,8,9,10}, 4=1{2,4,6,8,10}, B=1{1,2,3,4,5}
and C={1,3,5,7,9}.
List the members of each of the following sets:
(1) A (i1) B (i) AuUB (ivy A-B
v) AnC vi)y AdvucCc (vi) Ao C  (vii) U
Using the Venn diagrams, if necessary, find the single sets equalto the
following:
(1) A (i) AnU (i) AuU
(iv) Avuo v) 0no
Use Venn diagrams to verify the following:
(1) A-B=AUB (i1) (A~B) "B=B
Verify the properties for the sets 4, B and C,given below:
(1) Associativity of Union (1) © Associativity of intersection.
(111)  Distributivity of Union over intersection.
(iv)  Distributivity of interséction over union.

(a) A={1,2,3:4}, B={3,4,5,6,7,8}, C=1{5,6,7,9, 10}

(b) A=0, B0}, C=1{0,1,2}

(c) A=NB=Z C=Q
Verify De Morgan's £aws for the following sets:
U={1,2,3,4.,20}, A=1{2,4,6,....,20}and B={1,3,5,....,19}.
Consider the set P ={x| x =5m,m e N} and OQ={x|x=2m,m e N}. Find P Q
From.suitable properties of union and intersection, deduce the following results:
(1) AN (AUB)=AuU(AN B) (i) AuAnNB)=4An(AUB)
If g(x) = 7x — 2 and s(x) = 8x* — 3 find:

M) g0 (gD (i) g[—gj ) s ) s(9) (v Gj

Given that f(x) = ax + b, where a and b are constant numbers. If /' (—2) =3 and
f(4) =10, then find the values of @ and b.
Consider the function defined by k(x) = 7x — 5. If k(x) = 100, find the value of x.

Consider the function g(x) = mx*+n, where m and » are constant numbers. If
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Mathematics - 9 Unit — 3: Sets and Functions

g(4) =20 and g(0) = 5, find the values of m and ».

14. A shopping mall has 100 products from various categories labeled 1 to 100,

representing the universal set U. The products are categorized as follows:

» Set A4: Electronics, consisting of 30 products labeled from 1 to 30.

* Set B: Clothing comprises 25 products labeled from 31 to 55.

» Set C: Beauty Products, comprising 25 products labeled from 76 to 100.
Write each set in tabular form, and find the union of all three sets.

15. Out of the 180 students who appeared in the annual examinationy 120, passed
the math test, 90 passed the science test, and 60 passed both the math and
science tests.

(a) How many passed either the math or science test?

(b) How many did not pass either of the two tests?

(c) How many passed the science test but net the'math test?
(d) How many failed the science test?

16.  In a software house of a city with 300 seftware developers, a survey was
conducted to determine which programming languages are liked more. The
survey revealed the following statistics:

* 150 developers like Python.

* 130 developers like Java.

* 120 developers like PHP.

* 70 developets like both Python and Java.

* 60 developers like both Python and PHP.

+ 5S0'developers like both Java and PHP.

* 40 developers like all three languages: Python, Java and PHP.
(a) How many developers use at least one of these languages?
(b) How many developers use only one of these languages?
(c) How many developers do not use any of these languages?

(d) How many developers use only PHP?
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Factorization and
Algebraic Manipulation

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

>
>

Y

Identify common factors, trinomial factoring, concretely, pictorially and symbolically.
Factorize quadratic and cubic algebraic expressions:

= 4+ PP+ bt or at+ bt . X +px+gq

= ax’+bx+tc . (ax? + bx + ¢) (ax? + by d)+ k
" xta)(xt+tbh)(xto)(xt+d)+k . (x+ a) (x + b) (x+.0).(etd) + kx?
» & +3d%h+3ab® + b . @ —3a*b +3ab*- b}

LIRS &

Find highest common factor and least common multiple of algebraic expressions and know
relationship of LCM and HCF.

Find square root of algebraic expression by factorization and division.

Apply the concepts of factorization of quadratic and{cubic,algebraic expression to real-world
problems (such as engineering, physics, and finance.)

INTRODUCTION

Algebraic factorization is not just a mathematical technique limited to the classroom,
it plays an important role in solving practical problems across various real-world
scenarios. By breaking down complex algebraic expressions into simpler factors, we
can make calculations more manageable and conceal important insights. Algebraic
factorization has practical applications in finance, engineering science, business and
daily life. This unit will-€xplore the techniques of algebraic factorization and
demonstrate how these-methods can be applied to real-world situations, making math
a valuable asset in various aspects of life.

4.1 Identifying Common Factors and Trinomials Concretely,
Pictorially and Symbolically
4.1.1-Common Factors
In algebra, a common factor is an expression that ,
divides two or more expressions exactly. For 2ab ”;6”1’
example, 7 1
2x—6=2(x-3) 2ab 6ab

¥ N\ AN

Here 2 is the common factor which exactly divides
SO0 el

both terms 2x and 6.

IR
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Mathematics - 9 Unit — 4: Factorization and Algebraic Manipulation

To represent trinomials concretely, we arrange unit tiles, rectangular tiles and the
squared tiles into a rectangle. The factors of the trinomial are represented by the lengths
of the sides of the rectangle.

Unit Tiles <—1—>
Here one grey unit tile represents 1 and one white unit tile

represents —1. Both grey and white unit tiles form a zero pair. J

Rectangular Tiles
The grey rectangular tile represents x and the white K, <—*——>

rectangular tile represents —x. Both grey and white I\ " ‘
rectangular tiles also form a zero pair. il )&
: e m——
i(}]l:ared Tiles o . . T\U
grey squared tile measure x units on each side and
it has an area of x x x = x? units. This tile is labelled-as/ X s
x? tile. The white squared tile represents —x2. Both grey

and white squared tiles form a zero pair.

Example 1: Find common factor of x? + 2% concretely, pictorially and symbolically

Solution: We arrange one x tile and two ¥ tiles into a rectangle.

Concretely (\Pivctorially Symbolically
x 1 1 < x X+ 2
2 —
X & , x~+2x=x(x+2)
(& | < = 2
~

4.1.2 Trinomial Factoring
Trinomial factoring is converting trinomial expression as a product of two binomial
expressions. A trinomial is an expression with three terms and binomial is an
expression with two terms.

For example, x> + 4x + 4 and 3x> — x — 2 are trinomials whereas x + 2 and 3x — 1 are

binomials.

Divide students into groups. Divide some trinomial expressions and algebraic tiles of different sizes
made from the cardboard among the students. Ask students to factorize the given expressions concretely.
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Example 2: Factorize x> — 5x + 4 concretely, pictorially and symbolically.

Solution:
Concretely Pictorially Symbolically
We arrange one x’ tile,
five —x tiles and four unit «— x4 —
x —
tiles into a rectangle. p
x S R x?—5x 44

X X —4x

=x-1Dx=-4)

[ ]
[ ]
[ ]
[ ]

—X 4

Example 3: Factorize x* — 3x — 10 concretely, pictorially and-symbolically.

Solution:
Concretely we arrange one x? tile, three —x tiles and ten —1

tiles into rectangle. I:”:”:”:”:l
EREEN

X -1 -1 -1 -1 -1

We see that there are not enough rectangular tiles to make
a larger rectangle. To fix this issue, we add zero pair. X |:||:||:||:||:|
Adding two x tiles and two+—x tiles does not change the

iven expression because 2x— 2x = 0. +1|:”:”:”:”:”:|
R ¥ o

Pi@-ﬂy Symbolically
x-5

X =5
Ix‘ X -5 ¥ =3x-10=(x+2)(x - 5)
i
l+2 2x -10

4.1.3 Factorizing Quadratic and Cubic Algebraic Expressions
Type — I: Factorization of expression of the types x* + px + g and ax* + bx + ¢

The procedure is explained in the following examples to factorize the above type of
expressions:
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Example 4: Factorize: x> + 9x + 14

Solution: Two numbers whose product is Product of factors Sum of factors
+14 and their sum is 9 are +2, +7. 14x1=14 14+1=15
So, x?+9x + 14 7x2=14 7+2=9

=x*+2x+7x + 14
=x(x+2)+7(x+2)
=(x+2)(x+7)

Example 5: Factorize: x> — 11x + 24

Solution: Two numbers whose product is +24 and their sum is <1 hare -8, 3.

So, x2—11x+24 Product ofﬁ@ ’ Sum of factors
- 8 3=24 g+3=11
=x(x—8)-3(x—8) (E8)x (3) =24 8-3=-11)
=(x-8)x-3) 6x4=24 6+4=10

12x2=24 12+2=14

Example 6: Factorize: p> + 11p + 18

Solution: p*>+11p+ 18

29 +2p+ 18 v 9+2=11,9x2=18
=p(p +9)+2(p +9)
=(p +9(p£2)

In all quadratic trinomials factorized so far, the coefficient of x* was 1. We will now
consider cases where the coefficient of x? is not 1.

Example 7: Factorize: 2x> + 17x + 26

Solution:
Step — I+ Multiply the coefficient of x? with constant term. i.e.,
2x26=52
Step — II: List all the factors of 52:
1,52 -1,-52 Remember!
2,26 -2,-26 An expression having degree 2 is called a
4,13 4,13 quadratic expression.
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Step — III: Sum of factors equals middle term (17)
Factorize the following expressions:
1+52=53 -1-52=-53 0 P4 Tr— 18
2+26=28 —2-26=-28 (i1) £-5t-24
4+13-17 —4-13=-17 (i) 67-y-12
Step — I'V: Change the middle term in the given expression
2x* + 17x + 26

=2x2+4x+ 13x+26

Step — V: Take common from first two terms and last two terms
=2x(x +2)+ 13(x +2)
Step — VI: Again, take common from both terms
=(x+2)2x+13)
Example 8: Factorize: 3x* — 4x — 4
Solution: 3x? —4x — 4
=3x+2x - 6x—4 v 2x(-6)=-12,+2-6=—-4
=x(3x +2)-203x+2)
=GBx+2)(x-2)

@ (EXERCISE 4.1 )

1. Factorize by identifying common factors.

(i) 6x +12 (i) 1502 +20y (iii) —12x*—3x

(iv) “4d*b + 8ab? (v) xy — 3x% + 2x (vi)  3a’b—9ab* + 15ab
2. Factorize:

(1) Sx+15 (i) x*+4x+3 (iii)) x*+6x+8

(iv) x*+4x+4
3. Factorize:
(1) X 4+x—12 (i) x*+7x+10 (iii) x*—6x+38
(iv) x*-x-56 (v) x*—10x-24 (vi) Y +4y-12
(vii) y*+13y+36  (viii)) x*—x-2
I 69 .
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4. Factorize:
(1) 2x2+7x+3 (i1) 22+ 11x+15 (i) 4x*+13x+3
(iv) 3x*+5x+2  (v) 3y -1ly+6 (vi) 22 -5y+2
(vii) 4z2-11z+6  (viii) 6+ 7x—3x?
Type — II: Factorization of the expression of the types a* + a’b* + b* or a* + b*
Let’s factorize the first expression
a*+a’b* + b*
— a4 + b4 + a2b2
— (a2)2 + (b2)2 + a2b2
=(a®)? + (b?)* + 2a*h?* — 2a°b* + a*h*  (Adding and subtracting 2a°b?)
— ((12 + b2)2 _a2b2

. 22 ) Remember!
=(a"+b°)" —(ab) @ — b =(a—b)a+b)
=(a* + b —ab) (& + b? + ab) (a+b)=d+2ab+ b
=(a*—ab+ b*) (a* + ab + b?) (a-bP=a*-2ab+1*
Example 9: Factorize: x* + x> + 25
Solution: xt+x2+25
=x*+25+x°

= ()? + (5> + 2(x)(5) — 2(x*)(5) + x> (Adding and subtracting 2(x?)(5))
= (2 +5)% — 10x% A2

= (x2 + 5)2 — Ox? e Prepare cards by writing several expressions.

— (xz + 5)2 A (3x)2 e Divide students in small groups.

e Each group will draw a card and factorize the
=(*£5-3x) (x> + 5+ 3x) expression.

= (x2 —3x+5) (x2 +3x+5) e The group which completes the most correct
factorizations in a set time will win.

Example 10:_Factorize: x* + y*

Solution: xt oyt
= (@ + (7
=2+ (2 +209)(0%) -2(x>)(3*)  (Adding and subtracting 2x%?)
=@+ - 2xy)
= (2437 - 2x9) (2 + 32+ 2p)
= (= V2xy +)?) (2 + 2y +)?)
4 70 A |
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Mathematics - 9 Unit — 4: Factorization and Algebraic Manipulation

Example 11: Factorize: a* + 64
Solution: a* + 64
= (@) + (87
= (a®)* +(8)* + 2(a®)(8) — 2(aH)(8) (Adding and subtracting 2(a?)(8))
=(a* + 8)* — 164?
= (a2 + 8)° — (4a)?
=(a*+ 8 —4a) (a* + 8 + 4a)
=(a*—4a+8) (a*+4a+38)
Type — III: Factorization of the expression of the types
o (ax*+bx+c)ax*+bx+d)+k

* (xta)x+b)(xto)x+d) +k
s (xt+a)(x+bx+co)x+d)+ kP

For explanation consider the following examples:
Example 12: Factorize: (x? + 5x + 4)(x* + 5x + 6) = 3

Solution: (x> + 5x + 4)(x* + 5x + 6) — 3
=(y+4)(+6)-3 (Lety=x*+5x)

=y*+6y+4y+24-3

=)+ 10y +21

=y + Ty +3y 421

=y +7) 130+ 7)

=D +3)

= @3+FS5x +7) (x* + 5x + 3) (- y=x>+5x)
Exampléd3: Factorize: (x +2)(x + 3)(x + 4)(x + 5) - 15
Solution: (x +2)(x + 3)(x + 4)(x + 5)— 15
Re-arrange the given expression because 2 +5=3 + 4

[(c+2) (x + 5)][(x +3)(x +4)] - 15

=2+ 5x+2x+10) (x> + 4x +3x +12) - 15

=2+ Tx+10)(x*+7x+12)-15

=@+ 10)(y+12)—15 (Lety=x*+7x)
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=3+ 12y + 10y + 120 - 15
=12 +22y+ 105
=y*+ 15y + 7y + 105
=y(y+ 15)+7(y + 15)
=@+ 150y +7)
=2+ Tx+ 152+ 7x+7) (+y=x*+7x)
Example 14: Factorize: (x — 2)(x + 2)(x + 1)(x — 4) + 2x?
Solution: (x —2)(x +2)(x + 1)(x —4) + 2x?
= [(x=2)(x + D)][(x + D(x —H] + 247 [ (=2) x 25 1x(4)]
= -2)(x* —4x +x—4) + 2x?
= -4)(x*—3x—4)+2x*
= y(y — 3x) + 2x? (Lety=x*—4)
=37 —3xy + 2x?
=)? = 2xy —xy + 2x°
=p(y —2x) —x(y — 2x)
— (- 20)(y )
=4 -2x)(*-4-x) (vy=x>—4)
= -2x—4)*—x—4)
Type — IV: Factorization of the expression of the types
s & +3¢°b+3ab?* + b’
s @*=3a*h+3ab’ - b
Factorization of sueh types of expressions is explained in the following examples:

Example 15: “Factorize: 8x* + 60x* + 150x + 125
Solution:\ 8x° + 60x> + 150x + 125

Remember!

=(2x)° + 3(2x)*(5) + 3(20)(5)* + (5)’

LAY = 3 32k + 30 4 B
=(2x+5)3 (a+by=a +3ab+3ab"+b

(a—by =da’—3d’b+ 3ab* - b’

=2x+5)(2x+5)2x+5)
Example 16: Factorize: x* — 18x> + 108x — 216
Solution: x* — 18x* + 108x —216
= (¥)° = 3()*(6) + 3(x)(6)* — (6)°
=(x-6)
=(x—-6)(x—-6)(x—06)
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Type — V: Factorization of the expression of the types a* + b
The expression a® + b* is a sum of cubes and it can be factorized using the following
identity:
@+ b*=(a+ b)a*—ab+ b?
The expression a® — b* is a difference of cubes and it can be factorized using the
following identity:
a® —b*=(a— b)(a*+ ab + b?)
Example 17: Factorize: 8x° + 27
Solution:  8x° +27
=20 + (3’
= (2x +3)[(20)* - 20)(3) + (3)’]
= (2x +3)(4x* — 6x +9)

. 3 3 Do you know?
Example 18: Factorize: x° — 27y et
Solution: 37,3 (a+b)y#a+b
olution: X —Zly (a—b)z?faz—bz
=(x)’ - @3y’ (a+b) #a+ b
= (=3[ + (©)GY) + ()] (a-by#a -0
= (x = 3y)(¥* + 3xy + 97
{( EXERCISE 4.2 )

1. Factorize each of the following expressions:

(1) 4x* + 81y* (i)  a*+64b* (i) x*+4x*+16

(iv) x*—14x2%1 (v) x*=30x%%+ 9t (vi)  xP— TxH? +yt
2. Factorize each of the following expressions:
1 Gt DHx+)E+3)x+H+1 (1) x+2)x-TNx-4Hx-1)+17
(i) (27 + Tx +3)2x* + Tx+5)+ 1 (iv) Bx*+5x+3)3x*+5x+5)-3
(V) (x+ Dx+2)(x+3)x+6)—3x% (vi) (x+ D)x— D +2)(x—2)—16x>
3. Factorize:
(i) 8’ +12x°+6x+1 (i) 27a® +108a%b + 144ab® + 64b°
(iii) x>+ 18x%y + 108x)* + 216)° (iv) 8x*—125)° + 150x)* — 60x%y

4. Factorize:
(1) 1254° — 1 (i1) 64x> + 125 (111) x0—-27
(iv) 10004° + 1 (V) 343x% + 216 (vi) 27-5 12y3
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Unit — 4: Factorization and Algebraic Manipulation
4.3 Highest Common Factor (HCF) and Least Common

Multiple (LCM) of Algebraic Expressions
4.3.1 Highest Common Factor (HCF)

The HCF of two or more algebraic expressions refers to the greatest algebraic
expression which divides them without leaving a remainder.

We can find HCF of given expressions by the following two methods:
(a) By factorization (b) By division
(a) HCEF by Factorization Method
Example 19: Find the HCF of 6x%y, 9x)?
Solution: 6x’y=2 X3 XxXx Xy
Oxp?=3x3xxxyxy
HCF =3 xxxy (Product of common factors)
=3xy

Example 20: Find the HCF by factorization method x* — 27, x*> + 6x — 27, x> — 9
Solution: ¥ -27=x-33

= (x=3)[(®)* + B)x) + (3)]

= (x=3)(*+3x+9)

x>+ 6x—27=x>+9x3x-27
=x(x +9=3(x+9)
=x+t9)x-3)
x? -9 =32
=(x—=3)x+3)
Heneey, HCF =x -3

(b) HCF by Division Method
Examplé21: Find HCF of 6x° — 17x* — 5x + 6 and 6x> — 5x* — 3x + 2 by using
division method.

Solution: 1
6x° — 17x2—5x+6> 6x'— 5x°—3x+2

_6x3J—r 17)624—r 5x+6
12x* +2x — 4

Here, 12x* + 2x — 4 = 2(6x? + x — 2)
I 74 U
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2 is not common in both the given polynomials, so we ignore it and consider only
6x% +x — 2.
x—3
6x° +x-2) 6x' ~17x = 5x +6
6+ X 72
—18x" ~3x+6
2
118)6 _T_ 3x t 6

0

Hence, HCF = 6x*> + x — 2
4.3.2 Least Common Multiple (LCM)

The LCM of two or more algebraic expressions is the smallest-expression that is
divisible by each of the given expressions.

To find the LCM by factorization, we use the formula:
LCM = Common factors x Non-common factors
Example 22: Find the LCM of 4x?y, 8x°)°.
Solution: 4ty =2X2XxXxXy
8x’)? =2 X2 X2Xx XXX XXXy
Common factors = 2 X 2 X x X x X9 = 4x?y
Non-common factors =2 x x x.'= 2xy
LCM = Common factors x Non-common factors
=4’y 2xy = 8x’y*
Example 23: Find the’'LCM of the polynomials x* — 3x + 2, x> — 1 and x*— 5x + 4.
Solution: As~ x> -3x+2=x>—2x—-x+2
=x(x-2)-1(x-2)
=(x-2)(x-1)
And X¥*-1=(x-1)(x+1)
X—S5x+4=x’-4x—x+4
=x(x—4)-1(x—-4)
=(x-4)x-1)
Common factors =x — 1
Non-common factors = (x + 1)(x — 2)(x — 4)
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LCM = Common factors X Non-common factors
=x-Dxx+Dx-2)(x—4)
=@x-DEx+DHx-2)(x-4)

4.3.3 Relationship Between LCM and HCF
The relationship between LCM and HCF can be expressed as follows:
LCM x HCF = p(x) % g(x)
Where, p(x) = 1°" polynomial
g(x) = 2" polynomial
Example 24: LCM and HCF of two polynomials are x* — 10x? +I1x + 70 and x — 7.
If one of the polynomials is x> — 12x + 35, find the other polynomial.
Solution: Given that: LCM = x* — 10x* + 11x + 70
HCF=x-7
p(x)=x*—12x + 35
LCM x HCF
p(x)
_(x*—10x% + 11x+ 70)(x — 7)
- X —12x+35
x+2
¥ 128F35 ) 5~ 105 + 11x + 70
% £ 12x +35x
2x* — 24x + 70
_2)(2 ¥ 24x+70
0

As we know that: q(x)=

So, g(x) =(x+2)(x—-7)
=x>—Tx+2x—14
=x*-5x—14
Example 25: The LCM of x%y + x)* and x* + xy is xy(x + y). Find the HCF.
Solution: Given that: LCM = xy(x + y)
HCF =?
1 polynomial = x%y + x)?

2" polynomial = x? + xy
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As we know that:  LCM x HCF = Product of two polynomials
Product of two polynomials
LCM
_ (Fy+ ) +xp)

xy(x+y)
_xy(x+ y)x(x+y)

xy(x+y)
=x(x+y)

¢(_EXERCISE 4.3 )
1. Find HCF by factorization method.

HCF =

(i)  21x%, 3507 (i) 4x?—9y%2x%~ 3xy

(i) ¥*-1,x*+x+1 (iv) o +#2a*—3a,2d’ + 54° - 3a

(V) £P-=3t—4,2+5t+4,£—-1 (vi) #2+ 155+ 56, x>+ 5x—24, x> + 8x
2. Find HCF of the following expressions by using division method:

(1) 27x3 +9x? = 3x—10, 3x — 24 (i) X —9x?+23x—15, x> —4x+3
(iil) 23+ 2% +2x+2, 6x3 +12x* %+ 6x+ 12
(iv) 2x°—4x?—16x, x* —4x, 3x>—6x

3. Find LCM of the following expressions by using prime factorization method.
(i)  2a*b, 4ab?, 6ab () x*+x, x>+
(i) a*—4a+4,d~2a (iv) x*—16, x> —4x

(v) 16 —4x?,x*+x—6, 4—x?
4. The HCF of two-polynomials is y — 7 and their LCM is y* — 10y* + 11y + 70. If
one of the polynomials is y* — 5y — 14, find the other.
5. The EEM-and HCF of two polynomial p(x) and g(x) are 36x>(x + a)(x* — a’) and
x*(x,—d) respectively. If p(x) = 4x*(x* — a?), find g(x).
6. The HCF and LCM of two polynomials is (x + @) and 12x*(x + a)(x* — a%)
respectively. Find the product of the two polynomials.

4.4 Square Root of an Algebraic Expression
The square root of an algebraic expression refers to a value that, when multiplied by
itself, gives the original expression. Just like finding the square root of a number, taking
the square root of an algebraic expression involves determining what expression, when
squared, results in the given expression.
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For example, square root of 4a? is + 2a because 2a x 2a = 4a* and (-2a) x (2a) = 4a*

There are following two methods for finding the square root of an algebraic expression:
(a) By factorization method (b) By division method

(a) Square Root by Factorization Method

Example 26: Find the square root of the expression 36x* — 36x* + 9
Solution: 36x* —36x° + 9

=9(4x* —4x* + 1)

=9[(2x*) = 2(2x)(1) + (1)]

= 22— 1)

Taking square root on both sides

V36x* —36x7 +9 = |32(2x° — 1)’
=+3(2x* - 1)
(b) Square Root by Division Method

When the degree of the polynomial is higher, division method in finding the square
root is very useful.

Example 27: Find the square root.of the polynomial x* — 12x* + 42x* — 36x + 9.

Solution: Multiply x* by x* to get x* X —6x+3

Multiply the quotient (x?)*by’2, so we get 2x°. By ! if 12 AR S 360t

dividing —12x> by 2x?{'We get —6x. By continuing in PN TR

this way, we get the remainder. +12x" +36x°

Hence, square'toot of x* — 12x> + 42x> —36x + 9 is  2x'-12x+3 6x" —36x +9

i(x2—6x+3) 76xzjr36xj-9
0

4.4.1 Real World Problems of Factorization
In this section, we will apply the concept of factorization of quadratic and cubic
algebraic expressions to real world problems such as engineering, physics and finance.

Example 28: Cost function for producing a part is modeled by:

C(x) = 5x* — 25x + 30
Where x is the width of the component and C(x) is the cost. Find the value of x where
C(x) is minimum.
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Solution: C(x) = 5x* = 25x + 30

= 5% —5x+6)

=5(x?-2x—3x+6)

=5[x(x—2)—3(x—-2)]

=5(x-2)(x—-3)
Thus, the minimum cost occurs when x =2 or x = 3.
Example 29: The potential energy U(x) of a particle moving in a cubic potential is
expressed as:

Ulx)=x>—6x>+ 12x -8

Factorize the expression to find the points where the energy in minimized.

Solution: Ux)=x>—6x>+12x -8
= () =3(0)*2) + 3(x)(2)° - (2)°
=(x-2)

=(x-2)(x-2)(x-2)
The factorized form of the potential energy function shows that the energy is minimized
atx =2.
Example 30: A company’s profit P(x) is. modeled by the quadratic equation:
P(x)=-5x*+ 50x — 120
Where x represents the number of units produced and P(x) represents the profit in
dollars. Find how many units should be produced to maximize profit.
Solution: P(x) = —5x* +50x— 120
= 5(>="10x + 24)
=<L5[x% — 4x — 6x + 24]
= 5[x(x —4) — 6(x — 4)]
=-5x-4)(x-6)
We can see that profit will be 0 when x = 4 or x = 6. As coefficients of x? is negative,
the maximum profit occurs at the midpoint between 4 and 6.
po A6 _10_¢
2 2
Thus, the company should produce 5 units to maximize profit.

@ EXERCISE 4.4 )

Which 1s:

1. Find the square root of the following polynomials by factorization method:
(i x*-8x+16 (i) 9*+12x+4
(iii) 36a*+ 84a+49 (iv) 647 -32y+4
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(v) 200 —120¢+18 (vi) 40x*+ 120x + 90

2. Find the square root of the following polynomials by division method:
(1) 4x* —28x3 +37x* +42x + 9
(i1) 121x* — 198x — 183x? + 216x + 144
(i)  x*—10x%y +27x%2 - 10x)° +)*
(iv)  4x*—12x° +37x2—42x + 49
3. An investor’s return R(x) in rupees after investing x thousand rupees.is given
by quadratic expression:
R(x)=—x*+6x-38
Factorize the expression and find the investment levels thatresult in zero return.
4. A company’s profit P(x) in rupees from selling x units of a-product is modeled
by the cubic expression:
P(x)=x*—15x* + 75 x -A25
Find the break-even point(s), where the profit is Zero.
5. The potential energy V(x) in an electric field varies as a cubic function of
distance x, given by:
V(x) = 2x° — 6x% + 4x
Determine where the potential energy is zero.
6. In structural engineering, the'deflection Y(x) of a beam is given by:
Y(x)=2x>-8x+6
This equation gives the vertical deflection at any point x along the beam. Find
the points of zero deflection.

@(REVIEW EXERCISE 4)p

1. Four options are given against each statement. Encircle the correct option.
1.«._The factorization of 12x + 36 is:
(a 12(x+3) (b) 12(3x) (¢) 123x+1) (d)  x(12+36x)

ii. The factors of 4x% — 12x+ 9 are:

(a) (2x+ 3)2 (b)) (2x- 3)2
© (2x-3)2x+3) ) (2+ 302 3x)
iii. The HCF of &’°b® and ab’ is:
@ o' b)  ab? © a'b’ d o
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iv. The LCM of 16x%, 4x and 30xy is:

(a) 480x°y (b)  240xy (c) 240x%y (d) 120x*y
v. Product of LCM and HCF = of two polynomials.
(a) sum (b) difference (c) product (d) quotient

vi. The square root of x*> — 6x + 9 is:

(@ £(x=3) (b)) £x*3) (o x-3 (d) <« x+3
vii. The LCM of (a — bY? and (a — b)* is:

(@ (a-b)y (b) (a-b) (c) (a—b)* @ (a-b)

viii. Factorization of x> + 3x%> + 3x + 1 is:

(@ +1) b)  (z )
() x+DH*+x+1) (d) (x—DE*—x+1)
ix. Cubic polynomial has degree:
(@) 1 (b) 2 (cy 3 (d 4
X. One of the factors of x* — 27 is:
@ x-3 b) x+3 (c) x*-3x+9 (d) Bothagandc
2. Factorize the following exptessions:
(i) 4x3 4+ 18x% — 12% () x*+64°
(i) xH*-8 (iv) —x*-23x-60
(v) 2x2+ 7%+ 3 (vi) x*+64
(vii) x*+2x¥°+9 (viil)  (x +3)(x + 4)(x + 5)(x + 6) — 360

(ix) N 6x + 3)(x* + 6x —9) + 36
3. Find LCM and HCF:

(@) 4x3 4+ 12x%, 8x*+ l6x (i) X +3x%—4x, x> —4x+3
(i) x*+8x+16,x*—16 (iv) -9, x*-x-6
4. Find square root by factorization and division method of the expression

16x* + 8x% + 1.
5. Huria is analyzing the total cost of her loan, modeled by the expression

C(x) = x* — 8x + 15, where x represents the number of years. What is the
optimal repayment period for Huria's loan?
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Linear Equations
and Inequalities

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Solve linear equations and inequalities with rational coefficients and represent the solution set
on areal line.

» Solve two linear inequalities with two unknowns simultaneously.
» Interpret and identify regions in plane bounded by two linear inequalities in twe unknowns.

» Find maximum and minimum values of a function using points in the feasiblesolution.

INTRODUCTION

Linear equations and inequalities are widely used in various.fields to model and solve
real-world problems. They help in understanding relationships between variables and
making decisions. In this unit, our main goal ‘will be to optimize (maximum or
minimum) a quantity under consideration subject to certain constraint restrictions.

5.1 Linear Equation

An equation of the form ax + b = 0 where ‘a’ and ‘b’

Remember!

ax+b=0and a # 0 is also
called the general form of
linear equation in one variable..In linear equation, the | linear equation in one variable.

are constants, a # 0 and ‘x’ is a variable, is called a

highest power of the variableiis-always 1.

5.1.1 Solving a Linear Equation in One Variable

Solving a linear equation in one variable means finding the value of the variable that
makes the equation true. To solve the equation, the goal is to isolate the variable on one
side of the equation and determine its value.
Steps to Solve a Linear Equation in One Variable
Simplify Both Sides (if necessary)

e Combine like terms on each side of the equation.

o Simplify expressions, including distributing any multiplication over

parentheses.

Isolate the Variable Term
e Move all terms containing the variable to one side of the equation and all
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constant terms numbers to the other side. We can do this by adding or
subtracting terms from both sides of the equation.
Solve for the Variable
e Once the variable term is isolated, solve for the variable by dividing or
multiplying both sides of the equation by the co-efficient of the variable.
Check Your Solution

e Substitute the solution into the original equation to ensure that solution is
correct.

Example 1: Solve the following equations and represent their solutions on real line:
x—2 x—4y
5 2

(i) 3x—5=7 (ii)

Solution: (i) 3x-5=7

3x=5+5=T7+45 Remember!
3x=12 A linear equation in one
3Ix 12 variable has only one solution.
x 3
x=4
Check: Substitute x = 4 into the original equation
34)-5=7
12-5=7
7=T

So, x =4 is a solution because it makes the original equation true.
Representation of the solution on a number line:

— t t t t t t o >
-4 -3 2 -1 0 1 2 3 4 5
Fig. 5.1
. =2 x—4
(ii) 3 5 -z > =2 Remember!
L _ We check the solution after solving linear
2(x 2)1 05(x 4) =2 equation to ensure the accuracy of our work.

2x—4-5x+20 )
10
-3x+16 _y

10
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3416 10— 2x10

-3x+16=20
-3x+16-16=20-16
-3x=4

Check: Substitute x = —% into the original equation

4, 4y
3 3 -9
5 2
-4-6 -4-12
= 3 3 o
5 2
-10 -16
s —_—
15 6
= _2+§=2
3 3
N —2+8:2
3
= é=2
3
= 2=2

4. . : .
So, x= N 1s the solution of given equation.

Representation of the solution on a number line:
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5.2 Linear Inequalities

Inequalities are expressed by the following four symbols:

> (greater than), < (less than), > (greater than or equal to), < (less than or equal to)
For example,

(1) ax<b (i) ax+b>c () ax+tby>c (V)ax+by<c
are inequalities. Inequalities (i) and (ii) are in one variable while inequalities (iii) and
(iv) are in two variables. The following operations will not affect the order-of
inequality while changing it to simpler equivalent form:

(1) Adding or subtracting a constant to each Do you know?

side of it. The order of an inequality is
changed ~by| multiplying or
dividing ‘each side by a negative
positive constant. constant.

i1) Multiplying or dividing each side by a

Example 2: Find solution of %x—l < 0 and also represent it on a real line.

Solution:

2
—x—-1<0 1
3 (1)
2

= —x<1
3

= 2x<3
x< =

It means that all.real numbers less than % are in the solution of (i)

Thus, the interval (—oo,%) or —0 < x< %is the solution of the given inequality which

is shown'in figure 5.3

. 3
Fig. 5.3

We conclude that the solution of an inequality consists of all solutions of the inequality.
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Following are the inequalities and their solutions on a real line:

Inequality Solution Representation on real line
x>1 (I,o) or 1< x<
x<1 (—0,1) or —o< x< 1
x>1 [l,0) or 1< x<o0
x<l1 (—oo,1] or —o< x<1

5.2.1 Solution of a Linear Inequality in Two_Variables
Generally, a linear inequality in two variables x and\y can be one of the following
forms:

ax+by<c; ax+by>c; _ax+by<c, ax+by=>c
Where a, b, ¢ are constants and a, b are not both zero.
We know that the graph of linear equation of the form ax + by = c is a line which
divides the plane into two disjoint regions as stated below:
(1) The set of ordered, pairs (x, y) such that ax + by < ¢
(i1) The set of ordered pairs (x, y) such that ax + by > ¢

The regions (1) and (ii).are called half planes and the line ax + by = c is called the
boundary of each half plane.

Note that a vertical line divides the plane into left and right half planes while a
non-verticalline-divides the plane into upper and lower half planes.

Remember:

A solution of a linear inequality in x and y is an ordered pair of numbers which satisfies the
inequality.

For example, the ordered pair (1, 1) is a solution of the inequality x + 2y < 6 because 1+ 2(1) =3<6
which is true.

There are infinitely many ordered pairs that satisfy the inequality x +2y<6, so its
graph will be a half plane.

Note that the linear equation ax + by = c is called "associated or corresponding
equation" of each of the above-mentioned inequalities.
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Procedure for Graphing a linear Inequality in two Variables

(1) The corresponding equat1.on o'f the 1n'ec!uahty
is first graphed by using 'dashes' if the |, point is a point selected to

inequality involves the symbols > or < and a | determine which side of the

solid line is drawn if the inequality involves | boundary line represents the
th bols > or < solution region for an inequality.
© Symbols = or =. Usually, we take origin (0,0) as a

(i) A test point (not on the graph of the | testpoint.

. . . . e If the inequality holds true with
corresponding equation) is chosen which the test point, the région

determines on which side of the boundary line containing this point is part of
the half plane line. the solution.
o If the inequality is false, the
Example 3: Solve the inequality x + 2y < 6. opposite % région is the

solution region.

Solution: The associated equation of the inequality
x+2y<6 (1)
is x+2y=6 (i1)
The line (ii) intersects the x-axis and y-axis at

(6, 0) and (0, 3) respectively. As no point of the
line (ii) is a solution x of the inequality (i), so'the
graph of the line (ii) is shown by using dashes.
We take O (0, 0) as a test point because, it.is not
on the line (ii).

Substituting x = 0, y = 0 in the expression x + 2y
gives 0 —2(0) =0 < 6. So, thepoint (0, 0) satisfies
the inequality (i). Any other point below the line

Fig. 5.4 (a) Y’

(i1) satisfies the inequality (i), that is all points in
the half plane containing the point (0,0) satisfy
the inequality ().

Thus, theigtaph of the solution set of inequality
(1) 1s.a region on lies the origin-side of the line
(i1), that“is, the region below the line (ii). A
portion of the open half plane below the line (ii)
is shown as shaded region in figure 5.4(a)

Note:

All points above the dashed line satisfy the

Y' Fig. 5.4 (b)

inequality x + 2y > 6 so on (iii).
A portion of the open half plane above the line (ii) is shown by shading in figure 5.4(b).
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Note: 1. The graph of the inequality x + 2y <6 ...(iv) includes the graph of the line (ii).
The open half-plane below the line (ii) including the
graph of the line (ii) is the graph of the inequality
(iv). A portion of the graph of the inequality (iv) is
shown by shading in fig. 5.4 (c).

Note: 2 All points on the line (i1) and above the line
(i1) satisfy the inequality x + 2y > 6 ... (v). This
means that the solution set of the inequality (v)

consists of all points above the line (ii) and all points

on the lines (i1). The graph of the inequality (v) is
partially shown as shaded region in fig. 5.4 (d).

Note: 3 The graphs of x + 2y <6 and x + 2y > 6 are
closed half planes.

Example 4: Solve the following linear inequalities

in xy-plane:
(1) 2x>-3
(i1) y<2

Solution: (i) The inequality, 2x> — 3 in xy-plane
is considered as 2x+0¢>-3 and its solution set Y" Fig. 54 (d)

consists of all point (x,4)

such that x, y € R and xz_g

The corresponding equation of the given inequality
is 2x =3 ...(a)

which is a vertical line (parallel to the y-axis) and its
graph is drawn in figure 5.5(a).

Thus, the graph of 2x > — 3 consists of boundary line

and the open half-plane to the right of the line (a).

(i1) The associated equation of the inequality
y<2is y=2
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which is a horizontal line (parallel to the x-axis) and

TY
its graph is shown in figure 5.5 (b). Here the solution 1
set of the inequality y < 2 is the open half plane )
below the boundary line y = 2. Thus, the graph of T . >
D S A e e

y<2 consists of the boundary line and the closed half X’ 0 X
plane below it. 1

5.2.2 Solution of Two Linear

Fig.5.5(b) 1Y
Inequalities in Two Variables

The graph of a system of linear inequalities consists of the set of all ordered pairs (x, y)
in the xy-plane which simultaneously satisfies all the inequalities.in the system. To find
the graph of such a system, we draw the graph of each inequality ‘in the system on the
same coordinate axes and then take intersection of all the graphs. The common region
so obtained is called the solution region for the systemof inequalities.

Example S: Find the solution region by drawingthe graph of the system of inequalities

x—2y<6
2x +y=2
Solution: x -2y <6 ...(1)
2x+y>2 ...(1)
The associated equation of (1) is
x—2y=6 Sn(111)
For x-intercept, put y = Qan-(uii), we get
x—20)=6
x—-0=6
= x = 6,50 the point is (6, 0)
For y-intetcept,; put x = 0 in (ii1), we get
0=2y=6
= —2y=6
= y= 6 - -3, so the point is (0, —3)

The graph of the line x — 2y = 6 is drawn by joining the points (6, 0) and (0,—-3). The
point (0, 0) satisfies the inequality x — 2y < 6 because 0 — 2(0) = 0 < 6. Thus, the graph
of x — 2y < 6 isthe upper half-plane including the graph of the line x — 2y = 6. The
closed half-plane is partially shown by shading in figure 5.6 (a).
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The associated equation of (ii) is

2x+y=2 ...(1v)
For x-intercept, put y = 0 in (iv) , we get
2x+0 =2

= 2x =2

= x =1, so the point is (1, 0)

For y-intercept, put x =0 in (iv), we get
200)+y =2

= y =2, so the point is (0, 2)

We draw the graph of the line 2x +y =2
joining the points (1, 0) and (0, 2). The
point (0, 0) does not satisfy the inequality
2x +y>2because 2(0) + 0=0 # 2. Thus,
the graph of the inequality 2x + y > 2 is
the closed half-plane not on the origin-
side of the line 2x + y = 2 and partially
shown by shading in figure 5.6 (b).

The solution region of the given system
of inequalities is the intersection” of the

Fig. 5.6 (¢)

graphs indicated in figures 5.6 (a) and
5.6 (b) is shown as shaded ‘region in
figure 5.6 (c).

{(EXERCISE5.1))
1. Solve and represent the solution on a real line.
. .. 3x 1
i 12x+30=-6 1 Xi6=-12 i) T-_2X__-
(1) (i) - (iii) ET
. 2x—1 3x 5 . —S5x 10
v 2=7 2x +4) + 12x \% — = == vi) —=9__—
(iv) ( ) ) 1% (vi) o 5>
2. Solve each inequality and represent the solution on a real line.
(1) xX—6<-2 (i1) -9>-16+x (i) 3+2x =3
(iv)  6(x+10)<0 (V) %"‘%ﬂ__zl (vi) ix—%£—1+%x
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3. Shade the solution region for the following linear inequalities in xy-plane:
(1) 2x+ y<6 (i1) 3x+7y=21 (1)) 3x-2y=6
(1v) S5x—4y<20 (v) 2x+12>0 (vi)  3y-4<0
4. Indicate the solution region of the following linear inequalities by shading:
(1) 2x—-3y <6 (11) x+y=5 (111) 3x+7y=21
2x+3y=<12 —y+x<1 x— y<2
(iv)  4x-3y<I2 (v) 3x+7y=21 (vi)  5x+7y<35
y<4 x—2y<2
xX2——

5.3 Feasible Solution

While tackling a certain problem from everyday life each linear.inequality concerning
the problem is named as problem constraint. The system of linear inequalities
involved in the problem concerned is called problem constraints. The variables used
in the system of linear inequalities relating to the problems of everyday life are non-
negative and are called non-negative constraints. These non-negative constraints play
an important role for taking decision. So, these'variables are called decision variables.
A region which is restricted to the first quadrant is referred to as a feasible region for
the set of given constraints. Each point of the feasible region is called a feasible
solution of the system of linear inequalities (or for the set of a given constraints).

Example 6: Shade the feasibleiregion and find the corner points for the following

system of inequalities (or subject to the following constraints).
x—y<3
x+2y<6,. x>0, y=>0

Solution: The associated equations for the

inequalities
x—py<3... (1) and x+2y<6... (i)
arex—y =3 .. (i) and x+2y=06...(iv)

As the points (3, 0) and (0,-3) are on
the line (iii), so the graph of x —y =3 Fig. 5.7 (a) Y’

is drawn by joining the points (3, 0)
and (0,-3) by solid line.
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Similarly, line (iv) is graphed by joining
the points (6, 0) and (0, 3) by solid line.

For x =0 and y = 0, we have;
0-0=0<3and0+2(0)=0<6

So, both the closed half-planes are on

the origin sides of the lines (iii) and (iv).

The intersection of these closed half-
planes is partially displayed as shaded
region in fig. 5.7(a).

The graph of y > 0, will be the closed
upper half plane. The intersection of
graph shown in figure 5.7(a) and closed
upper half plane is partially displayed
as shaded region in figure 5.7 (b).

The graph of x > 0 will be closed right
half plane. The intersection of the graph
shown in fig. 5.7(a) and closed xight
half plane is graphed in fig. 5.7(¢):

Finally, the graph of the given system
of linear inequalities/is displayed in
figure 5.7 (d) which is the feasible
region for the/given system of linear
inequalities! The points (0, 0), (3, 0),
(4, 1).and (0, 3) are corner points of the

feasible region.

Remember!

A point of a solution region where two of
its boundary lines intersect, is called a
corner point or vertex of the solution
region.
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5.3.2 Maximum and Minimum Values of a Function in the Feasible
Solution

A function which is to be maximized or minimized is called an objective function.

Note that there are infinitely many feasible solutions in the feasible region. The feasible

solution which maximizes or minimizes the objective function is called the optimal

solution.

Procedure for determining optimal solution

(1) Graph the solution set of linear inequality constraints to determing' feasible
region.

(i)  Find the corner points of the feasible region.

(i)  Evaluate the objective function at each corner point to find the‘optimal solution.

Example 7: Find the maximum and minimum
values of the function defined as:

fy)=2x+3y
subject to the constraints;

x—-y<2
x+y<4
x>0,y>0
Solution: x—y<2 ..(1)
x+y<4 ...(10)

The associated equation of (i).1s

x—y=2
x-intercept and y-intercept of x — y = 2 are
(2, 0) and (0, —2) respectively. The graph of
the line x —y =-2 is drawn by joining the
points (2, 0)“and (0, —2). The point (0,0)
satisfies~the inequality x — y < 2 because
0—0=0<2. Thus, the graph of x —y <2 is
the upper half-plane including the graph of

X!
the line x — y = 2. The closed half-plane is
partially shown by shading in figure 5.8(a).

. . N
The associated equation of (ii)) isx +y =4 Fig. 5.8 (b)
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x-intercept and y-intercept of x +y = 4 are (4, 0) and (0, 4) respectively. The graph
of the line x + y = 4 is drawn by joining the points (4,0) and (0,4). The point (0, 0)
satisfies the inequality x + y <4. The closed half-plane is partially shown by shading in
figure 5.8 (b).

Fig.5.8(c) LV

The graph of x > 0 and y > 0 is shown by shading
in figures 5.8 (¢) and 5.8 (d) respectively.
The feasible region of the given system (of
inequalities is the intersection of the graphs
indicated in figures 5.8 (a), 5.8 (b), 58 (c)'and
5.8 (d) and is shown as shaded region ABCD in
figure 5.8 (e).
Corner points of the feasible /fegion are (0, 0),
(2, 0), (3, 1) and (0, 4). New;.we find values of
f(x, y)=2x+3y at the corner points.
£(0,0)=2(0)*3(0)=0
f(2,0)=2(2)+3(0)=4
B, D=23)+3(1)=9
£(0,4)=20)+34)=12
Thus;the minimum value of fis 0 at the corner point (0, 0) and maximum value of f'is

Fig. 5.8 (e) Y’

12 at corner point (0,4).

{( EXERCISES5.2 )

1. Maximize f (x, y) = 2x + 5y; subject to the constraints
2y—x<8 5 x-y<4 ; x=0; y=0
2. Maximize f'(x, y) = x + 3y; subject to the constraints
2x+5y<30 ; 5x+4y<20 x=205;y20

4 94 .
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3. Maximize z = 2x + 3y; subject to the constraints:
2x+y<4 ; 4x—-y<2 ; x>0: y>0
4. Minimize z = 2x + y; subject to the constraints:
x+y>3 ; Tx+5y<35 ; x>0; y>0
5. Maximize the function defined as; f(x, ) = 2x + 3y subject to the constraints:
2x+y<10 x+2y<14 x>0, y=0
6. Find minimum and maximum values of z = 3x + y; subject to the constraints:
3x+5y>15 x+3y<9 x=20; y=0
@(REVIEW EXERCISE 5 )P
1. Four options are given against each statement. Encircle the correct one.
1. In the following, linear equation is:
(a) 5x>7 (b)) 4x-2<1
() 2xtl1=1 (d 4=1+3
11. Solution of 5x — 10 =10 is:
(@ o0 (b) 50
© 4 (d) -4
1. If 7x + 4 < 6x + 6, then x belongs to the interval
(@) (2,0 (b) [2,0)
(© (,2) (d) (=0, 2]
iv. A vertical line divides the plane into
(a) left half plane (b) right half plane
(c) «fulliplane (d) two half planes
v. The equation formed from the linear inequality is called
(a)., cubic equation (b) associated equation
(¢) quadratic equation (d) feasible region
vi. 3x+4<0is:
(a) equation (b) inequality
(c) notinequality (d) identity
vii.  Corner point is also called:
(a) code (b) vertex
(c) curve (d) region
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Viil.

iX.

(0,0) is solution of inequality:

(a) 4x+5y>8 (b) 3x+y>6

(c) —2x+3y<0 (d x+y>4

The solution region restricted to the first quadrant is called:

(a) objective region (b) feasible region
(c) solution region (d) constraints region
A function that is to be maximized or minimized is called:

(a) solution function (b) objective function
(c) feasible function (d) none of these

Solve and represent their solutions on real line.

. x+5 . 2x+1 1 x—1

(1) T—l—x (1) 3 +5_1_T

(i) 3x+7<16 (iv)  5@—3)>26x—(10x+4)
Find the solution region of the following lin€arequalities:

(1) 3x-4y<12 ; 3x+2y>3

(1) 2x+y<4 ; xX+2y<6

Find the maximum value of g (x,y) =& + 4y subject to constraints
x+y<4,x>0andy=>0.

Find the minimum value of /' (x;32) = 3x + 5y subject to constraints
x+3y>3, x+ty=>2, x>0, y=0.

4 96 .
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Trigonometry

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Identify angles in standard positions expressed in degrees and radian.

» Apply Pythagoras theorem and the sine, the cosine and tangent ratios for acute angles of a
right angle.

»  Solve real life trigonometric problems in 2-D involving angles of elevation and depression
»  Prove the trigonometric identities and apply them to draw different trigonometric relations.
»  Solve real life problems involving trigonometric identities.

INTRODUCTION

Trigonometry is a branch of mathematics that deals with the'telationships between the
angles and sides of a triangle, especially right-angled,triangle. It plays a vital role in
various fields such as physics, engineering, “architecture and astronomy. The
trigonometric concepts can solve problems involving angles and distances that appear
in real-life situations such as calculating<the’ height of buildings, distance between
objects and angle measurements in navigation:.

Brain teaser!

6.1 Identifying Angles in Standard The plane geometry s the study

Position (Degrees.and Radians) |of two dimensional figures.
What is Euclidean geometry?

A plane figure which is formed by two rays sharing a
common end point is called-an angle. The two rays are 4

known as the sides of the angle. The common end point .
Terminal arm

/ Initial arm

é,

1s known as vertex. The amount of rotation or measure

of o&r&ing between these rays is called an angle. 04 Virtex

and OB are rays and angle is AOB. Written as ZAOB
or AOB..

The angle is said to be in standard position if: Types of angles are:

) o * Acuteangle 0<6<90°
(a) Its vertex is located at the origin of the |. (piuee angle 90° < 0 < 180°

coordinate plane. * Rightangle 6 =90°

(b) One of its rays (the initial side) lies along the |* Straightangle 6 =180°
¢ Reflex angle 180° <0 <360°

* Full rotation 6 =360°

positive x-axis.

4 97 .
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() The other ray (the terminal side) determines the direction of the angle.

An angle is measured from the initial side to the terminal side. It is usually represented

by Greek letters 0, a, 3, etc.

Positive angles

The angle will be positive if the terminal
side is rotated counterclockwise from the
initial side. The given angle is in 1%
quadrant

Negative angles

The angle will be negative if the terminal
side is rotated clockwise from the initial
side. The given angle is in 4™ quadrant

A »qy
Positive
angle
< R > < rd
O X oY/ X
Negative
angle
N\ v
Co-Terminal Angles &
. >
Co-terminal angles are angles that shate'the same &»\‘\
Q
initial side and terminal side in standard position, QK 405°

but they may have different measures. These angles
differ by a multiple of 360°%.0r2n'rad. For example,
45°,405° and —315° are €o-terminal angles because
405° =45° + 360° and~315° = 45° — 360°.

6.1.1 Degree-Measurement

R
N 315° Initial
arm

A\ 4

th
A degree (°)ds’a unit of measurement of an angle. It represents (3%) of a full rotation

around a point. In simpler terms, a degree is the measure of an angle, with a complete

circle being 360°.

cultures and mathematical traditions.

A\WAOVARTTIE S () ST V2 The choice of 360° to divide a circle dates back to the Babylonians,
who used a base-60 number system (sexagesimal system). They were among the first to formalize
the concept of angle measurement, and 360 was chosen likely because it is a highly composite
number (it can be divided by 2, 3, 4, 5, 6, 9, 10, 12, 15, and more), making calculations easier.
This system persisted throughout ancient times and degrees became entrenched in various
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Full Circle

A full rotation around a central point
forms an angle of 360°.

-y
N

&
<

Half Circle

A straight angle, or half of a full rotation, measures 180°. The
degree measure is further divided into minutes (") and_seé¢onds (").

1° = 60" (60 minutes)
1'= 60" (60 seconds)
1°=3600" (60 x 60 seconds)

Unit — 6: Trigonometry

Right Angle
One-quarter of a full rotation, or a 90°
angle, is called a right angle.

yl\

1N

Q
=WV

6.1.2 Converting Degrees to Minutes and Seconds
To convert decimal degrees to degrees, minutes and seconds (DMS), follow the steps:

e Separate the whole numberpart (degrees) of the decimal.

e Multiply the decimal part’by 60 to get the minutes.

e The whole number part of the result is the minutes. Multiply the decimal part

of the minutes'by/60 to get the seconds.

Example 1: Convert 73.12° to degrees,
minutes, and seconds.

Solution:

Degrees:, The whole number part is 73°.
Minutes: Take the decimal part (0.12) and

multiply by 60: 0.12 x 60 =7.2. The whole
number part is 7, so it's 7 minutes.

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 x 60 = 12" So, it’s
12 seconds.

Final result: 73° 7" 12"

4 99

Example 2: Convert 109.42° to degrees,
minutes, and seconds.

Solution:

Degrees: The whole number part is 109°.
Minutes: Take the decimal part (0.42) and
multiply by 60: 0.42 x 60 = 25.2. The
whole number part is 25, so it's 25
minutes.

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 x 60 = 12" So, it’s
12 seconds.

Final result: 109° 25" 12",
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6.1.3 Converting from Degrees, Minutes and Seconds to Decimal Degrees
To convert from degrees, minutes and seconds (DMS) to decimal degrees, follow the

steps:
o Keep the degrees as they are.

e Convert minutes to decimal degrees: Divide the number of minutes by 60.

e Convert seconds to decimal degrees: Divide the number of seconds by 3600.

e Add all the values together.

Example 3: Convert 45° 45" 45" to decimal degrees.

Solution: Degrees: Keep 45.

Minutes to decimal: % =0.75; Seconds to decimal:

Add them together: 45 +0.75 + 0.0125 = 45.7625

Final result: 45.7625°

Example 4: Convert 94° 27" 54" to decimal degrees?

Solution: Degrees: Keep 94:

Minutes to decimal: i—g =0.45;

N 0.0125
3600
) 54
Seconds to decimal: —— =0.015
3600

Add them together: 94 + 0,45 +0.015 = 94.465

Final result: 94.465°
6.1.4 Circular Measure (Radian)

There is another system 0f angular measurement
called circular system.

The radian, denoted by the symbol “rad”, is the
unit of angle “in’ the International System of
Units (SI)\and/is the standard unit of angular
measure\used in many areas of mathematics.

A radian is a unit of angular measure in
mathematics, particularly in trigonometry. It is
defined as, “the angle subtended at the centre of
a circle by an arc whose length is equal to the
radius of the circle”. Unlike degrees, which are
based on dividing a circle into 360 parts, the
radian is inherently related to the circle's
geometry and arc length.
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Historical Background of the Radian

The concept of radian measure, was first
formalized by mathematicians in the
18th century, but the principles behind
it had been understood much earlier by
Euclid and Archimedes.

The word "radian" comes from the
radius of a circle, as the radian is
fundamentally related to the ratio
between the arc length and the radius.
The first known use of the term radian
in the context of angular measurement
was by Scottish mathematician James
Thomson in 1873. His brother, William
Thomson, also known as Lord Kelvin,
was made a prominent physicist and
both were influential in establishing
radians as a standard unit.
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If a circle of radius 7, has an arc length equal to the radius of the circle, then the angle
0 subtended by that arc is 1 radian:

r . Arc length ¢
0 = — =1 radian ( e—ﬂz—j

r Radius r

A complete circle has an arc length equal to the circumference
(2mr), so the angle subtended by the entire circle (the full
rotation) is 2z radians. This means:

e One full revolution of a circle is 2« radians, or 360°. '

360° 2n

e Therefore, 1 radian = ~57.2958° and 1° = 360 =0.01745rad

2n
Conversion between degrees and radians

Radians to degrees: 1 rad =—— degrees
T

Degrees to radians: 1° = T rad
180

Example 5: Convert radians to degrees

5 7 1
i) Zrad (i) ~—rad (i) ——rad  (iv) 12rad
3 6 6
Solution: (1) on rad'= 5—nx 180 =300° (1rad = 180 )
3 T T
i) @ rad= 1"« BE 500
6 6 T
Gy U T 180
6 i
. 180°
(iv) 12rad=12x—" =68.75° (. m=3.14159)

T
Example 6: Convert degrees to radians

(i) 15° (i) 75°  (iii)315° (iv)15° 15’

Solution: (i) 15°=15x =~ = " rad or 0.262 rad
180 12
.. _Sm
(i) 75°=75%x —= —rad or 1.309rad
180 12

T 4 101 .
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i) 315°=315x ——= Trad or 5498 rad
180 4

(iv) 15°15'=15°+ (1_5]02 15.25°=15.25 x —rad = 0.266 rad
60 180

Turns Oturn | — turn | — turn 1 turn ! turn 1 turn 1 turn
12 8 6 4 2
T T T
Radians | 0 rad . rad 7 rad 3 rad | — rad n rad 2nrad
Degrees 0° 30° 45° 60° 90° 180° 360°
Arc Length and Area of Sector ¢
If » is radius and 6 (rad) is the angle subtended by the arc / \
of length ‘¢, then
7 r

Arc length of sector =7 =r0

V%

1
and area of sector = 4 = —r20

2
Proof: We know that: Proof: We know that
(= X 27r = x mr’
360° 360°
= i>< 27r (27 radians = 360°) — ix w? (2w radians = 360°)
21 o
=r0
= l1*2 0
2
Hence arc length, 7/ =r 0 and area of sector, 4= 1 ¥ 0
Example’7: Find the arc length of a sector with radius » = 10 cm and central angle
0 =60°.

Solution: Convert 0 = 60° to radians: 0 = 60 x

T
= g radians.

—r0=10x §z10.47 cm

The arc length is approximately 10.47 cm
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Example 8: Find the area of a sector with radius » = 8 cm and central angle 6 = 45°.

Solution: Convert 0 =45° to radians: 0 =45 X _I radians.

180

A:lr29:%x82x%:8ncm2 ~25.12 cm>.

The area of the sector is approximately 25.12 cm?.

Example 9: If arc length of a sector of radius 5 cm is 11 cm, find the angle'subtended
by the arc in radians and degrees.

Solution: r=5cm ; /=1lcm, ; 6=7
l=ro
11
11=56 = 9:? =2.2 rad
180°
0=2.2x ~126.1°
T

Thus, the angle subtended by the arc in radians is 2;2 rad and degrees is 126.1°

{( EXERCISE 6.1 )

1. Find in which quadrant the following angles lie. Write a co-terminal angle for

each:

(1) 65°  (ii) 135¢ (i)  —40° (v) 210° (v)  -150°
2. Convert the following,into degrees, minutes, and seconds:

(1) 123.456° (i)  58.7891° (i)  90.5678°
3. Convert the following into decimal degrees:

(1) 65° 32"15" (i)  42°18'45" (i)  78°45' 36"
4. Convertithe following into radians:

(1) 36° (i)  22.5° (i)  67.5°
5. Convert the following into degrees:

T llxn n
1 —rad i —rad 1 —rad

(@) 6 (i) 5 (iif) 5
6. Find the arc length and area of a sector if:

(1) r =6 cm and central angle 0 = gradians.

il r= ﬁ cm and central angle 0 = 5—n radians.
8 6
o

T 4 103 .
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7. If the central angle of a sector is 60° and the radius of the circle is 12 cm, find
the area of the sector and the percentage of the total area of the circle it

represents.
8. Find the percentage of the area of sector subtending an angle g radians.
0. A circular sector of radius » = 12 ¢cm has an angle of 150°. This sector is cut out

and then bent to form a cone. What is the slant height and the radius.ofithe base
of this cone?
Hint:  Arc length of sector = circumference of cone.

130
6.2 Trigonometric Ratios ¥

The functions that relate angles to side in a right-angled-triangle are known as

12cm

trigonometric functions (sine, cosine, tangent etc.) Theirtdevelopment is rooted in
ancient geometry, blossomed through Indian and Islamic mathematics and became
formalized in Europe during the Renaissance. Today, these functions are indispensable
tools in both theoretical and applied sciences. Trigonometry has since been extensively
used in various scientific disciplines such) as“physics (especially wave theory)
engineering, and computer graphics.

History of Sine, Cosine and Tangent

Hipparchus of Nicaea (c. 190 - 120 B€).is considered the "father of trigonometry." He was the first
to compile a trigonometric table forsolving problems related to astronomy, using chord functions.
Hipparchus divided a circle into 360.degrees and used this system for measuring angles.

In Islamic golden age, Al-Battani)(c. 858 — 929 CE) was among the first to replace chord functions
with the modern sine function,and calculated tables of sines and tangents.

Al-Khwarizmi (c. 780+850.CE), known for his work in algebra, and Omar Khayyam (c. 1048—1131
CE) worked on spherical trigonometry, which has applications in astronomy.

Isaac Newton and ‘Gottfried Wilhelm Leibniz (17th century) developed calculus, which further
expanded ,the -use of trigonometric functions beyond geometry into more abstract fields of
mathematics.

Application of Trigonometric Ratios

When we make use of a ruler or measuring tape to measure the thickness of a book, the
length of a pencil, the height of a chair or table or dimensions of a classroom, we are
making direct measurements.

In some cases, it is not possible to obtain direct measurements, because these are
difficult and dangerous. For example, it is difficult to climb upon a flag pole to measure
its height. To measure the height of a cliff is also difficult and dangerous.

4 104 .
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These problems can be solved by indirect measurement with the help of trigonometry.
For indirect measurements of distance or height it is very much useful. It also plays an
important role in the field of surveying, navigation, engineering and many other
branches of physical sciences. We make use of these concepts of trigonometry to solve
many of the problems in these fields.

6.2.1 Trigonometric Ratios of an Acute Angle
The trigonometric ratios are applied to acute angle in a right-angled triangle; but the
concepts extend to angles greater than 90° and are widely B

used in many areas of mathematics and science.

Let us consider a right-angled triangle ACB with respect to & ~§
an angle 0 (theta) = m«CAB with m£ACB = 90°. QO@ 2
=
In the triangle ACB, the side BC is called perpendicular, //Qa 2
=%

which is opposite to an angle ‘0’.

a=

The side AC is called the base and the side 4B is‘called the

hypotenuse. Let m BC =a, m AC =b and m AB =k.
For this right angled triangle 4CB, the trigonemetric ratios of an angle “0” are defined as:

b = Base C

Sind— Perpendicular _a octec 0 — HypoteTluse _c
Hypotenuse ¢ Perpendicular  a

cos 0 = Base _ b sec 0 = Hypotenuse _ ¢
Hypotenuse c Base b

tan 0 = Perpendicular _a . cot 0 = Bas‘e _ b
Base b Perpendicular  a

The six trigonometrie ratios described with reference to a right-angled triangle ACB
are: sine (sin)j, cosine(cos), tangent(tan), cosecant (cosec or csc), secant (sec) and
cotangent'(cot);

We note that: tan0 = % W
1
. o
= a_/c (Dividing by ¢) (i) cosec 0
blc
' i) secO=
tan e - = e ( ) e cos 0
cos
(iii) cot0 =
Similarly,  cot6 = %25 —
sin 0

T 4 105 .
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6.2.2 Trigonometric Ratios of Complementary Angles
We consider a right-angled triangle ACB, in which mZA4 = 0, mZC = 90° then,

mZB = 90°- 0. Using the trigonometric ratios of ZB, we get B
sinm/B =sin(90° —0)="AC b4
mAB ¢
Using ratios of £4, we get
AC b

cos mZA = cos O:m—_cz— ...(11)

mAB ¢
Form (i) and (i1), we get,

sin(90° —0) =cos 0

Similarly, we have
c0s(90° —0) =sin 0 ; tan(90° —0) =cot O ; cot(90° —0)=tan 0
sec(90° —0)=cosecH ; cosec(90° —0)=-ecH

{( EXERCISE6.2 )
1. For each of the following right=angled triangles, find the trigonometric ratios:
(1) sin® (i) cos O (iii)~,_ tan o (iv) sec 0 (v) cosec 0
(vi) cot¢d (vil) tamd. (viii) cosecd (ix)sec ¢ (X)cosd

@

© ¢
8 ¢ 17 ’ 13
5
(] 0 (] 0
B 3 4 B 15 A B 12 A
2. For the following right-angled triangle ABC find the trigonometric ratios for
which mZA4=¢ and mZC=96
(i) sin 0 (ii) cos 0 B a - c
(ii1)tan 0 (iv)sin ¢
(V) cos ¢ (vi)tan ¢ ¢ b
A

T 4 106 .
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3. Considering the adjoining triangle ABC, verify that:

(1) sin § cosec B =1
(11) cos O sec 0 =1
(111)) tan O cot 0 =1

4. Fill in the blanks.

(1) sin 30° =sin (90° —
(11) cos 30° =cos (90° —
(i)  tan 30° =tan (90° —
(iv)  tan 60° =tan (90° —
(v) sin 60° = sin (90° —
(vi)  cos 60° =cos (90° —
(vil) sin45° =sin (90° —
(viii) tan 45° =tan (90° —
(ix)  cos45° =cos (90° —

Unit — 6: Trigonometry
B

45°) =

5. In a right angled triangle ABC, mZB=90%and C is an acute angle of 60°. Also

sinmZA = %, then find the following trigonometric ratios:

(1)
(iif)
)
(vii)
(%)

mBC
mAB
tan 60°
cot 60°

c0s 30°

sec 30°

A
(i) cos 60°
b
(iv)  cosec % ¢
(vi)  sin 30°
60° []
(viii) tan % C a B
(x) cot30°

6.3 Trigonometric Identities
Fundamental Trigonometric Identities

We shall consider some of the fundamental identities used in trigonometry. The key to

these basic identities is the Pythagoras theorem in geometry.

“The square of the length of the hypotenuse of a right triangle is equal to the sum of

the squares of the lengths of the other two sides”.

107 h |
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A=P A+ .
52 =32+ 42
25=9+16 2
In the given figure: o y
The perpendicular equals to the length
‘a’ base equals to the length ‘b’, and ?
hypotenuse equals to the length ‘c’. 4 3
c ]
By Pythagoras Theorem, we have '
b '
0 9 v
a b oy
St aca (Dividing by c?)
lsin® 0+ cos’0 =1] .. (i)
- 4rmmne- >
Lt =c
2 2 2
Z—z % = % Dividing equation (i) by %, we have
[tan” 0+ 1 =sec 0] ...(iii)
a b
St+S5== Dividing equation (i) by a?, we have
a a a
1+ cot” @ = cosec’ 0 . .(iv)
The identities (ii), (1i1) and (iv) are known as Pythagoras identities.
Example 10:. Show that (sec” 6 — 1) cos® 6 = sin> 6
Solution: 'L.H.S = (sec? 0 — 1) cos® 0
=tan’0- cos’0 (- 1+tan? 0 =sec? 0)
.2 .
B sze-coszﬁ ( and = sm@)
cos 0 cosd
=sin’0 = R.H.S
Hence, (sec? 0 —1) cos® 6 = sin® 0
Example 11: Show that tan 6 + cos 6 = sec 8 cosec 0
T 4 108 .
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Solution: L.H.S =tan 0 + cot 0

_sin® cosO

cosO sin6

_ sin®-sinB+cos0- cosO

cos0-sin0

_sin® 0+ cos’ 0
sin® cosO

Unit — 6: Trigonometry

Z_; ( sin*0+cos’H=1)
sin® cosO

1 . 1
cos0 sin0

= sec0-cosecO =R.H.S.

Hence, tan 6 + cot 6 = sec 0 cosecd

1 1 !

Example 12: Show that

Solution:
1 B 1
cosec O—cot O sin 0

1 B 1
1 _cose sin 0

LHS =

sin® sin 0

sin 0 1

" 1—cos G_Sin 0

sin O(1+ cos 0) |

B (1—cos 8)(1+cos 6) - sin 0
_ sin B(1+cos 6)» M

1—cos’6 sin 0
_sin O(T%cos 0) 1
sin? 0 sin 0

“ltcos 0 1

sin 0 sin 0
_l+cos0-1
sin 0

cos 0
= =cot 0

sin 0

cosec O—cot © sin® sin® cosecd+cot O

RHS = ,1 - !
sin O cosec O+cot 0
1 B 1
sin 0 1 N cos 0

sin® sin 0

1 sin 0

sin 9_1+Cos 0

1 sin 6(1—cos 0)
sin & (I+cos 6)(1—cos 0)

1 sin B(1—cos 6)

sin 0 1—cos’0
_ 1 sin §(—cos 6)

sin 0 sin’ 0
1 B 1—-cos 6

sin 0 sin 0
_1-1+cos 0

sin 0

= C?S Y =cot 0

sin 0

Hence, L.H.S=R.H.S
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Example 13: Show that sin® 0 + cos® 0 = 1 — 3sin® 0 cos® 0
Solution: L.H.S =sin® 0 + cos® 0
= (sin® 0)° + (cos” 0)
= (sin® 0 + cos? 0)(sin* O + cos* 0 — sin® O cos? 0)
= (sin? 0 + cos? 0)? — 2 sin® O cos” O — sin® O cos” O
=1 —3sin® 0 cos? 6 = R.H.S

Hence, sin® 0 + cos® = 1 — 3sin” 0 cos’ 0

Example 14: Iftan 6 :% , find the remaining trigonometric ratiosy,when lies in first

quadrant. ¢
. . 3 a
Solution: Given:tan 6 = —=—,
4 c
o) o
Where, a=3,c=4 N I
S
By Pythagoras theorem, we have
=g+
0
=9+ 16 =25 y ) 3
= b =5
Therefore, sin 6 = @, 3 ; cosesO = 2 = 3
b 5 a 3
cos6=Ezi ; secO :é:é
b 5 c 4
4
cot = €z
a 3

{(_ EXERCISE 6.3 )

1. If 0 lies in first quadrant, find the remaining trigonometric ratios of 0.

(i) sinB= 2

. 3 1
z == tan 6 =
3 (1) cos 2 (i11) tan

2
: /3
(iv) sec6=3 (v) cotB= 5
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Prove the following trigonometric identities:

Unit — 6: Trigonometry

0 1
2. (sin®+cos0)>=1+2sinBcos® 3. Cf)s =—
sinf tan®
4. sinb__ cos 0 =1 5. cos’0—sin?@=2cos’0—1
cosec 6 sec©
1-sin6 0
6. cos’0 —sin?0=1-2sin’ 0 7. Sy _ COS_
cos®  I+sin6
1—sin 6
8. (sec O — tan 0)*> = s%n 9. (tan 0 + cot 0)*> = sec® 0 cosec? 0
I+sin 0
10. tane+sece_1=tan0+sec9
tan O —sec 0+1
11. sin® @ — cos® 0 = (sin O — cos 0)(1 + sin O cos 0)
12.  sin® 0 — cos® 0 = (sin? O — cos? 0)(1 — sin? O cos® 0)
6.4 Values of Trigonometric Ratiosof Special Angles

Trigonometric ratios of 45° (E radianj:
4

Consider a square ACBD of side length Ijunit.

We know that the diagonals bisect the angles.
So, in the triangle ABC

mZA =msLB=45° and m£C = 90°.

Using Pythagoras thegrem'in AABC,

2=+ b
A=1%1
A=2) = C:\/E

The trigonometric ratios are:

sin45°=ﬁ= L ; cosec 45° = £ \/E
c \/5 a
b 1 c
cos45°=—=— ; sec45°=—=42
c \/5 b
tan45° =2 =1 : cotaso= L
b a
4 111
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Trigonometric Ratios of 30° (Eradianj and 60° [% radianji 3

6

Consider an equilateral triangle ABD of side 2 units.

Draw a perpendicular bisector BC on AD . The
point C is the midpoint of AD . So, mAC = mCD in
which mZBAC = 60°, m£ABC =30°, m£ACB = 90°.

Let mBC= x units.

Using Pythagoras theorem in the AABC.
22 =12+x2

X=4-1 = 2=3 = x=3 (mBC=13 units)
Trigonometric ratios of 30°(§radianj:

In the triangle ABC with m~2Z4ABC = 30°

sin 30° = ; cosec 30° =2

cos 30° =

N | =
e

2

; sec 30° = —

NG

tan 30° = L R cot30° = «/g

3

Trigenometric Ratios of 60° (E radian} :
3

In right angled triangle ABC, with m24 = 60°

1
sin 60° = g ; cos 60° = E ;  tan 60° = \/g

cosec 60° = ; sec 60°=2 ; cot60°= —

2
NE)
T 4 112 .
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These results in the form of a table can be written as:

0 0° | 300=" |452=" | g0°=" | 99o="
6 4 3 2
1 1 NA)
in 0 0 - - —_— 1
Sin ) ,\/E 5
B 1 1
0 1 - — - 0
- 2 V2 2
1
tan 0 0 ﬁ | ﬁ C¢
{( EXERCISE 6.4 )
1. Find the value of the following trigonometric*ratios without using the
calculator.
(1) sin 30° (i1) cos 30° (i) tan % (iv)  tan 60°
v)  sec 60° (vi)  cos % (vii) cot60°  (viii) sin 60°
(ix)  sec 30° (x) cosec 30° (xi) sin45°  (xil) cos %
2. Evaluate:
(i) 2 sin 60° cos60° (i1) 2 cos % sin %
(ii1) 2 sin 45° +2cos 45° (iv)  sin 60° cos 30° + cos 60° sin 30°

(v)  cos 60°ces 30° — sin 60° sin 30° (vi)  sin 60° cos 30° — cos 60° sin 30°

(vil) cos 60° cos 30° + sin 60° sin 30° (viil) tan % cot %Jr 1

3. Ifssin % and cos % equal to = each, then find the value of the followings:

ND)
(1) 2sin45°—2 cos 45° (i1) 3 cos 45° + 4 sin 45°
(ii1)) 5 cos 45°—3 sin 45°

6.5 Solution of a Triangle

We know that there are three sides and three angles in a triangle. Out of these six
elements, if we know three of them including at least one side, then we can find the

T 4 113 .
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measures of the remaining elements. Finding the measures of the remaining elements is
called the solution of a triangle Here we learn the solution of a right angled triangle only.

Case I:  When measures of one side and one angle are given.

Example 15: Solve triangle ABC, in which mZB =90°, mZA4 =30°,a=2cm

Solution: C
We are required to find b, ¢ and mZC. 5
[\l
Now msLC =msLB—-m/A b |
=90°-30°
. , 30°
=60 ...(1) y = 3
2~ sin30°
b
2
= 3 =sin30° ( a=2)
= % = l sin30° = l
b 2 2
= b=4cm ..(11)
and 4 _ tan30°
c
2 1 1
= —=— a=2,tan30°=—
-z z)

thus c=23em ..(iii)
(1), (i1) and (iii)aresthe required results.

Case II: 'When measure of the hypotenuse and an angle are given.
Example 16:“Solve triangle ABC, when mZA4 = 60°, b =5 cm,

m%B~190°
Solut'hﬂ We are required to find a, c and m£C
msA4 = 60°
m/ZB =90°
mLC =msB—-m/A
=90° - 60°
=30° ...(1)

4 114
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Now %Zsin60°
2- £ b=5,sin 60° :£
5 2 2
543
= a="—"
2
= a=433cm (11)
and ¢ = cos 60°
b
| )
- == b=15, cos 60° =—
5 2 2
5
= c=—
2
= c=25cm ..(ii)

(1), (1) and (i11) are the required results.
Case III: When measure of two sides are given.

Example 17: Solve triangle ABC, when a,= \/5 cm,
c¢=1cmand mZB =90°
Solution: We are required to findb, m£A, mZC.
By Pythagoras\theorem, we have
b =c*+ad®
or B =(WA(2)

or b =1+2

or b* =3
or b =B3em ...(1)
Now  sinm/A4=2 :Q =m/A=sin"' \/g =54.7°
b 3 3
= m/A =54.7° (i)
and msC =msLB—m/A
=90° - 54.7°
—35.3° ...(iii)

(1), (i1) and (ii1) are the required results.

4 115
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2 cm

a=

—

A c=1cm B
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Case IV: When measure of one side and hypotenuse are given.

Example 18: Solve tringle ABC, when a = 2cm, b = 2\/5 cm and mZB = 90°
Solution: We are required to find m£A, mZC and c.

By Pythagoras theorem, we have C
B2 =+ 2
or = -a
= (2V2)- ()" 5
=8-4 =4 T
or c=2cm ...(1) S
Now % =cosmLA
c 1
or b cos mZA \/5
= mLA =45° ...(11)
Thus, msC=msLB—-mZLA
=90° —45°
=45° ...(111)

Hence (i), (ii) and (iii) are the required results,

{( EXERCISE 6.5 )

1. Find the values of x, y and.z from the following right angled triangles.
C

(1) S (i)

45°

=

A y=4cm B

116 h |
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2.

Find the unknown side and angles of the following triangles.

C
(1) (1)
C
5
g b <
- I
b, S
I
S
AC :«/EcmB I—
A c=4cm B

Each side of a square field is 60 m long. Find the lengths ofithe diagonals of the
field.

Solve the following triangles when m£B = 90°:

(i) msC=60°, c=33 cm (i) , Wz C=45°, a=8 cm
(i) a=12cm,c=6 cm @v) mz4=60°, c=4cm
(V) mzA4=30° c=4cm (v b=10cm, a=6cm
P
Let QO and R be the two points ‘en the same [
bank of a canal. The point P i$ placed on the &
other bank straight to point R, Find the width R
=
of the canal and the angle POR in radians. I~~~
[~ —
[ —"
[T~
0 Sm R
B X C
L
Calculate the length x in the o
adjoining figure. \QO 5
[>o]
A 17 cm D

If the ladder is placed along the wall such that the foot of the ladder is 2 m away
from the wall. If the length of the ladder is 8 m, find the height of the wall.
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D C
8. The diagonal of a rectangular field ABCD is
(x + 9)m and the sides are (x + 7)m and x m. .
. 9
Find the value of x. & s
]
A G+ T)ym B
9.  Calculate the value of ‘x” in each case.
(1) (i) D
B X cm C
g & o
a o & p N
A /]
A B 4 cm C
mAB = mBC

6.6 The Angle of Elevation.and the Angle of Depression

The angle between the horizontal line.AD (eye level) and a line from the eye A4 to the
top of building (B) is called an angle,of elevation.

B Top of building

Building

——

Eyesevel

Angle of elevation

Angle of depression

C  Foot of building

The angle between the horizontal line AD (eye level) and the line from the eye ‘4’ to
the foot of the building (C) is called the angle of depression.

Example 19: The angle of elevation of the top of a pole 40 m high is 60° when seen
from a point on the ground level. Find the distance of the point from the foot of the
pole.
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Solution: In the triangle ABC, we have

mBC =40 m <
mZA = 60°
Let mAB = x (the point B is the foot of the pole BC) §
=
In right angled triangle ABC, Angle of
— elevation
mBC
tan 60° =——
mAB Q meB
40
J_ = —_—
X
= x =22
NG}
= x=23.09m

Hence, distance of the point from the foot ofthe.pole =23.09 m

Example 20: From the top of a lookout tower, the angle of depression of a building
has on the ground level of 45°. How far'is'a man on the ground from the tower, if the
height of the tower is 30 m?

Solution: In the triangle ABC; 4B is the tower and point C is the position of man. We
have
mAB=30'm
mZCAD = mZC = 45°

mBC= xm="?

Let x.be'the'base of right angled triangle ABC,

tan45°=m—A_B

mBC
= 1 _30
X

= x =30 m

Hence, man is 30 m far from the tower.
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10.

{( EXERCISE 6.6 )

The angle of elevation of the top of a flag post from a point on the ground level
40 m away from the flag post is 60°. Find the height of the post.

An isosceles triangle has a vertical angle of 120° and a base 10 cm long. Find
the length of its altitude.

A tree is 72 m high. Find the angle of elevation of its top from a point 100 m
away on the ground level.

A ladder makes an angle of 60° with the ground and reaches a-height of 10m
along the wall. Find the length of the ladder.

A light house tower is 150 m high from the sea level. The angle of depression
from the top of the tower to a ship is 60°. Find the distance between the ship
and the tower.

Measure of an angle of elevation of the top.of a'pole is 15° from a point on the
ground, in walking 100 m towards the pole the measure of angle is found to be
30°. Find the height of the pole.

Find the measure of an angle of elevation of the Sun, if a tower 300 m high
casts a shadow 450 m long.

Measure of angle of elevation of the top of a cliff is 25°, on walking 100 metres
towards the cliff, measutéof angle of elevation of the top is 45°. Find the height
of the cliff.

From the top of-a hill 300 m high, the measure of the angle of depression of a
point on the'nearer shore of the river is 70° and measure of the angle of
depression of a point, directly across the river is 50°. Find the width of the river
Howfar is the river from the foot of the hill?

Askite has 120 m of string attached to it when at an angle of elevation of 50°.
How far is it above the hand holding it? (Assume that the string is stretched.

@(REVIEW EXERCISE 6 )P

1. Four options are given against each statement. Encircle the correct one.

(@)

The value of tan”! 2 in radians is:
i 3n
(a) E (b) ? (c) Lllm (d) 1.11
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(i1) In aright triangle, the hypotenuse is 13 units and one of the angles is 6 =30°.

The length of the opposite side is:

(a) 6.5 units (b) 7.5 units ()

6 units (d) 5 units

(i) A person standing 50 m away from a building sees the top of the building

at an angle of elevation of 45°. Height of the building is:

(@ 50m (b) 25m ()

(iv) sec’0—tan’0=

(a) sin*6 b) 1 (c)

3
(v) Ifsinf= g and 0 is an acute angle, cos® 0 =

7 o 2
@ s ® (©)
(vij —rad=___ degrees:
24
(@) 30° (b) « 37.5° (c)
(vil) 292.5°= =N\ rad.
@ 17 17n ©
a — — c
6 4
(viii) Which of the following is a valid identity?
() cos(z 9 j: sin 0 (b)
2
(¢) cos [E -0 jz sec 0 (d)
2

(ix) sin 60°=

(@ 1 (b) (©)

N | —

4 121

35m @ “f0m
cos® 0 (d  cot’0
25 25

45° d  525°
l.6m (d) 1.625w

cos E—O =cos 0
2

cos E—(9]:cosec 0
2

3y (d) ?
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(x) cos? 100 & + sin® 100 &t = )
(@ 1 (b)y 2 () 3 (d 4
2. Convert the given angles from:

(a) degrees to radians giving answer in terms of 7.

(1) 255° (i)  75°45 (i)  142.5°
(b) radians to degrees giving answer in degrees and minutes.
Ui Tm ol
(@) Y (i) 12 (iif) pP
3. Prove the following trigonometric identities:

sin@  1+cos0

(@)

l1—cos®  sin®

(i1)) sin O (cosec 0 —sin 0) = ;
sec” 0

cosecO—secO 1-tan0

il =
(1) cosecO+secO 1+ tanf
(iv) tan0O+cotO= —
sinB-cos 0
W) cos O+sin O _e08 O —sin O 2
cos O—sim0\ cos O+sin ® 1-2sin°0
L1+ 0
(vi) O (cosec 0 + cot 0)?
I'=cos 0
4. If tan 0 = E then find the remaining trigonometric ratios when 0 lies in first
quadrant.
5. From a point on the ground, the angle of elevation to the top of a 30 m high

building is 28°. How far is the point from the base of the building?

6. A ladder leaning against a wall forms an angle of 65° with the ground. If the
ladder is 10 m long, how high does it reach on the wall?
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Coordinate Geometry

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

Derive distance formula by locating the position of two points in coordinate plane.
Calculate the midpoint of a line segment.

Find the gradient of a straight line when coordinates of two points are given.

Find the equation of a straight line in the form y =mx +c.

Find the gradient of parallel and perpendicular lines.

Apply distance and midpoint formulas to solve real-life situations ‘such as physical
measurements or distances between locations.

Apply concepts from coordinate geometry to real world problems (such.as, aviation and
navigation, landscaping, map reading, longitude and latitude).

Derive equation of a straight line in:

*  slope- intercept form *  point=slope form

*  two-point form *  intercepts form

*  symmetric form » _normal form.

» Show that a linear equation in two variables represents a straight line and reduce the general
form of the equation of a straight line to the other'standard forms.

INTRODUCTION

Geometry is one of the most_ancient branches of mathematics. The Greeks
systematically studied it about.four centuries B.C. Most of the geometry taught in
schools is due to Euclid who.expounded thirteen books on the subject (300 B.C.). A
French philosopher and* mathematician Rene Descartes (1596-1650 A.D.)
introduced algebraic/methods in geometry which gave birth to analytic geometry
(or coordinate geometry). Our aim is to present fundamentals of the subject in this
book.

YV V VVVVVYV

7.1 Coordinate Plane

Draw in.a plane two mutually perpendicular number
lines x'x and )y, one horizontal and the other

vertical. Let O be their point of intersection, called /¢

origin and the real number 0 of both the lines is
represented by O. The two lines are called coordinate
axes. The horizontal line x'Ox is called the x-axis and

the vertical line y'Oy is called the y-axis.
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Important information:

The Cartesian coordinate system or the rectangular coordinate system was invented by French
mathematician René Descartes, when he tried to describe the path of a fly crawling along criss-cross
beams on the ceiling while he lay on his bed. The Cartesian coordinate system created a link between
algebra and geometry. Geometric shapes could now be described algebraically using
the coordinates of the points that make up the shapes.

The points lying on Ox are +ve and on
Ox’ are —ve. Y

The points lying on Oy are +ve and Oy’ Pay)

are —ve. S

Suppose P is any point in the plane. y
Then P can be located by using an

ordered pair of real numbers. Through P x' & R >X
draw lines parallel to the coordinates

axes meeting x-axis at R and y-axis at S. V'
Let the directed distance OR = x and theidirected distance OS = y.

The ordered pair (x, y) gives us enough information to locate the point P. Thus,
P has coordinates (x, y). The first component of the ordered pair (x, y) is called
x-coordinate or abscissa and the second component is called y-coordinate or ordinate
of P. The reverse of this technique also provides a method for associating exactly
one point in the plane with“any ordered pair (x, y) of real numbers. This method of
pairing off in a one-to-one fashion the points in a plane with ordered pairs of real
numbers is called the.two dimensional rectangular (or Cartesian) coordinate system.

The coordinate axes divide the plane into four equal parts called quadrants.
They are defined as follows:

p)2
Quadrant I: All points (x, y) withx >0,y >0 1 I
Quadrant II: All points (x, y) withx <0,y >0 + N
Quadrant III:All points (v, y) with x <0,y <0 | 5
Quadrant I'V: All points (x, y) withx >0,y <0 H i
5

The point P in the plane that corresponds to an ordered pair
(x, y) is called the graph.
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Thus, given a set of ordered pairs of real numbers, the

graph of the set is the aggregate of all points in the

plane that correspond to ordered pairs of the set. I

Need to know! 5 ; €

The points on x-axis are of the form (a, 0) and the points
on y-axis are of the form (0, b).

Challenges! o L

(1) Write down the coordinates of the points E N
if not mentioned in the adjacent figure. A
(ii) Locate (0,-1), (2, 2), (-4, 7) and (-3, -3)

7.1.1 The Distance Formula
Let 4 (x, y) and B (x,, y,) be two points in the plane.. To find the distance

, we draw a horizontal line from A4 to a point Cilies f2== .
|AB| stands for mAB

directly below B, forming a right triangle ABC.

=
>

=

vl
—
N

~
Iy

dz\ﬁ

—_ —_ \y
SOthat |AC| :|x2_x1| and |BC‘:|y2_y1| B(x,, »,)
By using Pythagoras Theorem, we have
& =[aB[ =[4c| +[Be|
= (x, - xl)2 +(, —yl)2 Alx, ) C 5
— . 0 >
or d:|AB|:\/(x2_x1)2+(y2_y1)2 (1)

The distance is always taken.to-be non-negative. It is not a directed distance from A4 to
B.

If A4 and B lie on a line'parallel to one of the coordinate axes, then by the formula(i),
the distance AB. is absolute value of the directed distance 4B .

The formula-(i)sshows that any of the two points can be taken as first point.
Examﬂ@\? Find the distance between the points:

(1) A(5, 6), B(5,-2) (i) C(-4,-2), D(0,9)

Solution: By the distance formula, we have

i) d= \E\ = J5-57+(-2-6) (i) d= \5)\ = JO- =4y +(9-(-2))

d:\ﬁ\: (0)> + (-8) d:‘C_D‘z JO+4)? +(9+2)°
d =[4B|=J0+ 64 =8 d=|CD|=4 +11®
d =|CD|=16+121=+/137
T 4 125 .
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Example 2: Show that the points A(-1, 2), B(7,5) and C (2, —6) are vertices of
a right triangle.

Solution: Let a, b and ¢ denote the lengths of the ¥y
sides BC, CA and AB respectively. B(7,5)
By using the distance formula, we have . AGL 2)€4 |
c=‘E‘=\/(7—(—1))2+(5—2)2 -J73 </ -
_ N
a= ‘BC‘ = J@2-77+(-6-5° =./126 E ;@H
A8 20

b :\a\ = J@- (1) +(-6-2)* =73

Clearly: a® = b* + ¢?
Therefore, ABC is a right triangle with right angle at 4.

Example 3: The point C (-5, 3) is the centre of a circleand P (7, —2) lies on the circle.
What is the radius of the circle? B

Solution: The radius of the circle is the distance from the
points C to P. By the using distance formula, we have e
Radius = \ED\ = (7= (=5))* +(-2-3) by ~ x

0
= 144+ 25 =169 K/ P(-2)
= 13 units ;

¥

7.1.2 Mid Point Formula ¥

The midpoint formula-isiused in geometry to find

center'al point betvx.feen two 'glven' points in a D M
coordinate plane. This formula is particularly useful , __—*] {272
when you needwto divide a line segment into two = "

equal halves or parts. x' 0 x
Derivation of the Midpoint Formula

Consider two points 4(x,, y,) and B(x,, y,) on a two-

dimensional plane. The line segment joining these '

two points has a midpoint M(x, y), where x and y are the coordinates of the midpoint.

To derive the formula for M(x, y) we need to find the average of the x-coordinates and
y-coordinates of points 4 and B separately.
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1. x-Coordinate of the Midpoint

The x-coordinate of the midpoint is the average of the x-coordinates of points
A4 and B.

L
2
2. y-Coordinate of the Midpoint
Similarly, the y-coordinate of the midpoint is the average of the y-coordinates
of points 4 and B.
_Nt)
=TT
Thus, the coordinates of the midpoint M(x, y) are:

M(x, y):(xl';xz ’ yl';yzj

Example 4: Find the midpoint of the line segment joining the points 4 (2,3) and B(8,7).
Solution: Using the midpoint formula:

X, +X +
M(x,y):( 1 2))’1 yz)

1.e.,

1e.,

) 2
Substitute x, =2, y, =3, x, =8 and y, = 7, into the midpoint formula
2+8 3+7
M(x, y)= ,
(x, y) ( 5 g j
10 10
M(x, ) =| — =5, 5
(x, ») (2 2) (5, 3)

¢ EXERCISE 7.1 )

1. Describe the location in the plane of the point P(x, y), for which

1y x>0 (i) x> 0andy>0 (i) x=0 (v) y=0

(v) x>0andy<0 (vi) y=0,x=0 (vil) x =y

(viil) x >3 (ix) y>0 (x) x and y have opposite signs.
2. Find the distance between the points:

(1) A6, 7), B(0,-2) (1) C(5,-2),D(@3,2)

(i)  L(0, 3), M(-2,-4) (iv) P(8,-7), O(0, 0)
3. Find in each of the following:

(1) The distance between the two given points
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10.

7.2

(1)  Midpoint of the line segment joining the two points:
(a) A(?’a 1) ) B(_za _4) (b) A(_Sa 3) ) B(za _1)

© A[—ﬁ, —%j B(-345. 9))

Which of the following points are at a distance of 15 units from the origin?

0 (1767 G (10,-10) Gi) (1, 15)

Show that:

(1) the points A(0, 2), B( \/§ , 1) and C(0, —2) are vertices of a right triangle.

(i1))  the points 4A(3, 1), B(-2, —3) and C(2, 2) are vertices, of an isosceles
triangle.

(ii1))  the points A(S, 2), B(-2, 3), C(-3, —4) and D(4, —5) are vertices of a
parallelogram.

Find / such that the points A4 (\/g ,—1), B (0,2)/and C(h, —2) are vertices of a

right triangle with right angle at the vertex'4:

Find % such that A(—1, &), B(3, 2) and C(7, 3) are collinear.

The points A(—5, —2) and B(5, —4) ar€ ends of a diameter of a circle. Find the
centre and radius of the circle.

Find 4 such that the points A(4 ,-1), B(2, 7) and C(—6, —7) are vertices of a right
triangle with right angle at.the vertex A.

A quadrilateral has_the points A(9, 3), B(-7, 7), C(-3, =7) and D(5, —-5) as its
vertices. Find the midpoints of its sides. Show that the figure formed by joining
the midpoints Consecutively is a parallelogram.

Equations of Straight Lines

Inclination of a.Line: The angle a (0°<a <180°)is measured counterclockwise from

positive: x-axis to a non-horizontal straight line ¢ is called the inclination of /.

o =90°

| | X

4 =X %) > x 0 T

£ x-axis O y-axis
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Observe that the angle o in the different

.. . . o o
positions of the line ¢ is o, 0° and 90 (i) Iffis parallel to x-axis, then o = 0°

respectively. (i) If/is parallel to y-axis, then o = 90°

Slope or Gradient of a Line
When we walk on an inclined plane, we cover
horizontal distance (run) as well as vertical
distance (rise) at the same time.
It is harder to climb a steeper inclined plane.
The measure of steepness (ratio of rise to the
run) is termed as slope or gradient of the
inclined path and is denoted by m.

m= me_J. tanal

run X

In analytical geometry, slope or gradient m of a non-vertical straight line with as its

inclination is defined by: m = tan a.

If 7 is horizontal, its slope is zero and if /is vertical then its slope is undefined.

If 0° <a <90°, m is positive and if 90° <a <'180°, then m is negative.

7.2.1 Slope or Gradient of a Straight Line Joining Two Points
Theorem 1: If a non-vertical line ¢ with inclination o passes through two points

P(x, y)and O (x,, y,), thenithe slope or gradient m of / is given by

m= b tano
XX

Proof: Let m be.the slope of the line /.

— . )
Draw perpendiculars PM and QM' on ?\*\Sa
x-axis and.a perpendicular PR on OM'. A L X,

— M G 7
Then mZRPQ = o, mPR = x, — x;and 0

mOR= y, -y,
The slope or gradient of /is defined as:

Why are slopes important?

The concept of slope is widely used
V=W in engineering, architecture, and

m=tanq = ——

even sports like skiing, where
X =X

understanding the steepness of a hill
or ramp is essential.
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Case (i). When 0 <a < g

In the right triangle PRQ, we have

m=tang = 22 Q@ y
X, — X, °%) y
. T
Case (ii). When 5 <a<m =
. . ~N ;i\:‘
In the right triangle PRQ, S,
172
tan (7r—0¢):u REY,
X=X
_ M’
or —tang =22~ 01
XX
or tang =220 o =220
Xy =X Xy =X

<>
Thus if P (x,,y,) and O (x, , y,) are two points on a line, then slope of PQ is given by:

mzyz_yl or m:yl_yz
X, — X, XX,
(1) m#22"2 and me 21522 @) /ishorizontal iff m=0 ( a=0")
X=X Xy =%

(i) £ is vertical iff mis mot defined ( a =90°)

(iv) Ifslope of 4B-="slope of BC, then the points 4, B and C are collinear.

Theorem 2: The two lines./, and 7, with slopes m, and m, respectively are:

(1) parallel iff m, =m, Remember !
- The symbol:
(i1) perpendicular iff m, = o (i) | stands for “parallel”.
: (i1)  } stands for “not parallel”.
or m m, = -1 (iii) L stands for “perpendicular”

Example 5: Show that the points A(-3, 6), B(3, 2) and C(6, 0) are collinear.

Solution: We know that the points 4, B and C are collinear if the line 4B and BC have
the same slopes.
276 4 4 22 ,nd slope of BC=2"2_22
3-(=3) 3+3 6 3 ~3 3
Slope of AB = Slope of BC

Thus A4, B and C are collinear.
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Example 6: Show that the triangle with vertices 4 (1, 1), B (4, 5) and C (12,-1) is a
right triangle.
5—

Solution: Slope of AB=m, = T

— -1-5 -6 -3
and slope of BC=m,= ——=—=—
12-4 8 4

_.
(SN N

Since m,- m, = [%j(— 43? ]: —1, therefore, 4B L BC

So AABC is a right triangle.

7.2.2 Equation of a Straight Line Parallel to the x-axis (or
perpendicular to the y-axis)

Ny Y
V4
T > y
651 a>0 x ¥ /Z 2=0 ¥
0 £ || x-axis o a a<0 / 0 £ || x-axis
or ¢ 1 y-axis < : N or ¢ 1 y-axis

0 || x-axis
or ¢ 1[y-axis

All the points on the line ¢ parallel to x-axis remain at a constant distance (say @) from

x-axis. Therefore, each point on the ling has its distance from x-axis equal to a, which
is its y-coordinate (ordinate). So, all the points on this line satisfy the equation:

If a >0, then the line / is above the x-axis.
If'a <0, then the line ¢ is below the x-axis.

If a = 0, then the line ¢ becomes the x-axis.
Thus the equation of x-axis is y =0

7.2.3 Equation ~of a straight Line Parallel to the y-axis (or
perpendicular to the x-axis)
¥ v ¢y

y
b b
b=0
b>0 b<0
X 0 X X
0 0 | y-axis - 2 || y-axis (iii) 0 0 || y-axis
(1) or (] x-axis (i1) or (] x-axis or (] x-axis

14
All the points on the line # parallel to y-axis remain at a constant distance (say b) from

y-axis. Each point on the line has its distance from y-axis equal to b, which is its
x-coordinate (abscissa). So, all the points on this line satisfy the equation:
4 131 N |
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7.2.4 Standard Forms of Equation of Straight Line:
Intercepts of a line E\y

. If a line intersects x-axis at (a, 0), then a is called 80, b)

x-intercept of the line. b
a A(a, 0) R

. If a line intersects y-axis at (0, b), then b is called < 5 < x

y-intercept of the line.
1. Slope-Intercept form of Equation of a Straight Line
Theorem 3: Equation of a non-vertical straight line with slope m and y-intercept c is

given by: ,

, ,
' P.»)

Proof: Let P (x, y) be an arbitrary point of the

€, o)
straight line ¢ with slope m and y-intercept c. As /
o

C (0, ¢) and P (x, y) lie on the line, so the slope of ) 0 x
the line is:

y—c
x—0

m= or y—c=mx or y=mx+c 1isan equation of /.

The equation of the line for which ¢ = 0iis y = mx

In this case the line passes through the origin.

Example 7: Find an equation of'the straight line if
(a) its slopeisi2'and y-intercept is 5

(b) it is‘perpendicular to a line with slope-6 and its y-intercept is g

Solution: (a) The slope and y-intercept of the line are respectively:
m=2andc=5
Thus y = 2x +'§ (Slope-intercept form: y = mx + c) is the required equation.
(b) The slope of the given line is
m;=—6
. .. I 1
The slope of the required line is: m, =——= 3
ml

The slope and y-intercept of the required line are respectively:

1

4
my = andc=§

1 4 . . .
Thus, y= Ex + 3 or 6y = x+8 is the required equation.
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2. Point-slope Form of Equation of a Straight Line ¥ ,
Theorem 4: Equation of a non-vertical straight line ¢ with
. , o P(x,y)
slope m and passing through a point O (x, , y,) is given by:
Q (x, 1)

y-y, =mx-x)| A

Proof: Let P (x, y) be an arbitrary point of the straight 0
line with slope m and passing through Q (x, , y)).

> X

As O(x, , y,) and P (x, y) both lie on the line, so the slope of the line is:

YN
X=X

m= or y—y =m(x—x,)

which is an equation of the straight line passing through O'(x|.%,) with slope m.

3. Symmetric Form of Equation of a Straight Line
We have m= Yoh tana, where o is the inclination of the line.
X=X
Y-y _smna or x_x1:y._y1:r(say)
X=X cosax cosax sSino

This is called symmetric form of equation of the line.

Example 8: Write down anh.equation of the straight line passing through (5, 1) and
parallel to a dine passing through the points (0, —1), (7, —15).
Solution: Let m be the‘slope of the required straight line, then
-15-(-1
o) 7—8 :
=-2

(*+ Slopes of parallel lines are equal)

As the point (5, 1) lies on the required line having slope —2 so, by point-slope form of

equation of the straight line, we have

y—1==2(x-5)
or y=-2x+11
or 2x+y-11=0

is an equation of the required line.
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4. Two-point Form of Equation of a Straight Line
Theorem 5: Equation of a non-vertical straight Y 1

line passing through two points Q(x, , y,) and \ P(x, y)
ok

, = A 00, »)
R(x, ,y,) is: y-yn=2"Ax-x) y

or Xy =X / 0

Yo=Y
Y= :#(x_xz)

Xy =X

Proof: Let P (x, y) be an arbitrary point of the line passing
through O (x, ,»,) and R (x, , y,).
So, YR VTN T (P, Q and R are collinear points)
X=X X—-X, X,—X
We take
Y= — yz N
X=X X, — X,

or Y-y = u(x - X ), the required equation of the line PQ.
2 X
or (V= y)x—(x, —x)y + (%3, = x,0,) =0
x y 1
We may write this equation in determinant form as: |x, y, 1{=0

- X, ¥, 1
Y=y, = Zz—yi(x— x,) can be derived similarly. 1o

Xy =X
Example 9: Find an equation,of line through the points (-2,1) and (6,—4).
Solution: Using two-points form of the equation of straight line, the required

equation is:

y-1 [ -(= )] or y—1:§(x+2) or 5x+8y+2=0

~6~ ( 2)
5. Intercept Form of Equation of a Straight Line
Theorem 6: Equation of a line whose non-zero x and
y-intercepts are a and b respectively is: 4
X y 1 \

— ==
a b

Proof: Let P(x, y) be an arbitrary point of the line whose

non-zero x and y-intercepts are a and b respectively.

> X
Obviously, the points A(a, 0) and B(0, b) lie on the Ol a \
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required line. So, by the two- point form of the equation of line, we have

y—0= (l; 0 (x—a) (P, A and B are collinear)
—a
or —ay=b(x—a) or bx +ay=ab
or I+ %: 1 (dividing by ab)
a

Hence the result.

Example 10: Write down an equation of the line which cuts the x-axis at\(2, 0) and
y-axis at (0,—4).

Solution: As 2 and—4 are respectively x and y-intercepts of the required line, so by
two-intercepts form of equation of a straight line, we have

f + L — 1
2 -4
Which is the required equation.
Example 11: Find an equation of the line through the ‘\J\/
B (0, a)

point P(2, 3) which forms an isosceles triangle-with

or 2x—-y—4=0

the coordinate axes in the first quadrant. P(2,3)

Solution: Let OA4B be an isosceles triangle so that the
line 4B passes through 4(a, 0) and B(0,a@); where a is 0 : 4 (a, 0\\ > X
some positive real number.

Slope of Ezg_o

=—1. But 4B passes through P (2, 3).

—da

Equation of the line through P(2, 3) with slope —1 is
y—-3=-1(x—2) or x+y—-5=0

6. Normal Form of Equation of a Straight Line

Theorem 7: An equation of a non-vertical straight-line 7, such that length of the

perpendicular-from the origin to / is p and « is the

Y

inclination of this perpendicular, is \

|x cosa + y sina =p| 5

P(x, y)
Proof: Let the line / meet the x-axis and y-axis at R
the points 4 and B respectively. Let P (x, y) be an Q/(}Q
— -

arbitrary point of line 4B and let OR be a A oy
perpendicular to the line /. Then |ﬁ |=p © \ ¢
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From the right triangles OR4 and ORB, we have

coSax Z‘%‘ or ‘m = P

and cos (90° — ) =|%| or ‘ﬁ‘: P

[ c0s(90° — ) =sinx ]
As ‘O_A‘ and ‘O_B‘ are the x and y-intercepts of the line 4B, so equation of line 4B is:

o et (Two-intercept form)
p/cosa  p/sina

That is x cos a + y sin a = p is the required equation.

Example 12: The length of perpendicular from the origin to.a-line is 5 units and the
inclination of this perpendicular is 120°. Find the slope and y-intercept of the line.
Solution. Here p =5, a = 120°.

Equation of the line in normal form is

x cos120° + y sin120° =5

—lx + ﬁ y=5
2 2
=  x=\3y+10=0 -..(1)
. T 10
To find the slope of the line, we-re-write (1) as: y= X2
p (1) as: y 5B
which is slope-intercept form of the equation.
Here m:Landc:ﬁ

VRV

7.2.5 A Linear Equation in two Variables Represents a Straight Line

Theorem 8:
A linear equation in two variables x and y is:

)

where a, b and ¢ are constants and a and b are not EELENLIES
The equation (i) represents a

straight line and is called the
Proof: Here a and b cannot be both zero. So the |general equation of a straight

simultaneously zero.

following cases arise: line.
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Casel: a#0.,b=0
In this case equation (i) takes the form:

c
ax+c=0or x=——
a

which is an equation of the straight line parallel to the y-axis at a directed distance — <
a

from the y-axis.
Casell: a=0,b#0
In this case equation (i) takes the form:

by+c= or y:—%.

which is an equation of the straight line parallel to x-axis at a directed distance _70 from

the x-axis.
Caselll: a#0,b6+#0
In this case equation (i) takes the form:

by=—-ax—c or ——x—g—mx+c
Y Yy b 5

which is the slope-intercept form of the §traight line with slope —751 and y-intercept _76

Thus, the equation ax + by + ¢ = 0, always represents a straight line.

7.2.6 Transform the General Linear Equation to Standard Forms
Let’s transform the equation ax + by + ¢ = 0 into the standard forms:

i. Slope-Intercept,Form
We have: by=—ax—c or y:_?ax—%:mercl ...(1)

—d —C
where m=—,c,=—
b b

ii. Point - Slope Form

We note from (i) above that slope of the line ax + by + ¢ =0 is %a . A point on the

line is (_—C,Oj.
a

Equation of the line becomes y—0= —%(x + Ej
a

which is in the point-slope form.
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iii. Symmetric Form

a .
m=tana =7, sinx =

Apointonax+by+c=0is (_—C,Oj

a

Equation of the line symmetric form becomes

)

x_ _—
V)
bl/+a* +b>  al+tlad* +b*

is the required transformed equation. Sign of the radical to be chosenproperly.

iv. Two -Point Form
We choose two arbitrary points on ax + by + ¢ = 0-Two such points are

(_—C,O] and(O,_b—cj . Equation of the line through thesepoints-is:

a
x+—
0_ d e,y 0=_—a(x+£j
0+¢ —“_0 b\ a
a
V. Intercept Form
ax+by=—-c or ﬂ—i-b—y=1 ie., S A
—c ¢ —cla —cl/b
which is an equation in'two intercepts form.
Vi. Normal Form
The equation: ax +by+c=0 ...(1)

can be written in‘the normal form as:
ax+ by —c .
= ...(11)
a+b A a + b
The sign.of the radical to be such that the right hand side of (ii) is positive.
Proof."We know that an equation of a line in normal form is

xcoso+tysinoa=p ... (1)
If (i) and (iii) are identical, we must have

a b —c

cosa sin@ p

. 2 2
P cosa Sina \cos“a +sin” o 1

Le., —= = = =
- a b i\/az +b° i\/gz +b°

T 4 138 .

NOT FOR SALE-PESRP




Mathematics - 9 Unit — 7: Coordinate Geometry

Hence, cosa a sina b and <
) =7 =T P=—F—=
+\a* + b +\a*+ b +a’+b*

Substituting for cosa , sina and p into (iii), we have

ax+by -c

i\/az +b? J_r\/az +b°

Thus (i) can be reduced to the form (ii) by dividing it by ++/a* + 5. The sign 6f the
radical to be chosen so that the right hand side of (ii) is positive.
Example 13: Transform the equation 5x-12y + 39 = 0 into

(1) Slope intercept form (i1) Twosntercept form
(ii1))  Normal form (iv) . Pomnt-slope form
(v) Two-point form (vi),  Symmetric form

Solution:

(l) We have 12y=5x+39 or y= i)C 39 i,y—intercept c= %

12 12 12
.. 12 . . .
(i1) 5x—12y=-39 or EL + Lt~ L _1isthe required equation.
-39 39 =39/5 39/12

(iii)  5x —12y = -39. Divide both'sides by ++/5’+12* =+13. Since R.H.S is to be

positive, we have to take negative sign.

12y
Hence % + F =3 is the normal form of the equation.
. . .. (-39 . .5
(iv) A point/on the line is T’O and its slope is .
5

Equation of the line can be written as: y—0= %(x + 2)

(v)  Another point on the line is (Q%} Line through (_?”,Ojand (O,%jis

w2

y=0 _ 5

39 =39
12 5

T 4 139 .

NOT FOR SALE-PESRP



Mathematics - 9 Unit — 7: Coordinate Geometry

(vi)

5 . 5 12 . .. (-39
We have tana = —=m,so sina =—, cosa =—.A point of the line is | —,0
12 13 13 5

Equation of the line in symmetric form is

39
x+? y—O
n s )
13 13

{(_EXERCISE 7.2 )

Find the slope and inclination of the line joining the points:

»  Z.4;:6, 1D i)  (3,-2);@27 () (4,6);(4,8)
By means of slopes, show that the following points lie-on the same line:

(1) A-1,-3); B(1,5); C(2,9) (i) P4 ,-5)5%0(7,5); R(10,15)
(i)  L(-4,6); M3, 8); N(10,10) (iv) X(a,2b); Y(c,a+b); Z(2c—a,2a)
Find £ so that the line joining A(7, 3) ; B(k, —6) and the line joining C(-4, 5) ;
D (-6, 4) are:

(1) parallel (11) perpendicular.

Using slopes, show that the trrangle with its vertices A(6, 1), B(2, 7) and
C(=6, —7) is a right triangle.

Two pairs of points are given: Find whether the two lines determined by these
points are:

(1) parallel (11) perpendicular (i11)  none.

() (1,-2)y(2,4) and (4, 1), (-8, 2)

(b) (-344), (6,2) and (4, 5), (-2,-7)

Find an'equation of:

(a) the horizontal line through (7,—9) (b) the vertical line through (-5, 3)
(¢) through A(-6, 5) having slope 7 (d) through (8, —3) having slope 0
(e) through (-8 , 5) having slope undefined

63) through (-5, —3) and (9, —1)

(g)  y-intercept: —7 and slope: —5

(h) x-intercept: —3 and y-intercept: 4

(1) x-intercept: —9 and slope: —4

Find an equation of the perpendicular bisector of the segment joining the points
A(3.,5) and B(9, 8).
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8. Find an equation of the line through (-4, —6) and perpendicular to a line having
slope _—3
2
9. Find an equation of the line through (11, —5) and parallel to a line with
slope —24.
10. Convert each of the following equations into slope intercept form, two intercept

form and normal form:
(a) 2x—4y+11=0 (b) 4x+7y-2=0 (©) 15y —8x+3=0

11. In each of the following check whether the two lines are
(1) parallel (ii)) perpendicular (iii) neither parallel norperpendicular
(a) 2x+y-3=0 ; 4x+2y+5=0
(b) 3y=2x+5 ; 3x+2y—-8=0
(©) 4y +2x—-1=0 ; x=2y-7=0

12. Find an equation of the line through (-4, 7) and parallel to the line 2x— 7y+ 4=0
13. Find an equation of the line through (5, <8).and perpendicular to the join of
A(-15,-8), B(10, 7).

7.3 Applications of Coordinate Geometry in Real life

Situations

Example 14: On a map, Town A«is at coordinates (2, 3) and Town B is at (—4, —1).
What is the distance between thextwo towns?
Solution: Use the distanceformula:

d =, —x) 40, =)’
Substitute the values:

d=J8=2)" +(-1-3)" = JC6) + (-4)’ =\36+16 = /52 ~ 7.21 unit

Thus, the distance between Town A and Town B is approximately 7.21 units.

Example15: Suppose two cities, City 4 and City B, are represented by the coordinates
(3,4) and (7, 1) on a map. Find the straight-line distance between the two cities.
Solution: We apply the distance formula:

d=|4B|=\(7-3) +(1-4)°
d=[4B|= 4 +(-3)
d |48 =679 =35 =5
Thus, the straight line distance between City A and City B is 5 units.
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Example 16: An Engineer is building a bridge between two points on a riverbank.
Suppose the coordinates of the two points where the bridge will start and end are (2, 5) and
(8, 9). Find the coordinates of the midpoint, which will represent the centre of the bridge.
Solution: We apply the midpoint formula:

M:(2+8’ 5+ 9)
2 2

Thus, the centre of the bridge is at the point (5, 7)

Example 17: A landscaper is designing a triangular garden,with corners at points
A2, 3), B(5, 7), and C(6, 2). Calculate the lengths of the sides of the triangular gardern.

Selution: Use the distance formula to find the length of each side:
d= \/(xz _x1)2 + (y2 _yl)z

\E\ = J(5-2 +(7-3)

|4B|= 3y + (47
‘E‘zmzﬁzmnits
BC|=\(6-57 +(2=7}
5=\,

[BC|= 1+ 25= 26 =5.10units
AC|=H(6-2) + (2-3

AC= @y + 17
[4C|=\16+1 =17 = 4.12units

Thus, the lengths of the sides of the triangular garden are:
mAB =5 units , mBC = 5.10 units , mAC = 4.12 units

Example 18: A pilot needs to travel from city 4(50, 60) to city B(120, 150). Determine
the heading angle the plane should take relative to the east direction.
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Solution: The heading angle can be calculated using the slope:
_150-60 _90 _9
" 120-50 70 7

. Aviation is the operation and flight of
Let 0 be the required angle, then aircraft, including airplanes, helicopters and
9 drones.
tan@ =m=— Navigation is the process of determining and
controlling the route of a vehicle from one
a9
0=tan'| 2 place to another.
7
0 =tan™' (1.2857)

6 ~52.13°
Thus, the plane should take a heading angle of 52.13 north of east.

Latitude measures how far a location is from <the

North Pole
equator. It ranges from 0° at the equator to 90° north (at  rrime verigian Equator
the North Pole) or 90° south (at the South Pole).

Longitude measures how far a location is from the W Lt g,

Prime Meridian (which runs through Greenwich,

Latitude

London). It ranges from 0° at the Prime Meridian to Lougiude
180° east and 180° west. South Pole

Example 19: Abdul Hadi is traveling from point 4 (Latitude 10° N, Longitude 50° E)
to point B (Latitude 20° N, Longitude 60° E). Find the midpoint of his journey in terms
of latitude and longitude,

Solution:

Given that

Point A (Latitude 10° N, Longitude 50° E)

Point'B.(Latitude 20° N, Longitude 60° E)

10°+20°

Midpoint latitude = — - 15°N
Midpoint longitude = w =55°E

Thus, the midpoint of Abdul Hadi‘s journey would be at (Latitude 15° N,
Longitude 55° E).
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Example 20: A landscaper is designing a straight pathway from P(2, 3) to Q(8, 9).
What is the length of the pathway?

Solution:
The length of the straight pathway can be found using the distance formula:

Distance = \/(x2 - X )2 +( 3, _y1)2
= J(8-2) +(9-3)’

=\(6) +(6)’
= 36+36
=62

So, the length of the pathway is approximately 6+/2 units.

(( Exercise 7.3 ))

1. If the houses of two friends are represented by coordinates (2, 6) and (9, 12) on
a grid. Find the straight line distance (between their houses if the grid units
represent kilometres?

2. Consider a straight trail (represénted by coordinate plane) that starts at point
(5, 7) and ends at point (15, 3)s"What are the coordinates of the midpoint?

3. An architect is designing a.park with two buildings located at (10, 8) and (4, 3)
on the grid. Calculate the straight-line distance between the buildings. Assume
the coordinates are inumetres.

4. A delivery driver-neéeds to calculate the distance between two delivery
locations. Oneocation is at (7, 2) and the other is at (12, 10) on the city grid
map, where each unit represents kilometres. What is the distance between the
two locations?

5. The start.and end points of a race track are given by coordinates (3, 9) and
(9,13)What is the midpoint of the track?

6. The coordinates of two points on a road are A(3, 4) and B(7, 10). Find the
midpoint of the road.

7. A ship is navigating from port 4 located at (12° N, 65° W) to port B at
(20° N, 45° W). If the ship travels along the shortest path on the surface of the
Earth, calculate the straight line distance between the points.

8. Farah is fencing around a rectangular field with corners at (0,0), (0,5), (8, 5)

and (8, 0). How much fencing material will she need to cover the entire
perimeter of the field?
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9. An airplane is flying from city X at (40° N, 100 © W) to city Y at
(50 ° N, 80° W). Use coordinate geometry, calculate the shortest distance
between these two cities.

10. A land surveyor is marking out a rectangular plot of land with corners at (3, 1),
(3, 6), (8, 6), and (8, 1). Calculate the perimeter.
11. A landscaper needs to install a fence around a rectangular garden. The garden

has its corners at the coordinates: 4(0, 0), B(5, 0), C(5, 3), and D(0, 3). How
much fencing is required?

@(REVIEW EXERCISE 7 )P
1. Four options are given against each statement. Encircle the-correct option.
(1)  The equation of a straight line in the slope-intercept form is written as:
(@ y=mx+oc (b) ~y—yi=m(x—x1)
(c) y=c+mx d “ax+by+tc=0
(i)  The gradients of two parallel lines are:
(a) equal (b) Zero

(c) negative reciprocals of each other  (d) always undefined
(i11) If the product of the gradients of.two lines is —1, then the lines are:

(a) Parallel (b) perpendicular
(c) Collinear (d) coincident
(iv) Distance between two points P(1, 2) and Q(4, 6) is:
(@ 5 (b) 6 (c) VE (d 4

(v) The midpoint-efia line segment with endpoints (-2, 4) and (6, —2) is:
(@ 4,2 b @D (c) (1, 1) (d (0,0
(vi) A line passing through points (1, 2) and (4, 5) is:

(@)~ yp=x+1 (b) y=2x+3

() "y=3x-2 (d) y=x+2
(vir)_The equation of a line in point-slope form is:

(@) y=m(x+c) (b))  y—yi=mx—x1)

(c) y=c+mx (d) ax+by+c=0
(viii) 2x + 3y — 6 = 0 in the slope-intercept form is:

(@) y:%zx+2 (b) y=§x—2

©) y=§x+1 (d) yz_?zx—2
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(ix) The equation of a line in symmetric form is:

X y X=x, Y-y, z—z

212 b Ly L 1

@ a b ®) 1 m 1
XTH_YTh oy = _

©) cosa  sima ) y=y=ma—x)

(x) The equation of a line in normal form is:
(a) y=mx+c (b) Y
a b

(¢ XTh_ M (d) xcosa + ysina =p

cosa  sina
2. Find the distance between two points 4(2, 3) and B(7, 8) on.a‘ceordinate plane.

3. Find the midpoint of the line segment joining the points (4,<2) and (-6, 3).

4. Calculate the gradient (slope) of the line passing through the points (1, 2) and
(4, 6).

5. Find the equation of the line in the form y = mx\+ c that passes through the
points (3, 7) and (5, 11).

6. If two lines are parallel and one line has a gradient of % , what is the gradient

of the other line?

7. An airplane needs to fly from'city A at coordinates (12, 5) to city B at
coordinates (8, —4). Calculate the straight-line distance between these two
cities.

8. In a landscaping projeet, the path starts at (2, 3) and ends at (10, 7). Find the
midpoint.

9. A drone is flying/from point (2, 3) to point (10, 15) on the grid. Calculate the
gradient of the line along which the drone is flying and the total distance
travelled.

10. For aline with a gradient of —3 and a y-intercept of 2, write the equation of the
line in:

(a) Slope-intercept form

(b) Point-slope form using the point (1, 2)

(©) Two-point form using the points (1, 2) and (4, —7)
(d) Intercepts form

(e) Symmetric form

() Normal form
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Logic

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:
» Understand a mathematical statement and its proof
» Differentiate between an axiom, conjecture and theorem.
» Formulate simple deductive proofs [algebraic proofs that require showing the
LHS to be equal to the RHS. e.g., showing (x —3)* + 5 = x> — 6x + 14]

INTRODUCTION

Logic is a systematic method of reasoning
that enables one to interpret the meanings of
statements, examine their truth, and deduce
new information from existing facts. Logic
plays a key role in problem-solving and
decision-making.

We generally use logic in our daily-life
engaging
example, we

while in  mathematics. “For

often  draw ", general
conclusions from a limited “\number of
observations or experienees. A person gets
a penicillin injection’ once or twice and
experiences a reaction soon afterward. He
generalises that he is allergic to penicillin.
This way«of drawing conclusions is called
induction..Inductive reasoning is helpful in
natural sciences, where we must depend
upon repeated experiments or observations.
In fact greater part of our knowledge is
based on induction. On many occasions, we
have to adopt the opposite course. We have
to conclude from accepted or well-known

facts. We often consult lawyers or doctors

The history of logic began with Aristotle,
who is considered the father of formal logic.
He developed a system of deductive
reasoning known as syllogistic logic, which
became the foundation of logical thought.
The Stoics followed, contributing to
propositional logic and exploring paradoxes
such as the Liar Paradox. During the
medieval period, scholars like Peter
Abelard and William of Ockham expanded
Aristotle's work, introducing theories of
semantics and consequences. In the 19%
century, logic advanced through the works
of George Boole, who developed Boolean
algebra, and Gottlob Frege, who formalized
modern predicate logic. Bertrand Russell
and Alfred North Whitehead attempted to
reduce mathematics to logic in their seminal
work, Principia Mathematica. The 20"
century saw significant progress with Kurt
Godel, who introduced his incompleteness
theorems, reshaping our understanding of
mathematical logic(history-of-logic:
http://individual.utoronto.ca/pking/miscellan
eous/history-of-logic.pdf).
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based on their good reputation. This way of reasoning i.e., drawing conclusions from
premises believed to be true, is called deduction. One usual example of deduction is:
All men are mortal. We are men. Therefore, we are also mortal. To study logic, we start
with a statement.

8.1 Statement

A sentence or mathematical expression which may be true or false but not both s called
a statement. This is correct so far as mathematics and other sciences are coneerned. For
instance, the statement @ = b can be either true or false. Similarly, any, physical or
chemical theory can be either true or false. However, in statistical or social sciences, it
is sometimes impossible to divide all statements into two mutually+exclusive classes.
Some statements may be, for instance, undecided.

We can think of a mathematical statement as a unit of information that is either accurate

or inaccurate.

Here, we discuss some examples of mathematical statements that are all true.

(1) For a non-zero real number x and integers m and n, we have: x". x" = x"""
(i1) The sum of the measures of the mterior angles of a triangle is 180°

(ii1))  The circumference of a circle with radius 7 is 27zr

(iv) O < R(The set of rational'numbers is a subset of the set of real numbers)
22
7
(vi)  The sum of twe odd integers is an even integer

(vii) x*—5x+6=0,forx=2o0rx=3

Further, we discuss some examples of mathematical statements that are all false.
(1) 3.4+4=18

i) Zcw

(ii1)  All isosceles triangle are equilateral triangle

/

) XY

(iv)  Between any two real numbers, there is no real number
(V) {1,2,3,4}ﬁ {_19_2:_3:_4}:{1929 39 4}

(vi)  If a and b are the length and width of a rectangle, then the area of a rectangle is

%(axb).
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(vit)  The sum of interior angle of an n-sided polygon is (n — l) x180°

(viii) The sum of the interior angles of any quadrilateral is always180".

(ix)  The set of integers is finite.

The following section will discuss various standard methods for combining statements
to create new statements.

8.1.1 Logical Operators

The letters p, g etc., will use to donate the statements. A brief list of the Ssymbols which
will be used is given below:

h V2
Symbols How to be read Symbolic expression rr\ﬂow to be read
Not p,
~ Not ~p © p.
negation of p
A And pAg pandgqg
v Or pPVY porgqg
o If p then g,
— If . .. then, implies p—q L
p implies g
Is equivalent (to, pifand only if g,
> . . pP<q . .
if and only if. p 1s equivalent to g

8.1.2 Explanation of the Use of the Symbols

1. Negation Table 1
If p is any statement, its negation is denoted by ~p, read ‘not p’. It p | r
follows«from this definition that if p is true, ~p is false, and if p is T|F
false, ~p.is true. The possible truth values of p and ~p are given in Fl T

table: 1, which is called a truth table, where the true value is denoted
by T and the false value is denoted by F.

2. Conjunction

The conjunction of two statements p and ¢ is symbolically written as p A ¢ (p and q).

A conjunction is considered to be true only if both statements are true. So, the truth
table of p A g is given in Table: 2.
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Table 2

I IR TR=] LS
CIEETRCTRE] S

| oo | >

Example 1: Whether the following statements are true or false.
(1) Lahore is the capital of the Punjab and Quetta is the capital of-Balochistan.

(i1) 4<5A8<10 (i)  24+42=3A6+6=10

Solution:

Clearly conjunctions (i) and (ii) are true whereas (iii) is'false.

3.  Disjunction Table 3

The disjunction of p and ¢ is symbolically written as p v g p q |pvyq
(p or g). The disjunction p v ¢ is considered to be true when T T T
at least one of the statements is true. It is'false when both of T F T
them are false. The truth table p v ¢ is.given in Table: 3. = T T
Example 2: 10 is a positive integer or 0 is a rational number.

Find truth value of this disjinction. F F F

Solution: Since both statements are true, the disjunction is true.

Example 3: Triangle can have two right angles or Lahore is the capital of Sindh. Find
the truth value of this-disjunction.

Solution: Both statements are false, the disjunction is false.

4.  Tmplication or conditional Table 4

A compound statement of the form if p then g (p — ¢) also P q P—>q
written as p implies ¢ is called a conditional or an T T T
implication. p is called the antecedent or hypothesis and ¢

is called the consequent or the conclusion. T F

A conditional is regarded as false only when the antecedent F T T

is true and the consequent is false. In all other cases
conditional is considered to be true. So, the truth table of F F T
p — ¢q is given in Table: 4.
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We attempt to clear the position with the help of an example. Consider the conditional:
If person 4 lives in Lahore, then he lives in Pakistan.

If the antecedent is false, i.e., 4 does not live in Lahore, he may still be living in
Pakistan. We have no reason to say that he does not live in Pakistan.

We cannot, therefore, say that the conditional is false. So we must regard it as true.
Similarly, when both the antecedent and consequent of the conditional under
consideration are false, then is no justification for quarrelling with the statement.

5. Biconditional p < ¢ Table 5
The statementp — g A g > p is
mpma g P P ¢ | p—og e | poy

shortly written as p <> ¢ and is e

Lo T T T T T
called the biconditional or
equivalence. It is read p iff ¢ T F F T F
(iff stands for “if and only if”) F T T F F
We draw up its truth table.

. F F T T T

From the Table 5 it appears that

p <> q s true only when both statements p and ¢ are true or both statements p and ¢

are false.

6. Conditionals related with'a given conditional.

Let p and g be the statements.and p — ¢ be a given conditional, then
(1) q — p 1s called the converse of p — g;
(i1) ~ p >'~qis called the inverse of p — ¢;
(iil))  ~g —>~ pis called the contrapositive of p — ¢.

The truth values of these new conditionals are given below in Table 6.

Table 6
“ N Given conditional | Converse | Inverse | Contrapositive
plqg| P | g p—>4q 9—>pP |~p—>~q| ~477~P
T|T F F T T
T|F F T F T T F
F|T T F T F F T
F | F T T T T T T
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From the table 6, it appears that

(1) Any conditional and its contrapositive are equivalent; therefore, any theorem
may be proved by proving its contrapositive.

(i1) The converse and inverse are equivalent to each other.
Example 4: Prove that in any universal set, the empty set ¢ is a subset of any set 4.
Solation: Let U be the universal set. Consider the conditional:

Vxe U,xe ¢ >xe A ...(1)

The antecedent of this conditional is false because no xe U, is a member,of ¢ .
Hence, the conditional is true.
Example 5: Construct the truth table of [(p = ¢) A pland [(p=>¢) A P]1 > ¢q
Solution:
The desired truth Table 7 is given below:

Table 7

p q | P4 (p—yﬁ,\p) (P —q) APl >4
T T T T T
T F F F T
F T T F T
F F T F T

8.1.3 Mathematical Proof

Suppose Fayyaz is a'student in Grade 9. One day, he arrived home late due to heavy
traffic in a city /His father, however, suspected that Fayyaz had not gone to school and
instead spent the'day elsewhere. To address his concerns, his father asked, “Tell me the
truth, did.you go to school today? Fayyaz responded, saying, “Yes, I did.” Still
doubtful; his father asked, “What proof do you have that you attended school? To
satisfy his father's concern, Fayaz says that my classmate Ahmad went to school with
me and could confirm with him. But his father was still not convinced by his words.
Now, how will he prove his father’s claim that he went to school or not? To prove his
father's claim, Fayyaz would need to present some evidence, like his attendance for that
day, which was recorded in the school attendance register, or CCTV footage from the
school to prove that he was indeed present that day.
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Consider another situation, you have bought a mobile phone with a warranty of about
one year. After using the mobile phone for a few days, your mobile phone breaks down,
so you take it to the mobile company or service provider. The customer support
representative will ask you for proof if you want to claim your mobile phone's warranty.
To claim the warranty on the mobile phone, you must present the warranty card as
documented proof to the customer service representative. Generally, we have to prove
and disprove many claims and statements in our daily routine. In mathematies;-proofs
provides the evidence that a statement is correct, demonstrating a logical sequence of
steps that lead to the final conclusion.

Example 6: Prove the following mathematical statements.
(a) If x is an odd integer, then x? is also an odd infeger
(b) The sum of two odd numbers is an even-number
Solution:

(a) Let x be an odd integer. Then by definition of an odd integer, we can express x
as:

x =2k+1forsomeke”Z
Now xr =k+1)> =4k + 4k +1

If x is odd, then x can be expressed
in the form: x=2k+1 for some

— 20212+ 2k) + 1 ke 7
=2m+ 1, where m=2k>+2ke Z
Thus, x> =2m +1 for some m € Z

Therefore, x”is an odd-integer, by definition of an odd integer.

(b) Let x«and,y be odd integers. Then by
definition”of an odd integer, we can | [fy is an even integer, then x can
express x and y as: be expressed in the form:

x =2k +1"and y=2n + 1 for some k and ne Z. x =2k for some ke Z

Thus, x+y =Qk+1)+Q2n+1)
=2k+2n+1+1
=2(k+n+1)=2m,wherek+n+1=meZ
So, x+y =2m for some me Z.

Therefore, x + y is an even integer, by definition of an even integer.
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Example 7: Prove that for any two non-empty sets 4 and B, (A U B)' =ANB'.

Proof: Let xe (4 UB)
= xg(AuB) A set B is a subset of a set 4 if

every element of set B is also an

= x¢ dand x¢ B element of a set 4.

= xe A and xe B Mathematically, we write.it as:

= xe AnB Bc Aif Vxe B = xe 4

But xe (4 uB)' is an arbitrary element

Therefore, (AUB)' cAnB .. (1)
Now, suppose that ye 4' N B’

= ye A and ye B’

= ye¢ Aand ye¢ B

= ye(AUB)

= ye (A uUB )'
Thus 4 NB'c(AUB) ...(if)
From equations (i) and (ii)*we conclude that
(Au B)' = A " B', hence proved.
8.1.4 Theorem, Conjecture and Axiom

In previous sections, we have explored mathematical statements and their
corresponding ‘proofs. We will now move on to a more advanced concept known as
theorems. A .theorem is a mathematical statement that has been proved true based on
previously known facts. For example, the following statements are theorem:

(i) Theorem: The sum of the interior angles of a quadrilateral is 360 degrees.

(ii) The Fundamental Theorem of Arithmetic: Every integer greater than 1 can
be uniquely expressed as a product of prime numbers up to the order of the
factors.

(iii) Fermat's Last Theorem: There are no three positive integers a, b, ¢, which

satisfy the equation " + b" = ¢, where n € Nand n > 2
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One of the famous theorems was named after the 17%-century French mathematician
Pierre Fermat. Let's examine Fermat's Last Theorem for specific values of » and see
how they apply. For n = 2, the statement simplifies to @’ + b’ = ¢ which does have
solutions. This is the well-known Pythagorean theorem. For instance, 3%+ 4?= 5% holds
true because 9 + 16 = 25.

Now, let's examine the statement for » = 3. The statement becomes @’ + o> = .

After centuries of searching, no such integer solution has been found, and Wiles' proof
confirmed that no such numbers exist. For example, 3*+ 4 # 5% because 91 +# 125.

Fermat claimed he could prove this theorem but noted that the margin-of-his book was
too small for such a meaningful explanation. Despite his, assertion, many
mathematicians found it challenging to prove the theorem for-centuries. The theorem
remained unproven for over 350 years and became one of the-most famous problems
in mathematics. In 1993, Andrew Wiles from Princeton University announced a proof
after working on it for over seven years, spanning hundreds of pages. This illustrates
that some factual statements are not immediately evident.

Conjecture: A conjecture is a mathematical statement or hypothesis that is believed
to be true based on observations but<has not yet been proved. In mathematics,
conjectures often serve as hypotheses, and if a conjecture is proven to be true, it
becomes a theorem. Conversely, if'evidence is found that disproves it, the conjecture
is shown to be false. Here,.is/another well-known statement that has gained enough
recognition to be named:- First proposed in the 18" century by the German
mathematician Christian, Geldbach, it is known as the Goldbach Conjecture. The
Goldbach Conjecture states that:

Statement: Every even integer greater than 2 is a sum of two prime numbers.

We must agree that the conjecture is either true or false. It appears to be true based on
empirical evidence, as many even numbers greater than 2 can indeed be written as the
sum of'two prime numbers: for example,4=2+2,6=3+3,12=5+ 7, among others.
However, this does not preclude the possibility that some large even number may
exist that cannot be expressed as the sum of two primes. The conjecture would be
proven false if such a number is found. Despite extensive efforts since Goldbach first
posed the problem over 260 years ago, no proof has been found to determine whether
the conjecture is true or false. Nevertheless, conjecture is a valid mathematical
statement, as it must be either true or false.
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In mathematics, we frequently encounter situations where it is necessary to determine
the truth of a given statement without proving it. Next, we will study the same
statement, which is known as axiom.

An axiom is a mathematical statement that we believe to be true without any evidence
or requiring any proof. In other words, these statements are basic facts that form the
starting point for further ideas and are based on everyday experiences. Moreover, there
is no evidence contradicting these statements. For example, the following-are the
statements of axioms.

Axiom: Through a given point, infinitely many lines can pass.

Euclid Axioms: A straight line can be drawn between any two points.

Peano Axioms: Every natural number has a successor, which.is also a natural number.
Axiom of Extensionality: Two sets are equal if they haye the same elements.

Axiom of Power Set: Any set has a set of all its subsets.

Considering the above example, we will find that there is no need to prove these
statements. For example, our intuition recognizes that infinitely many lines can pass
through a point, so there is no need to prove it.

Axioms are sometimes referred to as pestulates. Both Axioms and Postulates describe
statements that are accepted as_true without requiring proof. However, postulates are
associated explicitly with geometry, while axioms can pertain to broader mathematical

contexts.
Next, we are going to prove the statement of a theorem.

Example 8: Prove that %+ c_ ad +bc

y o where a, b, ¢ and d are non-zero real numbers.

Solutiohi: L.H.S = %+ 2 - %x 1+ gx 1 (~ Multiplicative identity)

a 1 o
=—X (d X — ]4— —X (bx —] (~+ Multiplicative inverse)
b d
a d c b ( 1 a j
=—X—+—=X— ax —=—
b d d b b b
ad cb ( ) a c¢ ac j
=—+— Rule of production of fraction —.— = —
bd db b d bd

T 4 156 .

NOT FOR SALE-PESRP



Mathematics - 9 Unit — 8: Logic

ad bc , e
=—+— (+ Commutative law of multiplication ab = ba)
bd bd
:czta’><i+bc><i ( axl:ﬁ)
bd bd b b
= (ad + bc) . é ( Distributive property)
(ad + bc)
=—+=R.H.S
bd

= L.HS=R.H.S

Thus, 4,52 ad + be
b d bd

Hence proved.

8.1.5 Deductive Proof

As discussed earlier, deductive reasoning is a wayvof drawing conclusions from

premises believed to be true. If the premises are-true, then the conclusion must also be

true. For example: All human beings need-to, breathe to live. Ahmad is a human.

Therefore, Ahmad is also breathing to live.

Similarly, in mathematics, deductive proof in an algebraic expression is a technique
to show the validity of a mathematical-statement through logical reasoning based on
known rules, theorems, axioms,.or.previously proven statements. Deductive reasoning
is broadly used in algebra to validate identities and solve equations.

Example 9: Prove that; * (x*+ 1)> + 7= x*+2x+8
Solution: Proof: I'H.S = (x+1)*+7

=(x+Dx+1)+7 (o X X = X"
=x.(x+1)+lL.x+1)+7 (~+ Right distributive law)
=x-x+x-1+1-x+1-1+7 (~ Rightdistributive law)
=x>+1-x+1-x+1+7 (~+ Commutative law & x".x"=x""*")
=x>+(1+1)x+8 (+ Left distributive law)

=x’+2x+8 =R.H.S
= LH.S=R.H.S
Thus, (x + 1)* + 7= x*+2x+8. Hence proved

4 1
Example 10: Prove that % = 3x + 1 by justifying each step.
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45x+15
15

_ L 4sx+15) ( z:lxaj
15 b b

Solution: Proof: L. H.S =

1
= Ex (I5x3x+15x1) (*  Multiplicative Identity)

= % x 15(3x + 1) (+ Distributive Law)

1 -
— (Ex 15 j (3x + ]) ( Associative'Law)
=1-GBx+1) (+ Multiplicative Inverse)
=3x+1=R.H.S (+ % Multiplicative Identity)

= LHS=R.H.S
45x+15

= 3x + 1 hence proved.

{(_EXERCISES )

1. Four options are given against each.statement. Encircle the correct option.
(1) Which of the following expressions is often related to inductive reasoning?
(a) based on repeated experiments (b) if and only if statements

(c) Statement is proven by a theorem (d) based on general principles

(1))  Which of thefollowing sentences describe deductive reasoning?

(a) genetal conclusions from a limited number of observations

(b) based on repeated experiments

(¢){ based on units of information that are accurate

(d), ‘draw conclusion from well-known facts
(iii)~.\Which one of the following statements is true?

(a)  The set of integers is finite

(b)  The sum of the interior angles of any quadrilateral is always 180
22
c —¢&
(c) Z 0

(d)  Allisosceles triangles are equilateral triangles

Thus,

(iv)  Which of the following statements is the best to represent the negation of

the statement "The stove is burning"?
(a) the stove is not burning.
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(b) the stove is dim
() the stove is turned to low heat
(d) it is both burning and not burning.

(v) The conjunction of two statements p and ¢ is true when:
(a) both p and g are false. (b) both p and ¢ are true.
(©) only ¢ is true. (d) only p is true

(vi) A conditional is regarded as false only when:
(a) antecedent is true and consequent is false.
(b) consequent is true and antecedent is false.
(c) antecedent is true only.
(d) consequent is false only.

(vii) Contrapositive of g — p is
(@ g—~p b)~g—p © ~p27q d~qg—~p
(viil) The statement “Every integer greater than 2 is-a sum'of two prime numbers” is:
(a) theorem (b) conjecture (c)naxiom (d) postulates
(ix)  The statement "A straight line can be drawn between any two points" is :
(a) theorem (b) conjecture (c) axiom (d) logic

(x) The statement "The sum of the interior angle of a triangle is 180°” is:

(a) converse (b) theorem (c) axiom (d)  conditional
2. Write the converse, inverse and contrapositive of the following conditionals:
@ ~p—>q () Jg—->p (@) ~p>~qg (V) ~go~p
3. Write the truth table of the following
(i) (pva@)v( q) @) ( gqv p) (i) (pve)e(prg)
4. Differentiate between a mathematical statement and its proof. Given two
examples;
5. Whatis the difference between an axiom and a theorem? Give examples of
each.
6. What is the importance of logical reasoning in mathematical proofs? Give an
example to illustrate your point.
7. Indicate whether it is an axiom, conjecture or theorem and explain your
reasoning.
(1) There is exactly one straight line through any two points.

(1)  Every even number greater than 2 can be written as the sum of two
prime numbers.
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Mathematics - 9 Unit — 8: Logic

(ii1))  The sum of the angles in a triangle is 180°.
8. Formulate simple deductive proofs for each of the following algebraic
expressions, prove that the L.H.S is equal to the R.H.S:
(i) prove that (x —4)*+ 9 = x>— 8x + 25
(ii))  prove that (x + 1)>— (x — 1)> = 4x
(iii)  prove that (x + 5)>— (x — 5)> = 20x
0. Prove the following by justifying each step:

4+16x 6x*+18x  2x
i =1+4x i =
@ (i) 3x*—27 x-3

L. X +7x+10  x+5
(111) > =
x =3x-10 x-5
10.  Suppose x is an integer. If x is odd, then 9x + 4 is odd.
11.  Suppose x is an integer. If x is odd, then 7x + 5 is even.
12.  Prove the following statements
(i)  Ifxis an odd integer, then show that it\x” — 4x + 6is odd.
(ii))  Ifxis an even integer then show'thatix® + 2x + 4 is even.

13.  Prove that for any two non-empty sets 4 and B, (AN B)' =A'UB'.

14.  Ifx and y are positive real numbers'and x* < y°then x< y.
15.  Prove that the sum of the interior angles of a triangle is 180°.
16. If a, b and ¢ are non-zero'real numbers, prove that:
a c a c ac a ¢ a+c
i —=—<& ad="bc i ——=— iii) —+—=
O 3= N
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Similar Figures

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:
» Identify similarity of polygons. Area and volume of similar figures.

»  Solve problems using the relationship between areas of similar figures and volume'of-similar
solids.

» Solve real life problems that involve the properties of regular polygons, triangles and
parallelograms (such as building architectural structures, fencing, tiling, painting and
carpeting a room).

INTRODUCTION

The concept of similarity dates back to ancient Greéce; where Greek mathematicians,
particularly Euclid, developed the fundamental.principles of geometry. In his creative
work, "The Elements", Euclid established thefoundations of plane geometry, including
the theory of similar triangles and polygons. ‘Euclid's further work laid the groundwork
for modern geometry and the concept-of similarity remains central in many branches

of mathematics, including trigonometry-and algebra.

9.1 Similarity of Polygons

Similar figures have same shape but not necessarily of EIELEIIEE

Three or more than three-sided
closed figure is called polygon.

same size. Two polygons are similar if their

corresponding angles.are equal and the corresponding
sides are propottional (i.e., the ratios of the lengths of corresponding sides are equal).
This means/(that if two polygons are similar, one is a scaled version of the other. For
example, all equilateral triangles are similar to each other because they have the same
angles and the measure of the sides are proportional.

9.1.1 Identification of Similar Triangles
(1) If two angles in one triangle are congruent to two corresponding angles in
another triangle, the third angle in each triangle must be congruent. Since the

angles are the same, the triangles are similar. Similarity symbol is ‘~’.
i.e., In the correspondence of the triangles ABC and DEF.
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Mathematlcs 9 Unit — 9: Similar Figures
msLA=m<sLD

msB=m<E
mLC=mF A(Q\\
Hence, AABC ~ ADEF

(i)  If the ratio of two correspondmg sides and their 1ncluded angle are equal, then
the triangles are similar. In the correspondence of the triangles ABC and EFG,
m<ZLABC = mEFG and the ratio of the corresponding sides are

m :4_: 50‘“
3 i i
mAC 6 3
and —=—Hence

mEG 4
triangles ABC and EF'G are similar.

N
(oo

i\
3
N | W

(i)  Iftheratio of all the corresponding sides are equal, then the triangles are similar.
In the corresponding of A POR andA XZ77,
the ratio of corresponding sides ‘are:
mPQ m@ mPR
mXZ mYZ mXY R

3 6.5 45

54 117 84 )
5 )

O | \n

R
9 9
Hence, the APQR and A XZY are similar.

Example 1: If one pair of corresponding sides

P 3cm QO Z 54 cm X

NI TNEY Proportionality of
sides means one side is k times of its
are parallel 'to each other, then the triangles so | corresponding side.

formed as'shown in the figure are similar. i.e., C 4.2 cm D

In the figure, AB s parallel to CD and

m-LAOB = m<sDOC  (Vertically opposite angles)
m~sA =m<D  (Alternate angles of parallel lines)

m~sB =m-C (Alternate angles of parallel lines)

Solution: Since all three corresponding angles are equal,
so AOAB ~ AODC
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Mathematics - 9 Unit — 9: Similar Figures

The ratio of corresponding sides are equal i.e.,
w04 mAE  mOB
mOD mDC  mOC

2 3 _25
2.8 4.2 35
5.5 _s
7 7 7

So, the triangles OAB and ODC are similar.

Example 2:
In the triangles XBC and XDE, find the value of x and y.

Solution: Since BC is parallel to ED, so the triangles XBC and XDE are similar, so,
the ratio of the corresponding sides are:
wXB mBC mXC
mXD mDE mXE

C
&

2 o _x _18 c %
y 4 2.7
x _ 18 =4 267em
4 2.7 2.7
2 18 W 2.7 3
v 27 =~ XTI eToem E 4em D
9.1.2 Similarity of Quadrilaterals o
Example 3: The Quadrilateral 4ABCD has side 2
N —_ R D C,
lengths mAB = S5cmy mBC =8, mCD= 10 cm, 0, g
— 2
mAD = 12¢m,.and its angles are m<ZA4 = 90°, o C . o
m<B =.120%and m-C = 90°. Quadrilateral o 5 <
) - % §
EFEH has side Egths mEF = 10 cm, ASoms o
mFG =16 cm, mGH = 20cm, mEH = 24 cm

and its angles are m<FE = 90°, mF = 120° and E 10em F
m<H = 60°. Prove that the quadrilateral ABCD 1is similar to the quadrilateral EFGH.
(Diagrams are not drawn to scale).
Solution: We see that in the quadrilateral ABCD:
mZ/ D =360°— (90° + 120° + 90°) = 60°.
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Mathematics - 9 Unit — 9: Similar Figures

In the quadrilateral EFGH, mZG =360°— (90°+ 120° + 60°) = 90°.

Now, check if the corresponding angles of the quadrilaterals are congruent:
mZA=msLE=90°, mLB=mLF=120°, mLC=mZG=90° and m£D =ms£H=60°.
Next, check the ratios of the corresponding sides:

— AB 5 1 — — mBC 8 1
Ratio of 4B to EF m—_:—:—, Ratio of BC to FG : 2= -2 __~
mEF 10 2 mFG 16 2

— — mCD 10 1 — — mAD 1281
Ratio of CD to GH:m—_z—:— Ratio of AD to EH : malr _ L NE
mGH 20 2 mEH 24 )2

Since the corresponding angles are congruent and the corresponding sides are
1
proportional (with a ratio of E)’ so the quadrilateral ABCD “is similar to the

quadrilateral EFGH.

Example 4: Find whether the parallelograms
are similar given that one of the angle between ﬂ
A B

sides is 45° in both the parallelograms.
Solution:

Since opposite angles in a parallelogram are equal and adjacent angles are
supplementary, so the corresponding angles (45°, 135°, 45°, and 135°) in both
parallelograms are equal. So, theparallelograms are similar.

Measure of the base of smallerparallelogram, b, = 2units
Measure of the base of larger parallelogram, b, = 6 units.
Measure of the height of smaller parallelogram, 4, = 1 unit

Measure of the height of larger parallelogram, /, = 3 units.

Ratio"of corresponding lengths are equal. i.e., Ly e and L) 1
b, 6 3 h, 3
Therefore, ﬁ = ﬁ
b2 hZ

Example 5 The perimeter of a regular octagon is 48 cm. Another octagon has sides that
are 1.2 times the sides of the first octagon. What is the length of side of the second
octagon?
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Mathematics - 9 Unit — 9: Similar Figures

Solution: Perimeter of first regular octagon = 48 cm
Side length of first regular octagon = r =6 cm.

Side length of second regular octagon =6 x 1.2 =7.2 cm.

¢ EXERCISE 9.1 )

1. Find whether the solids are similar. All
lengths are in cm.

2. In triangle ABC, the sides are given as P F 15.75 cm E
mE=6cm,mR’=9cmand =
—_— ] by
mCA= 12 cm. In triangle DEF, the | ¢ 2, 27 o g
NeJ

sides are given as mDE = 10.5 cm,

mEF =15.75 cm, and mFD= 21, em. B 9 cm C D

Prove that the triangles are similar. A
E F
3. In the given figure,. AABC ~ ADEF,
mAB = 12 cm, inAC = 20 cm and g oS> £
mBC =16 em, i ADEF, mDE=6cm. y s
Find mDF andmEF.
D
C 16 cm B
4. Eind the value of x in each of the following:
@
A 7.5 cm
E 3cm
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5. A plank is placed straight upstairs that 20 cm wide
and 16 cm deep. A rectangular box of height 8 cm
and width x cm is placed on a stair under the plank.
Find the value of x.

6. A man who is 1.8 m tall casts a shadow of a 0.76 m in length. If at the same
time a telephone pole costs a 3 m shadow, find the height of the pole:

7. Find the values of x, y and z in the given figure.

8. Draw an isosceles trapezoid ABCD where AB CD and mAB>mCD . Draw

diagonals AC and BD, intersectingat . Prove that A4BE is similar to ACDE.
If mAB =8 cm, mCD =4 cm, and mAE =3 cm, find the length of CE.

9. A regular dodecagon has its side lengths decreased by a factor of L . If the

N

perimeter of the original dodecagon is 72 cm. What is the side length of scaled
dodecagon?

9.2 Area of Similar Figures

There are two parallelograms with
corresponding bases 6 cm and 8 cm and
corresponding altitudes 3 cm and 4 cm
respectively. The ratio between their
lengths is 3 : 4 written as:

a3

, 4
The area of smaller parallelogram is: 4; = base x altitude
= 6x3=18cm’
The area of larger parallelogram is: A4, = base x altitude
= 8§ x4=32cm’
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Mathematics - 9 Unit — 9: Similar Figures

The ratio of their areas is:

Where 4, and 4, are areas and /, and /, are any two corresponding lengths of similar
figures.

Hence the ratio of the areas of any two similar figures is equal to the square of the ratio
of any two corresponding lengths of the figures.

2
A _[4
AZ gz

l A
Since each length is k times of the other, we take g_l <kithen —-=k".1.c. Area 4 |18
2 2

k* times the area A, ks called scale factor.

Example 6: Find the unknown value in thefollowing:

(@)

(i)

(111) “~The quadrilaterals PORS and XYZW are similar where m@=35 cm and
mXY = 25 cm.

P 35cm
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(iv)

£,=3cm

A,=135cm’ []

V)

_ 2
4 =153 em 4,=833 em’

Solution: (i) Since two pairs of corresponding angles“are equal i.e., triangles are
similar. We use the formula for ratio of areas of similar figures.

2
4_14
A2 62
Here ¢, =2.4cm, /> =1.5cm~45=25cm?, A,=?
A4 _(24)
25 1.5
A _ @
25 5
A= ﬁ>< 25 =64cm?
25
(i)  Apply-formula:
A (4]
A2 62

Here /,=10cm, /, =25cm, A, =40cm?, A4,=7?

ﬂ_(ﬁj
4, (25
@_(zj
4, s
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40 4
A4, 25
4, = 40x %: 250cm’

(ii1) It is given that the quadrilateral PORS is similar to quadrilateral XYZW.
A (4]
AZ €2
Here ¢/, =35cm, /,=25cm, 4, =2, A,=98 cm?
A _(35)
98 \25
A_(7Y
98 \5
4 = ﬁx 98=192.08cm’
25

(iv)  Since two pairs of corresponding angles.in both triangles are equal, so
triangles are similar.

2
A4
AZ 62

Here /1, =2, (=3 cm, A4,=135em?, A4,=24cm?

2

135 (¢,
24\ 3
135 (1Y
240 |3
9 ()
16 (3
(ﬁ jz = \/E (Taking square root)
3 16
3
3 4
-
4
=2.25cm
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(v) For similar spheres
ﬁ_(ﬁ j
4 6
Herer,=?, r,=7cm, A, =153 cm?, A4,=833cm’
153 _ (1)
833 7
9_ (Lj
49 \ 7
2
\/@ = \/% (Taking square root)
:% = r,=3cm

= =

3
Example 7: Two polygons are similar with a ratio"of corresponding sides being 5 If

the area of the smaller polygon is 54 cm?, find the area of the larger polygon.
Solution: The ratio of the areas of two similar polygons is the square of the ratio of

Area of larger polygon ( 5 jz 25
3 9

corresponding sides. So, =
Area of smaller polygon

25
Therefore, Area of larger polygon = ?x 54=150 cm’

Example 8 Given that BC “DE, prove that the triangles ABC and ADE are similar.
(1) If mAB=3 cmand mBD =12 cm, find the ratio of area of AABC to

the,area of AADE.
(i), /" Ifarea of AADE is 125 cm?, find the area of AABC and area of trapezium
BCED.
Solution: Since m-A4 = m-A (common), m-B = m<D A
and m<C = m<E (Corresponding angles of
parallel lines BC and DE ). Hence AABC is similar %O@
to AADE.
(1) Ratio ofsides:m—£:3+l'2:£:1 i E\
mAD 3 35 v
C
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Areaof AABC (¢, ) (7Y} 49
Area of AADE | /, 5 25
(ii) Area of AADE = 125 cm?
Area of AABC 49

125 "5
49 5 )
= Area of AABC = Ex =245 cm

Area of trapezium BCED.= Area of AABC — Area of AADE
=245 - 125= 120 cm?

¢ EXERCISE 9.2 )

I. Find the ratio of the areas of similar figures if the ratiolof their corresponding
lengths are: (i) 1:3 (11) 3:4 (1) 2:7 (iv) 8:9 (v) 6:5
2. Find the unknowns in the following figures:
@» H L] F H @D
A=
A, =240 cm’
[ [
_I I_ 6 cm
10 cm
(ii1)
A] =9 A2 =18 cm’
3.6cm 5.76 cm

3. Given that area of AABC = 36 cm? and
mAB =6 cm, A
mBD =4 cm . Find

(a) the area of AADE
(b) the area of
trapezium BCED

Y

4, Given that AABC and ADEF are similar, with a scale factor of k = 3. If the area
of AABC is 50 cm?, find the area of triangle ADEF?
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9.3

Quadrilaterals ABCD and EFGH are similar, with a scale factor of k= % CIf

the area of quadrilateral ABCD is 64 cm?, find the area of quadrilateral EFGH.
The areas of two similar triangles are 16 cm? and 25 cm?. What is the ratio of a

pair of corresponding sides?
The areas of two similar triangles are 144 cm? and 81 cm?. If the base of the
large triangle is 30 cm, find the corresponding base of the smaller triangle.

A regular heptagon is inscribed in a larger regular heptagon and each.side of
the larger heptagon is 1.7 times the side of the smaller heptagon. If the area of
the smaller heptagon is known to be 100 cm?, find the area of the larger
heptagon.

Volume of Similar Solids

Two solids are said to be similar if they have same shape but possibly different sizes.

Two solids are similar if lengths of the corresponding sides are proportional i.e., the

ratio of the corresponding lengths are equal. e.g., m
. . hh 0 T\\_/
The two cylinders are similar if —=—
nooh T h,
h
If ,=4 cm, r,=5cm, h,=8 cmand /=10 cm, then l
N
we note that: i - N
rn 4 d h 8 4(_{Volume of smaller cylinder, | Volume of larger cylinder,
—=—and —=—=%.
rn 5 by 105507y —n V,= nr; h,
2
Sk 4w = x 5% 10
r, h , =250 & cm?
=128n cm

3
Ratio of volumes: 5 = % _ 64 (ij

v, 250m 125

3 3
So ﬁ: S0 or 5:ﬁ
’Vz n v, h,

5

Hence the ratio of the volume of any two similar solids is equal to the cube of the ratio

of any two corresponding lengths of the solids.
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3
hola
(6
. o ‘ Voo
Since each length is & times of the other, we take 7 =k, then 7 =k’ .1i.e., Volume V,
2 2

is k& times the volume ¥, and £ is called scale factor.

Since mass of a substance is proportional to its volume, the ratio of the mass of two
similar solids is equal of to the ratio of their volumes. If the masses of two-similar solids
are w1 and w2 and volumes are V1 and V2, then

h_w
v, w
3
Therefore, W [ﬁj
w, ly

Example 9: Find the unknown volume in the, following similar solids:

(1) (11) ‘>
%

2.5¢cm

Selution:. (i).” /;=2.5cm, /,=4 cm

3
LA v, =200x 212
v, |, 125
3
@{2;5) V,=819.2 cm’
v, 4
&(éj
v, \8
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3
l
(ii) Using formula LA
v \4
v, —(éj ¢/, =5cm, {,=7 cm
686 7 V,=2,V,=686 cm’
125
686 343
V.= 12—5>< 686
343
=250 cm’
Example 10: A solid cone C is cut into two pieces 4 and B with sloping edges 6 cm
and 4 cm. Find the ratio of: C
(1) the diameters of the bases of the cones 4 and 'C.
(i1) the area of the bases of the cones 4 and €. ‘.

(ii1) the volumes of the cones 4 and C.

(iv) If volume of cone A4 is 72 cm?, find the volume

of solid B. vo
Solution: Let diameter of cone 4 = d, ¥

Diameter of cone C = d, _

(1) The ratios of the corresponding-lengths are equal because of similarity of the
cones.
d_Li_ 6
, {, (10
3 .t 3
=% Le., —=—
S !

(i)

Areaof'cone 4 _1
Areaof cone C l,

(iif) Volume of cone 4 E_]
Volume of cone C | £,
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(iv) V1= Volume of cone 4 =72 cm®
V2= Volume of cone C=?

(4
v, U,

n_2
v, 125
V,= 12x135 = 3331 cm’
27 3
Volume of solid B = Volume of cone C — Volume of cone 4

= 3331—72 = 261l cm’
3 3

Unit — 9: Similar Figures

Example 11: The mass of sack of rice is 50 kg and height 60 em. Find the mass of the

similar sack of rice with height of 90 cm.
Solution: Mass of the smaller sack of rice w, =50 kg

Height of smaller sack of rice ;=60 cm

Mass of larger sack of rice W» = ?

Height of smaller sack of rice /1, =90 ¢m

3
w
Using formula — = (ﬁ]

w, .\
2150

w, \90 3

0_8

w, 27

w, = 2750 _ 16875 ke

Examplé12: The ratio of the corresponding lengths of two similar cylindrical cans

1s3:2.

(1) The larger cylindrical can has surface area of 67.5 square metres. Find

the surface area of the smaller cylindrical can.

(11) The smaller cylindrical can has a volume of 132 cubic metres. Find the

volume of larger tin can.
Solution: (i) Surface area of larger can = 41 = 67.5 m?
Surface area of smaller can = A2=?
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. . .l 3
Ratio of corresponding lengths is g—l =3
2
Using formula for areas of the similar figures:
4 ( 4 j
4, \ 1
2
675 _ (éj =  A4,=67.5x 430w
A4, 2 9

(i)  Volume of smaller can = V2= 132 m’

Volume of larger can = V1="7?

3
Using formula for volume of similar figures: n = (—IJ

3
N_(3) o oy owssw
132 (2 8

@ EXERCISE 9.3 )

1. The radii of two spheres are.in the ratio 3 : 4. What is the ratio of their
volumes?
2. Two regular tetrahedrons have volumes in the ratio 8 : 27. What is the ratio of

their sides?

3. Two right cones-have volumes in the ratio 64 : 125. What is the ratio of:
(1) theirheights (i1) their base areas?
4. Find'the missing value in the following similar solids.

B (i) i

k > :
N S
g i
W o0
~ Il
& I <
‘\1§ \b /\ = /\
N v
v, =2 V,=1536 cm’ ~ \_/
! 2 V,=1? V,=171.5 cm’
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(iii) (iv)
A4,=392 cm’ /
V,=9 ‘

A4,=162 cm’
V,=729 cm’

5. The ratio of the corresponding lengths of two similar canonical cans is 3 : 2.
(1) The larger canonical can have surface area of 96 m?. Find the surface
area of the smaller canonical can.
(i1) The smaller canonical can have a volume of 240 m?>, Find-the volume
of larger canonical can.
6. The ratio of the heights of two similar cylindrical water tanks'is 5 : 3.
(1) If the surface area of the larger tank is 250 square metres, find the
surface area of the smaller tank.
(i)  If the volume of the smaller tank is270 cubic metres, find the volume
of the larger tank.
9.4 Geometrical Properties of Polygon and their Applications
9.4.1 Geometrical Properties of Regular Polygon
A regular polygon has all sides and ‘all angles equal. Some of the common regular
polygons are equilateral triangles, squares, regular pentagons, regular hexagons, etc.
Sum of Interior Angles: The formula for sum of interior angles of n-sided polygon is
(n—2) x180.
Interior Angle: For a regular n-sided polygon:
o= (n—2)x180°

n

Size-of each Interior Angl

For instance;-a regular hexagon has n = 6, so each interior angle is
(6—2)x180° 720°

6 =
Exterior Angle: The sum of all exterior angles of any polygon is always

=120°

360° regardless of the number of sides. The exterior angle of a regular n-sided
polygon is:
360°
n

Exterior Angle =

The interior and exterior angles are supplementary at a vertex i.e.,
Interior + exterior angle = 180°
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Diagonals: The total number of diagonals in a regular polygon with # sides is n(n=3)
Symmetry: A regular m-sided polygon has rotational symmetry and reflexive
symmetry both of order ». e.g., a regular hexagon has six lines of symmetry and has

O

rotational symmetry of order 6. A regular n-sided polygon can be rotated by and

n
will look the same.

9.4.2 Geometrical Properties of Triangle

A triangle is a polygon with three sides and three angles. Triangles come in various
types based on side length and angle measure.

Angle sum: The sum of the interior angles in any triangle is always 180°. In equilateral
triangle, all sides are equal, and each angle is 60°. It has thrée lines of symmetry and
rotational symmetry of order 3. In isosceles triangle, two sides are equal, and the angles
opposite to the equal sides are also equal. It has one line of symmetry.

Exterior angle of a triangle: The measure of an‘exterior

angle in a triangle is equal to sum of the measures of two
opposite interior angles i.e.,
In AUBC,mZA +msZB =mZBCD

Le, x+ty=w

9.4.3 Geometrical Properties of Parallelogram

A parallelogram is a quadrilateral' whose opposite sides are parallel and equal in length
and opposite angles are equal. Its adjacent angles are supplementary. The diagonals of
a parallelogram bisect each other (they cross each other at the midpoint). They are not
equal in length.

Rectangle: All angles are 90° and diagonals are equal.

Rhombus: All sides are equal, and diagonals bisect each other at right angles.

Square: All sides are equal, all angles are 90° and diagonals are equal and bisect
each other at right angles.

Example 13: Find the measure of each interior angle of a regular pentagon.

(n—2)x180°
n
(5-2)x180° _ 540°

Solution: Interior angle =

=108°
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9.4.4 Applications of Polygons

Architects use polygons in building designs, while engineers rely on them to make strong
structures like bridges. In art and design, polygons help create beautiful patterns and 3-D
models. On maps, polygons show areas like cities or land boundaries. Polygons are also
used in video games and animations to build characters and scenes. In science, they
appear in molecular shapes, natural patterns like honeycombs and even in the design of
telescope mirrors. Their simple, versatile shapes make polygons essential in many fields.

Remember:

A tessellation is a pattern of shapes that fit | Equilateral triangles can tessellate-perfectly
because the internal angle of each equilateral
) triangle is 60°, and six of these triangles meet
overlaps, covering a plane. These shapes | ata point to form a 360° angle, allowing them

can be repeated infinitely to create a to fill space seamlessly.: Squares can tessellate
. T llati b perfectly because ‘each square has an internal
repeating pattern. lessellations can be angle of 902 and four squares meet at a point

created using a single shape or a | toform a360%angle.
combination of shapes. They can be
regular or irregular and they can exhibit various symmetries and patterns.

Tessellation

together perfectly, without any gaps or

Only three regular polygons can tessellate the plane on their own: equilateral triangles,

squares, and regular hexagons. They have

symmetries. Hexagons (interior anglé 120°) | Regular pentagons and other polygons with
angles that don’t add up to 360° at each vertex

can tessellate perfectly becatuse three| ..ot form  gap-free patterns. i,
hexagons meet at each vertex to form a 360° | Tessellation is not possible.

angle with no space creating a matural look inspired by honeycombs.

Regular Tessellation Irregular Tessellation
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Example 14: A tessellation is created using a combination of regular pentagons and
decagons. Find the sum of the angles at a vertex where a pentagon and a decagon meet.
Solution

Interior angle of regular decagon = (n=2)x180°
n
_(10-2)x180° _1440° _
10 10

Interior angle of regular pentagon = 108°

Sum of angles = 144° + 108° = 252°. Since, angle sum # 360°. Tessellation cannot be
done.

Example 15: A parallelogram-shaped room has a base of 10-metres and a height of
8m. Babar wants to carpet the room using rolls that cover 20 m* each. How many rolls
of carpet do he need?

Solution: The area of the parallelogram = 4 = base % height = 10 x 8 = 80 m?

Number of rolls needed: % = 4-1olls

Example 16: Find the area of the equilateral triangle ABC of side length s.

Solution: Draw perpendicular from 4 to side BC at point D. In the right angled triangle
ABD:

Using trigonometric ratios: ‘'sin 60° = Perpendicular
Hypotenuse p
N3\ mAD w3
2 s 2

\/§ S S

Area of'triangle ABC = % x base % height :% X § X TS

60°
. B, 1
Area of triangle ABC = Ts B D

N[
NS

Example 17: Ali wants to create a floor design that uses regular hexagons (each with
a side length of 1 metre) and equilateral triangles (each with a side length of 1 metre)
to cover a rectangular area measuring 10 m by 5 m. Find how many hexagons and
triangles Ali will need to complete the tessellation.
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Solution: To find the area of an equilateral triangle with side length s, we can use the
formula:

3
Area of a triangle = - s

Multiply by 6 (since there are 6 triangles)

6f R NC

Area of a hexagon = —— 5

3J§23f

Area of a hexagon = XS R x (1 m)’ ~ 2(598 m*

J?

3
Area of an equilateral triangle = %x R e (1 m)*~0.433 m*

Area of the rectangular floor =10 m x 5 m
=50 m?
Determine the arrangement: Assume a pattern where one hexagon is surrounded by
6 triangles. The area covered by one hexagonand-the 6 surrounding triangles:
Total area covered by 1 hexagon and 6 triangles
=2.598 m*+ 6 x 0.433 m* = 2.598 m? +2.598 m? = 5.196 m?

Calculate the total number of hexagons and triangles needed:

2
Number of sets= Lrnz ~ 9.62 sets
5.196 m

Rounding up, you can fit'10 sets of the pattern. Therefore, we need:

. Hexagons: 10 * Triangles: 10 x 6 =60
Example 182 Falak plans to tile a square patio with an area of 100 square metres. He
decidesito use both square tiles and triangular tiles, each with an area of 0.25 square

metres."If 60% of the tiles will be square and 40% will be triangular, how many tiles of
each shape are needed?

PatioArea 100
TileArea  0.25
=400 tiles

Number of square tiles =400 x 0.6 =240
Number of triangular tiles =400 x 0.4 =160
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10.

@ EXERCISE 9.4 )

(1) What is the sum of the interior angles of a decagon (10-sided polygon)?
(i1) Calculate the measure of each interior angle of a regular hexagon.
(i11)  What is each exterior angle of a regular pentagon?

(iv)  If the sum of the interior angles of a polygon is 1260°, how many sides
does the polygon have?

In a parallelogram ABCD, mAB =10 cm, mAD= 6 cm and m£ABAD = 45°.
Calculate the area of ABCD.

In a parallelogram ABCD if mDAB =70°, find the measures of all other angles
in the parallelogram.

A shape is created by cutting a square in half.diagonally and then attaching a
right-angled triangle to the hypotenuse of ¢ach half. Explain why this shape can
tessellate and calculate the interior angle of the new shape.

A tessellation is created by repeatedly reflecting a basic shape. The basic shape
is a right-angled triangle with-sides of length 3, 4, and 5 units. Find: The
minimum number of reflections‘needed to create a tessellation that covers a
square with an area of 3600 square units.

A tessellation is created using regular hexagons. Each hexagon has a side length
of 5 cm. Find the total area of the tessellation if it consists of 25 hexagons and
total perimetercof the outer edge of the tessellation, assuming it's a perfect

hexagon.

A rectangular floor is 12 m by 15 m. How many square tiles, each 1 m by 1 m,
are needed to cover the floor?

A'rectangular wall is 10 m tall and 120 m wide. How many gallons of paint are
needed to cover the wall, if one gallon covers 35 m??

A rectangular wall has a length of 10 m and a width of 4 meters. If 1 litre of
paint covers 7 m?, how many liters of paint are needed to cover the wall?

A window has a trapezoidal shape with parallel sides of 3 m and 1.5 m and a
height of 2 m. Find the area of the window.
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@ REVIEW EXERCISE 9 P

1. Four options are given against each statement. Encircle the correct one.

(@)

(i)

(iii)

(iv)

(vi)

(vii)

(viii)

(ix)

If two polygons are similar, then:

(a) their corresponding angles are equal.
(b) their areas are equal.

(©) their volumes are equal.

(d) their corresponding sides are equal.

The ratio of the areas of two similar polygons is:

(a) equal to the ratio of their perimeters.

(b) equal to the square of the ratio of their corresponding sides.
) equal to the cube of the ratio of their corresponding sides.
(d) equal to the sum of their corresponding sides.

If the volume of two similar solids is 125 cm3.and 27 cm?, the ratio of their
corresponding heights is ----------- .

(a) 3:5 (b) 53 (c) 25:9 (d) 9:25
The exterior angle of regular. pentagon is:
(a) 40° (b) A45° (c) 60° (d) 72°

A parallelogram has an area-of 64 cm? and a similar parallelogram has an
area of 144 cm? If a side of the smaller parallelogram is 8 cm, the
corresponding side ofthe larger parallelogram is:

(@) 10cm (b) 12cm (©) 18 cm (d) 16 cm
The total number of diagonals in a polygon with 9 sides is:
(a MW (b) 21 (c) 25 (d) 27

Twa spheres are similar, and their radii are in the ratio 4:5. If the surface
area of the larger sphere is 500w cm?, what is the surface area of the smaller
sphere?

(@) 256mcm? (b) 320mcm?  (c) 400m cm?  (d) 4057w cm?
A regular polygon has an exterior angle of 30°. How many diagonals does
the Polygon have?

(a) 54 (b) 90 (c) 72 (d) 108
In a regular hexagon, the ratio of the length of a diagonal to the side length
is:

(@ 3:1 b 2:1 () 3:2 d 2:3
183 h
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(x) A regular polygon has an interior angle of 165°. How many sides does it

have?
(a 15 (b) 16 (c) 20 (d) 24
2. If the sum of the interior angles of a polygon is 1080°, how many sides does the
polygon has?
3. Two similar bottles are such that one is twice as high as the other. What is the

ratio of their surface areas and their capacities?
4. Each dimension of a model car is 10 of the corresponding car dimension. Find

the ratio of:

(a) the areas of their windscreens (b) the capacities.of their boots

() the widths of the cars (d) the number of wheels they have.
5. Three similar jugs have heights 8 cm, 12 cm and-16 cm If the smallest jug holds

1
> litre, find the capacities of the other two.

6. Three similar drinking glasses have heights 7.5 cm, 9 cm and 10.5 cm. If the
tallest glass holds 343 millilitres, findthe capacities of the other two.

7. A toy manufacturer produces model cars which are similar in every way to the
actual cars. If the ratio of the door area of the model to the door area of the car
i1s 1 cm to 2500 cm, find:

(a) the ratio of theit lengths

(b) the ratio of the capacities of their petrol tanks

(©) the width of the model, if the actual car is 150 cm wide

(d) the afea.of the rear window of the actual car if the area of the rear
window of the model is 3 cm?.

8. The ratio_of the areas of two similar labels on two similar jars of coffee is
144 :°169. Find the ratio of
(a) the heights of the two jars (b) their capacities.

9. A tessellation of tiles on a floor has been made

using a repeating pattern of a regular hexagon,
six squares and six equilateral triangles. Find
the total area of a single pattern with side

length % metre of each polygon.
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Graphs of Functions

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Recall sketch graphs of linear functions (e.g. y = ax + b)
» Plot and interpret the graphs of quadratic, cubic, reciprocal and exponential functions.

e Graph y = ax” where n is +ve integer, —ve integer, rational number for ¥>> 0.and a is any
real number.

e  Graphy = ka", where x isreal a > 1.

» Discover exponential growth/decay of a practical phenomenon through'its graph.

Y

Determine the gradients of curves by drawing tangents.

» Apply concepts of sketching and interpreting graphs<to real-life problems (such as in tax
payment, income and salary problems and cost and profitanalysis)

INTRODUCTION

Graphs are powerful tools for visualizing, and analyzing relationships between
variables, making them essential in understanding various mathematical functions and
their applications. In this unit, we will explore the graphs of linear, quadratic, cubic,
reciprocal and exponential funetions. We will also examine how to determine the
gradient of curves by drawing tangents. Finally, we will connect these concepts to real-
life scenarios, learning how to sketch and interpret graphs to solve practical problems.

10.1 Functions and their Graphs

Functions are’ ‘essential tools for representing real-world phenomena using
mathematical 'concepts. A function can be expressed in various forms, including an
equation,-a graph, a numerical table or a verbal description. For example, the area of a
circle depends on its radius.

In such cases, one variable y depends on another variable x. This relationship is
expressed as:

y=/x)
Here, fdenotes the function, x is the independent variable (input) and y is the dependent
variable (output) determined by the value of x.
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10.1.1  Graph of Linear Functions

A linear function is a mathematical expression that represents a straight-line
relationship between two variables. Its general form is f(x) = mx + ¢, where “m” is the
slope or gradient of the line, indicating how steep it is and “c” is the y-intercept (the
point where the line crosses the y-axis). It can also be written as y = mx + c.

Example 1: Sketch the graph of y = 2x —1.

Solution: To sketch the graph of linear function, we can
find its x and y intercepts.

Put x =0, we get y = 5. So (0, —1) is the y-intercept.

1 1 . .
Puty =0, we getx = 5 So 5,0 is the x-intercept.

The graph is a straight line that rises to the right because .
slope is positive.
10.1.2  Graph of Quadratic Functions

A quadratic function is a type of polynomial function that

involves x* term. Its general form is:

y= ax* +bx+c Keep in mind!

Where a. b, ¢ are constants and g # 0. The graph of a quadratic function is always a parabola.
e Ifa> 0, then the parabola opens upward like ‘>~

Example 2: Plot the graphs ofy = x> |e Ifa<0, then the parabola opens downward like* ",

and y = —x* on the same diagram:
Solution: The following table shows several values of x and the given functions are

evaluated at those values;
X \A=\x) y =—x?
-3 (<3)2=9 -9
=2 (-2)>=4 -4
-1 (-2 =1 -1
0 (0)2=0 0
1 (H2=1 -1
2 (2)’=4 -4
3 (3)’=9 -9

4 186

NOT FOR SALE-PESRP



Mathematics - 9 Unit — 10: Graphs of Functions

(1) Graph of y = x* represents parabola, passing through origin and opens

upward.
(i1) Graph of y = —x? represents parabola, passing through origin and opens

downward.

Example 3: Sketch the graph of y = 2x?> — 7x — 9 for -3 <x <6.

Solution: The values of x and y are given in the table and sketched in figure below:

X y Ay
3 30 4 LA
i) 13 36 N\
1 0

0 9

I 14

2 15

3 12

4 5

5 6 N -36 ’

6 21 —

Graph of y = 2x? — 7x —9 represents parabola and opens upward. It intersects the y-axis

at (0, -9) and x-axis at (<1, 0) and (4.5, 0).

10.1.3  Graph of Cubic Functions

A cubic function is a type of polynomial function of degree 3. Its standard form is:
y=ax’+bx*+cx+d

Where a, b, ¢, d are constants and a # 0.

Remember!

*  The graph of a cubic function is a curve that can have at most two turning points.

¢ It has a general "S-shaped" appearance and depending on the coefficients, the shape may

vary.
*  Such functions are much more complicated and show more varied behaviour than linear and

quadratic ones.
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Example 4: Plot the graph of the following cubic function for -3 <x < 3:
y==x
Solution: The following table shows several values of x and the given function is

evaluated at those values:

Ay
=-x
x Y 30
-3 27
20
-2 8
10
-1 1 x' X
0 0 <—4—3—2—10 234>
-10
1 -1 26 y=-x
2 -8
=30
3 27 v
The curve passes through the origin.
Example 5: Plot the graph of y = 2x° =38 #x—5 for-2<x<3.
Ay
25
Solution:
20
The following table shows.several values of 5
x and the given function is-€valuated at those
values: 10
R\ . 5 :
< g
-2 -35 -4 3 2 10 1 /2 3 4
—1 —11
0 -5
1 -5
2 1
3 25
The graph tells us that when x = 0, the

function's value is —5.
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10.1.4  Graph of Reciprocal Functions

A reciprocal function is a function of the form:

y==
X

Where a is any real number and x # 0.

Example 6: Sketch the graph of the following reciprocal function:

|
= ,x#0.5
Y= o5

Solution: The following table shows several values of x and the/given function is
evaluated at those values:

X y
-1 -0.67 5
0.5 -1 3t
—0.2 —1.43 Vertical [,
0 ) Asymptote 1
0.2 -3.3 x=0.5 i
1 2 3
0.5 undefined [
1 2
Horizontal
1.2 143 Asymptote
1.5 1 B
— v
2 0.67 1)
2.2 0.59
25 0.5 Remember!
i : An asymptote is a line that a graph
3 04 approaches but never touches.

10.1.5 Graph of Exponential Functions (y = ka* where x is real
number, a > 1)
An exponential function is a mathematical function of the form:
y=ka"
Where a, k are constants, x is variable and a > 1.
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Example 7: Plot the graph of the exponential function y =2* for -6 <x < 6.

Solution: The function y = 2*has base 2 and variable exponent x. Values of (x, y) are
given in the table below:

x -6 4 ) 0 2 4 6
y=2¢ 002 | 006 | 025 1 4 16 64

Graph of the above points is given in the figure below:
Graph of y=2°
ty

70
60
50
40
30
20

10
x' X

-8 6 4 2 0.2 4 o6 8

The graph of y = 2*represents the growth curve.
Example 8: Plot the graph of the exponential function, y = e*.

Solution: The function y = e*has.base e and variable power x. We know e =2.7182818,
correct to two decimal places.e =2.72. Table of x and y values is given below:

Graph of y = ¢"

X Ayg" Ty
-3 0.05
30
-2 0.14
-1 0.37
20
0 1
1 2.72 10
2 7.40
X' X
3 20.09 < >
5 4 3 2 -1 0 1 2 3 4 5
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Graphs of y = ax” (where n is +ve integer, —-ve integer or
rational number for x > 0 and a is any real number)

10.1.6

Unit — 10: Graphs of Functions

The graph of the function y =ax” , where »n is a positive integer, negative integer or

rational number for x > 0 and a is any real number, exhibits distinct behaviours
depending on the value of n. Following are the examples of these cases:
(i) When n is positive integer (n = 3)

Example 9: Plot the graph of y = x> for -3 <x <3.

Solution:
shows several values of
x and the given function
is evaluated at those
values:

The

The curve passes

through the origin.

(i)

table x y=x

-3 =27
-2 -8
-1 -1

0 0

1 1

2 8

3 27

When 7 is negative integer (n =-1)

Example 10: Plot the graph of y = x~!

1

Solution: y=x =

1

X

The following table shows several
values of x and the given function
is evaluated at those values:

A3

] B 1

x Y T
-3 0.3
-2 —0.5
-1 -1
—0.5 -2
—0.1 —-10
0.1 10
0.5 2
1 1
2 0.5
3 0.3

x!

4 3 2

10

N A SN @

V=

The above graph consists of two branches, one in the first quadrant and the other in the

third quadrant. Both branches approach but never touch the x-axis or the y-axis.
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(iii)  When n is rational number (n = %j
1
Example 11: Plot the graph of y =2x°.

1
Solution: y =2x°

The following table shows several values of x and the given function is evaluated at
those values.

x y Ay
0 0 >
4
0.01 0.80 .
0.5 1.74 )
1 2 .
] X
16 3.48 < d
4.8 12 16 20 24 28 32 36
32 4 y

{( EXERCISE 10.1 )

1. Sketch the graph of the following linear functions:
(1) y=3x-5 (i) y=-2x+8
(i)  y=05x=1
2. Plot the graph of the following quadratic and cubic functions:
(1) y=Ex2+2xr - 5x—6;-3.5<x<25 i) y=x*+x-2
@), y=x>+3x+2x; 2.5<x<0.5 (iv) y=5x*-2x-3
3. Plot the graph of the following functions:
M y-4 () y=5T () y-— x#3
x-3
) 1 !
(iv) y=;+3,x¢0 (v) y=x? (vi) y=3x°
(vii) y=2x"
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10.2 Exponential Growth/Decay of a Practical Phenomenon
through its Graph

Exponential growth and decay are widely observed in real-world phenomenon and their
graphical representations offer critical insights into these processes. In exponential
growth, such as population expansion, compound interest in finance or the spread of
infectious diseases, the graph starts slowly but accelerates rapidly as time progresses.
The curve increases steeply, showcasing how growth becomes more pronounced with
time due to constant proportional changes. Conversely, in exponential decay, observed
in cooling of objects or depreciation of assets, the graph startsihigh’and decreases
sharply before levelling off, indicating a gradual reduction over time. These graphs are
essential for interpreting trends, making predictions and informing decision-making in

diverse fields.

Example 12: The population of a village was.753 in 2010. If the population grows
according to the equation p = 753e%%’, where p is the number of persons in the
population at time ¢,

(a) Graph the population equation for.z =0 (in 2010) to 7z = 30 (in 2040).

(b) From the graph, estimate the pepulation (i) in 2020 and (ii) in 2030.

Solution: (a) The general shape of the exponential is known; however, since the graph
is being used for estimations;,an accurate graph over the required interval,7=0toz=30,
is required.

Calculate a table of values for different time periods and sketched in below figure:

N\ P -
0 753 =
S 1372
5 874.9 %1200
10 1016.4 s ;
15 1180.9 E §
= '
20 1372.1 Z300 ; t
25 1594.1 11—
- - [\ o e e <
30 1852.1 S 8§ 8 8 & § 8
: Time (in years)
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(b) From graph,
(1) In 2020 (z = 10) the population is 1016 persons.
(i1) In 2030 (z = 20) the population is 1372 persons.
10.2.1 Gradients of Curves by Drawing Tangents
The gradient or slope of a graph at any point is equal to the gradient of the tangent to
the curve at that point. Remember that a tangent is a line that just touches a curve only

at one point (and doesn’t cross it).

The gradient between two points is defined as:

Changeiny Ay _y,—-»
Changeinx Ax x,-x

Gradient =

Example 13: Sketch the graph of y = x> — 3x — 2 for values of X from —8 to 8, draw a
tangent line at x = —6 and determine the gradient.

Selution: Calculate the y-values for given values of x. The results are given in the table
and sketched in below figure:

X -8 —6 —4 -2 0 2 4 6 8

v 86 52 26 8 -2 —4 2 16 38

’

X

. R 0
10 503 lq'\‘/ 5 10
y

Consider two points (-3, 10) and (-7, 70) on the tangent line.

. 70-10 . .. . C
So, gradient = 723 =-15. Since the gradient is negative, this indicates that the

v

height of the graph decreases as the value of x increases.
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10.2.2  Applications of Graph in Real-Life

Applying concepts of sketching and interpreting graphs to real-life problems enables
individuals to visualize and analyse complex relationships, make informed decisions
and optimize solutions. In tax payment scenarios, graphing concepts help identify
optimal income levels, tax brackets, and liability. In income and salary problems,
graphing facilitates analysis of compensation packages and income growth. By
sketching salary against experience, patterns or anomalies in compensation structures
become apparent. In cost and profit analysis, graphing enables businesses to, visualize
cost-profit relationships, determine break-even points, and optimize production levels.

Example 14: Majid’s salary S(x) in rupees is based on the following.formula:
S(x) =25000+1500x ,

where x is the number of years he worked. Sketch and interpret'the graph of salary
function for 0 <x < 10.

Solution: Table values and graph are given below:

A 5(x)
x S(x) 40000
0 25000 35006
2 28000 36po
4 | 31000 25900
20000
6 34000
15000
8 37000
10000
10 40000
5000
Majid’s salary increases linearly with years of < > R ;
service and rises by Rs. 1500 for every year. \ 4

Examplel5: A company manufactures footballs. The cost of manufacturing x footballs
is  C(x) =90,000 + 600x. The revenue from selling x footballs is R(x) = 1,800x. Find
the break-even point and determine the profit or loss when 200 footballs are sold. Draw
the graphs of both the functions and identify the break-even point.

Solution: Given that
Cost function: C(x) = 90,000 + 600x
Revenue function: R(x) = 1,800x
T 4 195 .

NOT FOR SALE-PESRP



Mathematics - 9

The break-even point occurs when R(x) = C(x)
1800x =90000 + 600x
1200x = 90000

_ 90000
* 71200
x=75

So, at the break-even point, 75 footballs are produced or sold.

Next, we find the profit for 150 footballs

When x =150, revenue:
R (150) =1,800(150)
= Rs. 270,000
and C(150) =90,000 + 600(150)
= Rs. 180,000

Now profit: P(x) = R(x) — C(x)
Substitute x =150
P(150) = R(150) — C(150)
=Rs. 270,000 — Rs~180,000
=Rs. 90,000

Thus, a company earns a profitof Rs. 90,000 when selling 150 footballs.

Table values and graph are-given below:

Unit — 10: Graphs of Functions

4 5)
C
* ) \@(x) 400000 .
\}
0 90000 0 350000 /\OOQ
30 108000 54000 300000 Q~@
60\ 126000 | 108000 2 250000
90 144000 162000 £ 200000  600%
2 Break-even ' 90060
120 | 162000 | 216000 E 150000 L. pht cw”
150 180000 27000 100000
180 198000 324000 500000 :
' X
\ 4
210 | 216000 | 378000 < o1 30 60 90 120 150 180 210 240 *|
v Number of footballs
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¢ EXERCISE10.2 )

1. Plot the graph of y = 2x* — 4x +3 for x from —1 to 3. Draw tangent at (2, 3)
and find the gradient.

2. Plot the graph of y = 3x? + x +1 and draw tangent at (1, 5). Also find gradient
of the tangent line at this point.

3. The strength of students in a school was 1000 in 2016. If the strength"decay
according to the equation S = 1000 ¢, where S is the number-of'students at
time 7.

(a) Graph the given equation for =0 (in 2016) to =9 (in 2025).
(b) From the graph, estimate the student’s strength/in 2019 and in 2023.

4. The demand and supply functions for a product.are given by the equations
Pi=400-5Q, Ps=30Q +24:

Plot the graph of each function over the interval O = 0 to O = 300.
5. Shahid’s salary S(x) in rupees is\based on the following formula:
S(x) = 45000 + 4500x,

where x is the number of.years he has been with the company. Sketch and
interpret the graph of salary, function for 0 <x <5.

6. A company manufactures school bags. The cost function of producing x bags is
C(x) = 1200 + 20x and the revenue from selling x bags is R(x) = 50x.

(a) Find the'break-even point.
(b) Determine the profit or loss when 250 bags are sold.
(c) Plot the graphs of both the functions and identify the break-even point.

7. A newspaper agency fixed cost of Rs. 70 per edition and marginal printing and
distribution costs of Rs. 40 per copy. Profit function is p(x) = 10x — 70, where
x is the number of newspapers. Plot the graph and find profit for 500

newspapers.

8. Ali manufactures expensive shirts for sale to a school. Its cost (in rupees) for x
shirts is C(x) = 1500 + 10x + 0.2x*, 0 < x < 150. Plot the graph and find the cost
of 200 shirts.
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@(REVIEW EXERCISE 10)p

1. Four options are given against each statement. Encircle the correct option.

(1) x =5 represents:
(a) x-axis (b) y-axis
(c) line || to x-axis (d) line || to y-axis

(i) Slope of the line y = 5x + 3 is:

(a 3 by 3 (¢) 5 (d). -5
(ii1)) The y- intercepts of y = —2x —1 is:

(@) -2 (b) 2

() -1 d 1
(iv) The graph of y = x°, cuts the x-axis at:

(a x=0 by x=1 e x=-1 (d x=2
(v) The graph of 3* represents:

(a) growth (b) decay (c) both(a)and(b) (d) aline
(vi) The graph of y = —x*+ 5 opens:

(a) upward (b) _.downward (c) leftside (d) right side
(vii) The graph of y = x? -9 opens:

(a) upward (b) downward (c) leftside (d) right side
(vil)y=5%1s ___(.° function.

(a) linear (b)  quadratic (c) cubic (d) exponential

(ix) Reciprocal function is:

2
@ y=7 ® y=— @ y=2¢ d) y=5¢
(x) y=-3x>+7 is function.
(a) exponential (b) cubic (c) linear (d) reciprocal
2. Plot the graph of the following functions:
2
(i) y=3"forxfrom-2to4 (i1) yZ;,x;éO
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3. Sales for a new magazine are expected to grow according to the equation:
S'=200000 (1 — e %%, where ¢ is given in weeks.
(a)  Plot graph of sales for the first 50 weeks.
(b)  Calculate the number of magazines sold, when =5 and 7= 35.
4. Plot the graph of following for x from -5 to 5:
(1) y=x*-3 () y=15-x°

5. Plot the graph of y = % (x+4)(x—1)(x—3) forx from—-5to 4.

6. The supply and demand functions for a particular market are given by the
equations:

Ps= 0%+ 5 and Pa = O° — 100, where P represénts.price and Q represents
quantity,

Sketch the graph of each function over the‘interval O =-20 to Q = 20.

7. A television manufacturer company ‘make 40 inches LEDs. The cost of
manufacturing x LEDs is C(x) = 60,000 + 250x and the revenue from selling
x LEDs is R(x) = 1200x. Find the break-even point and find the profit or loss
when 100 LEDs are sold. Identify the break-even point graphically.
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Loci and Construction

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

Construct a triangle having given two sides and the included angle.

Construct a triangle having given one side and two of the angles.

Construct a triangle having given two of its sides and the angle opposite to one of them:
Draw angle bisectors, perpendicular bisectors, medians, altitudes of a given triangle and
verify their concurrency.

Draw loci and intersection of loci for set of points in two dimensions which.are

= ata given distance from a given point.

= ata given distance from a given line

= equidistant from two given points

= equidistant from two given intersecting lines

Solve real life problems using the loci and interesting loei:

INTRODUCTION

A locus plural loci is a set of points that follow a given rule. Loci are also useful for
understanding and predicting patterns. For instance, consider two people walking
around a room, each maintaining a fixed distance from the other. The possible locations
are where each person form a specific path. By studying these loci, we can predict
where each person might be relative to the other at any time. In contexts like tracking
satellites orbiting Earth, we use ‘the ‘concept of loci to predict where they will be at
given times. This helps in ateas like telecommunications and GPS technology.

YV VYVVY

Loci in two dimensions ar€ triangle, circle, parallel

lines, perpendicular bisector-and angle bisector. _
There are three types of triangles

w.r.t. sides:

11.1 Construction of Triangles Scalene triangle: All sides are of

A triangle is.a closed figure having three sides and different length. .

hr 1 . le in the followi Isosceles triangles: Two sides are

three angles.;\We construct triangle in the following | ¢ equal length.

cases: Equilateral triangle: All sides of

(a) When measure of all three sides are given. equal length.

(b)  When measure of two sides and their \th:ieazrgeleguee types of triangles
included angle are given. Acute angled triangle: All angles

are of measure less than 90°.

. Obtuse angled triangle: One angle
two angles are given. is of measure greater than 90°.

(d)  When measure of two sides and an angle | Right angled triangle: One angle
is of measure equal to 90°.

(c) When measure of one side and measure of

opposite to one of them is given.
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Triangle Inequality Theorem

The sum of the measure of any two

sides of a triangle is always greater

than the measure of the third side. For 5 J
example, we can see in the figure
adding any two lengths then this will
be greater than the third side i.e.,
547>8,5+8>7and7+8>5

An equilateral triangle
is acute angled triangle.
* A right angled triangle
cannot be equilateral.

(a) Construction of a triangle when measure of three sides is given

Example 1: Construct a triangle of sides 5.3 cm, S

5.9 cm and 6.2 cm.

Solution: Steps of construction:

(1) Draw a line segment AB of length 5.3cm long.

(i1))  Using a pair of compasses, draw two arcs with
centres at points 4 and B of radii 5.9 cm and
6.2 cm respectively.

(111)  These two arcs intersect each other at point C.
(iv)  Join 4 and B with C.

Hence, AABC is the required triangle. A 53 cm B

The angles 30°, 45°, 60°, 75°, 90°,,105°, 120°, Do you know?
135° and 150° are constructed withathetvhelp a pair of When three sides are given, we
compasses. Other angles are drawn using protractor. can draw any length first.

(b) Construction of a triangle when the measure of two sides and their
included angle-are.given

Example 2: Construct a triangle BCD in which
measures of twosides are 5.5 cm and 4.2 cm and
measure of theirincluded angle is 60°.

Solutiofi: Steps of construction

(1) Draw a line segment BC of length 5.5cm.

(i)  Draw an angle 60° at point B u_sipg a pair
of compasses and draw a ray BX through

this angle. B 55cm C

—
(i11)  Draw an arc of radius 4.2 cm with centre at point B intersecting BX at point D.

(iv)  Join Cand D.
Hence, ABCD is the required triangle.
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(c) Construction of a triangle when measure of one side and two angles are given

Example 3: Draw a triangle CDE when mDE = 43 cm, m<D = 30° and
m<sE =120°.
Solution: Steps of construction:

(i)  Draw mDE =43 cm.
(i1))  Draw angles 30° and 120° at

points D and E respectively

using a pair of compasses and

draw two rays through these

angles from D and E. 30° 120°
(iii) These two rays intersect each 4.3cm £

other at point C.

Hence, ACDE is the required triangle.
(d) Construction of a triangle when measure of two sides and angle opposite
to one of them is given
Consider the given two cases:

(1) If the measure of one angle is'greater than or equal to 90°.

(i1))  If the measure of angle is lessthan 90°.

Example 4: Construct a triangle.DEF when mDE= 6 cm, m.2 D = 110° and

mEF =9 cm. %

Solution: 5

Steps of construction:

(1) Draw m DE= 6 cm.

(i1) Construct\ym~<D = 110°
usingprotractor and draw P
— . 0])]
DX through this angle.

(iii)  Draw an arc of radius 9
cm with centre at point £
. . - .
intersecting DX at point F. 110°

(lV) Join E and F. D 6 cm E

Hence, ADEF is the required triangle

If the given angle opposite to the given side is obtuse, only one triangle is possible.
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Example S:

Construct triangles DEF and DEF’ when mDE =6 cm, m.2 D=30° and
mEF = 3.6 cm
Solution:

Steps of construction:

(1) Draw mDE = 6 cm.
(i1) Construct an angle 30° at point
D using a pair of compasses
—
and draw DX through this

angle.

D 6 cm E
(111)  Draw an arc of radius 3.6 cm

with centre at point i Do you know?

(iv)  This arc intersects DX at two points /' | 4 Antbiguous Case (SSA) occurs

and F". when we are given two sides and the
) Join F and F’ with E. angle oopposne one of these is less
than 90°.

We get two triangles DEF and DEF".
This is known as ambiguous case,

Example 6: In the above example.if we take:
(a) mEF =3 cm
(b) mEF=25¢m

Solution: Steps of-.construction:
Follow the same steps (1) and (i1) as in Example 5.
Case (a) X

(ii1)) “~Draw an arc of radius 3 cm with

- E
centre at point £ which touches DX
at point F. 3cem
(iv) Join E with F. Here, EF will be
— g
perpendicular to DX. 30
D 6 cm E

Hence, ADEF is the required triangle, which is a right angled triangle.
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Case (b)

(i)  If we take mEF = 2.5cm less than
3cm and draw an arc of radius

2.5cm with centre at E.
—>

(iv)  This arc does not intersect DX.

So, in this case, no triangle can be formed .

Remember:

We considered three cases when acute angle is given.

D 6 cm E

e If mEF >3cm,two triangles are possible.

* If mEF =3cm, only one triangle is possible.

e If mE’ < 3cm, no triangle is possible.

11.2 Perpendicular Bisectors and Medians of a Triangle
Perpendicular Bisector: A perpendicular bisector.is a line that intersects a line
segment at right angle and dividing it into two equal parts. In other words, it intersects
the line segment at its midpoint and forms right angles (90°) with it.

Median: A median of a triangle is a ling segment that joins a vertex to the midpoint of
the side that is opposite to that vertex.

Point of concurrency: A point.oficoncurrency is the single point where three or more
lines, rays or line segments ‘intersect or meet in a geometric figure. This concept is
commonly used in triangles, where several important types of points of concurrency

exist.
Example 7: Draw perpendicular bisector of the triangle EFG with mEF =5cm,
mFG=25¢mand mEG = 4.3 cm . Find the medians.

Solution:Eirst we draw perpendicular bisectors and then medians.

Steps of construction:

1. Draw AGEF as explained in the previous examples.

1. Draw two arcs above and below EF with more than half of mEF with
centre at £.

1il. Draw two arcs above and below EF with radius more than half of

mﬁ with centre at F.
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v. Draw a line through the
points of intersection of N Lt W
the arcs in steps (ii) and T ¢
(i1), we get the C P
perpendicular  bisector .. 0L B
LL of the side EF at A. 7"
V. Draw  two  more = of\! F

perpendicular bisectors 29, )
MM' and NN' of the N
sides FG and EG at B
and C respectively.

vi. Join the point G with opposite midpoint 4 so GA is the median.

vii.  Join the point F with opposite midpeint €, we get median FCand join

point E with opposite midpoint B, we get median EB.
+“—> <+—>

<+—>
Hence, we see that the perpendicular bisector LL', MM'and NN'are concurrent

at point O or 4 and the medians GA, EB and FC are concurrent at point O".
Circumcentre: The point of concurrency of perpendicular bisector of the sides of a

triangle is called citcumcentre.

Centroid: The point of concurrency of the medians of a triangle is called centroid
of the triangle.
11.3 Angle Bisector of a Triangle
An angle bisector of a triangle is a line or ray that divides an angle into two equal parts,
creating two-smaller angles that are congruent (each having half the measure of the
originalangle).
Examplé)8: Draw angle bisector of a triangle FGH if:
mFG =52 cm, mGH = 4.1cm and m/FGH =120°
Solution: We first construct triangle FGH, then draw its angle bisector.
Steps of construction:
(1) Construct AFGH with given lengths and angle.
(i)  Draw an arc of suitable radius with centre at point F intersecting sides FG

and FH at points 4 and B respectively.
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(ii1))  Draw two arcs with centres at points 4 and B with suitable radius.

(iv) Draw a ray from F
passing through the
point of intersection of
the arcs in step (iii).
Which is the required

. —>
angle bisector P of the
angle F.

(v) Draw two more angle
bisectors GQ and HR of
F |A 52cm/R G

the angles G and H. /

respectively.

. —_ > —» g . . .
We see that all the angle bisectors FP, GQ and HR‘intersect at one point O. i.e, the
angle bisectors of the triangle are concurrent.

Incentre: The point of concurrency of the, angle bisectors of a triangle is called
incentre of the triangle.

11.4 Altitudes of Triangle

Altitude is a ray drawn perpendicular from a vertex to the opposite side of the triangle.
There are three altitudes of thetriangle which meet at a single point i,e. the altitudes of
a triangle are concurrent.

Orthocentre

The point of concurrency of the altitudes of the triangle is called orthocentre of the
triangle.

Example9:

Construct a triangle GHI in which mGH=5.7 cm, mZG=68° and mZH = 50°. Prove
that altitudes of the AGHI are concurrent.

Solution:

First, we construct AGHI using the given measurements and then draw altitudes of the
triangle.

Steps of construction.

(1) Construct AGHI using the given measurements.
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(i)

(iii)

— — —> .
So, GA, HB and IC are the altitudes of AGHI
and they intersect at one point O. i.e., the
altitudes of AGHI are concurrent.

Draw perpendicular GA from G to the

opposite side HI . N
Draw_}two more perpendiculars HB
and /C . The first is from point H to

the opposite side G/ and the other is
from point / to the opposite side GH .

68°

G~—0_ | wszem H

X
/|
@(EXERCISE ILL)) ¥°

Construct AABC with the given measurements and verify that the

perpendicular bisectors of the triangle.ate concurrent.

(1) mAB=5cm, mBC=6cm ‘and m AC=7 cm

(i) mAB=7.1cm, msB=135° and m BC=6.5 cm

Construct ALMN of the following measurements and verify that the medians of
the triangle are concurrent.

(i)  mLM=49em, m/L=51° and m/M =38
(i)  mMN =48 ém, ms/N=30° and mLM =8.1 cm

Verify that.the angle bisectors of AABC are concurrent with the following
measurement:

(1) mAB=4.5 cm, m/A=45° and mAC=5.3 cm
G~ mAB=6cm, mZA=150° and m/B=60°

Given the measurements of ADEF : mDE = 4.8 cm, mEF =4 cm and

m/E = 45°, draw altitudes of ADEF and find orthocentre.

Construct the following triangles and find whether there exists any ambiguous
case.

(1) ABCD ; mBC =5 cm, m<B=62°and mCD =4.7 cm
(i1) AKLM ; mLM =6 cm, m-M = 42° and mLN =5 cm
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11.5 Loci and Construction

A locus (plural loci) is a set of points that follow a given
rule. In geometry, loci are often used to define the
positions of points relative to one another or to other
geometric figures. Some common types of loci along
with detailed explanations will be discussed.

11.5.1 Lociin Two Dimensions
We study the loci (circle, parallel lines, perpendicular

bisector and angle bisector) in two dimensions and apply

them to real life situations.

Circle

DIRIRNITY%® In Latin, the

word locus is defined by the
English term, location.

Remember!

Equidistant: Let 4 be a fixed
point and B be a set of points.
If 4 is at equal distance from
all points of B, then 4 is said
to be equidistant from B.

Locus

The locus of a point whose distance is constant from a fixed P

point is called a circle.

For example, the locus of a point P whose distance 1$,3 cm

from a fixed-point O is a circle of radius 3 cm and centre at

point O. !

Parallel Lines
The locus of a point whose distance from a

Locus
2.5¢cm

fixed line is constant are parallel.lines, ¢ and m
e. g. the locus of a point P whese distance is
2.5 cm from a fixed line 4B are parallel lines
at a distance of 2.5 cm from AB. m

2.5cm
Locus

u

creates a sausage shape. We can think of this type of locus as

v

P

For example, a locus'of points equidistant from a line segment < >
s :

a track surrounding a line segment.
Perpendicular Bisector
The locus of a point whose distance from two fixed

points is constant is called a perpendicular bisector.

For example, the locus of a point P whose distance from
fixed points 4 and B is constant is the perpendicular
bisector of the line segment AB.
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Angle Bisector

The locus of a point whose distance is constant from two intersecting lines is called an
angle bisector. c »

For example, the locus of a point P whose M
distance is constant from two lines AB and <+~ ld X
o
CD intersecting at O is the angle bisector V\\dixngle bisector
(Locus)
D

() of £AOC and £BOD. 4

Remember!

*  Locus of points equidistant from a fixed point is a circle and equidistant from two-fixed points
is a perpendicular bisector.

*  Locus of points equidistant from a fixed line are two parallel lines.and equidistant from two
fixed intersecting lines is angle bisector.

11.5.2 Intersection of Loci
If two or more loci intersect at a point P, then P satisfies all given conditions of the loci.
This will be explained in the following examples:

Example 10: Construct a rectangle ABCD«with mAB=3.5 cm and mBC = 2.3 cm
Draw the locus of all points which are;
(1) at a distance of 2 cm from point-A. (i)  equidistant from A4 and B.

Label the point P inside the rectangle which is 2 cm from point 4 and equidistant
from 4 and B.

4/ N
Solution: Construct rectangle 4BCD with D C
the given lengths. N <
(1) Draw . a-circle of radius 2 cm with \ » §
centreat'4. o
(i)  Draw perpendicular bisector of AB. - 2

The two loci intersect at P inside the
rectangle which is 2 cm from point
A and equidistant from 4 and B.

Example 11: Construct an isosceles triangle DEF with vertical angle 80° at £ and
mEF= mDE = 3.1 cm. Draw the locus of all points which are:
(1) at a distance of 2 cm from point E,
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(i1) equidistant from DE and EF .
Label the point X inside the triangle which is 2 cm
from point E and equidistant from ED and EF .

Solution: Construct triangle DEF with given
measurements.

(i) Draw a circle of radius 2 cm with centre at E. 3dhem. F

(ii) Draw angle bisector EL of angle DEF. The two
loci intersect at X inside the triangle which is 2 cm

from point £ and equidistant from ED and EF.

Example 12: A field is in the form of a triangle LMN “-with mLM = 69 m,
mZL = 60° and mZ M = 45°.

(1) Construct ALMN with given measurements. [Scale: 10m = lcm]
(11) Draw the locus of all points which acre'equidistant from L and M, equidistant

from LM and LN and at a distance‘of 13 m from LM inside the triangular
field.

(i)  Two trees are to be planted-at points P and Q inside the field.
(a) Mark the positionof point P which is equidistant from L and M and
equidistant from LM and LN .
(b) Markth¢ position of point Q which is equidistant from LM and LN
and 13'm from LM .
(©) Find mPQ.
Soluﬁaﬂz

(1) Construct triangle LMN with given measurements using a scale of 10 m to
represent 1 cm.

(1)  Draw perpendicular bisector ,of LM . Draw angle bisector of angle MLN.
Draw a parallel line /, inside the triangle LMN, 1.3 cm from LM .
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(ii1)) (a) Label the point P which is
equidistant from L and M and Ve
equidistant from LM and
LN .
(b) Label the point Q 12< ;
which is equidistant _ ¢, o *
- — < . = -
from LM and LN and :
- 1.3 cm .
1.3cm from LM . 60° N N

_ L 6.9 cm M
(c) mPO=13%x10=13m (

11. 6 Real Life Application of Loci
The concept of loci has many applications across > <

&

fields where spatial relationships, distances, of
specific constraints are important. Here,~are

[N
.
.
N

detailed examples illustrating the use of loei in
different contexts.
(1) A park has two water sources at two different
points. A fire hydrant needs, to be placed
so it is equally accessible-to both sources.

Let X and Y represent the two water
sources in¢ ‘the park. Draw the
perpendicular- bisector of XY which

represents | the locus of all points
equidistant from X and Y.

(i) “.Arobotic arm in a factory is programmed
to work within a specific area without
crossing into areas where it could
interfere with other equipment. The loci
of the robot's possible positions would be
a defined space, such as a circle or
rectangular region, ensuring it operates
safely within its designated zone.
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10.

1.

{( EXERCISE 11.2 )

Two points 4 and B are 8.2 cm apart. Construct the locus of points 5 cm from

point 4.

Construct a locus of point 2.2 cm from line segment CD of measure 5.7cm.
Construct an angle ABC = 105°. Construct a locus of a point P which moves
such that it is equidistant from BA and BC.

Two points E and F are 5.4 cm apart. Construct a locus of a point, P which
moves such that it is equidistant from £ and F.

The island has two main cities 4 and B 8 km apart. Kashif lives on the island
exactly 6.8 km from city 4 and exactly 7.3 km from city.B. Mark with a cross
the points on the island where Kashif could live.

Construct a triangle CDE with mCD =17.6 cmy m<LD =45° and mDE =5.9 cm.
Draw the locus of all points which are:

(a) equidistant from C and D (b) equidistant from CD and CE

() mark the point X where the two loci intersect.

Construct a triangle LMN with mEM =7 cm, m<L = 70° and m2M = 45°.
Find a point within the triangle LMN which is equidistant from L and M and
3 cm from L.

Construct a right angled triangle RST with mRS = 6.8 cm, m< S = 90° and

mST =7.5 cnf, Find a point within the triangle RST which is equidistant from
RS and RT~and 4.5 cm from R.

Construet-a rectangle UVWX with mUV =72 cm and mVW = 5.6 cm. Draw
the locus of points at a distance of 2 cm from UV and 3.5 cm from W.

Imagine two cell towers located at points 4 and B on a coordinate plane. The
GPS-enabled device, positioned somewhere on the plane, receives signals from
both towers. To ensure accurate navigation, the device is placed equidistant
from both towers to estimate its position. Draw this locus of navigation.

Epidemiologists use loci to determine infection zones, especially for contagious
diseases, to predict the spread and take containment measures. In the case of a
disease outbreak, authorities might determine a quarantine zone within 10 km

e 212 .

NOT FOR SALE-PESRP



Mathematics - 9 Unit — 11: Loci and Construction

12.

13.

of the infection source. Draw the locus of all points 10 km from the source

defining the quarantine area to monitor and control the disease's spread.

There is a treasure buried somewhere on the island. The treasure is 24
kilometres from 4 and equidistant from B and C. Using a scale of lcm to
represent 10 km, find where the treasure could be buried.

There is an apple tree at a distance of 90 metres from banana tree in the garden
of Sara’s house. Sara wants to plant a mango tree M which is 64 metres from
apple tree and between 54 and 82 metres from the banana tree. Using a scale of
Iem to represent 10m, Find the points where the mango tree should be planted.

@ REVIEW EXERCISE 11

1. Four options are given against each statement. Encirclethée correct option.

(@)

(ii)

(iii)

(iv)

A triangle can be constructed if the sum of'the measure of any two sides is
the measure of the third§ide:

(a) less than (b) greater than

(©) equal to (d) greater than and equal to

An equilateral triangle

(a) can be isosceles (b) can be right angled

() can be obtuse .angled (d) has each angle equal to 50°.

If the sum of the measures of two angles is less than 90°, then the triangle
is :

(a) equilateral (b) acute angled

(c) obtuse angled (d) right angled

The line segment joining the midpoint of a side to its opposite vertex in a
triangle is called .

(a) median (b) perpendicular bisector

(c) angle bisector (d) circle

The angle bisectors of a triangle intersect at

(a) one point (b) two points

(©) three points (d) four points

Locus of all points equidistant from a fixed point is

(a) circle (b) perpendicular bisector

(©) angle bisector (d) parallel lines
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(vii)  Locus of points equidistant from two fixed points is ------------------

(ix)

(x)

(a) circle (b) perpendicular bisector
(c) angle bisector (d) parallel lines

(viii) Locus of points equidistant from a fixed line i1s/are
(a) circle (b) perpendicular bisector
(c) angle bisector (d) parallel lines
Locus of points equidistant from two intersecting lines is
(a) circle (b) perpendicular bisector
(c) angle bisector (d) parallel lines
The set of all points which is farther than 2 km from»a fixed point B is a
region outside a circle of radius and Centre at B.
(a) 1 km (b) 1.9 km
(c) 2 km (d) 2.1 km

Construct a right angled triangle with measures of sides 6 cm, 8 cm and 10 cm.

Construct a triangle ABC with mAB.=35.3)cm, m<A = 30° and m2B = 120°.
Draw the locus of all points which are equidistant from 4 and B.

Construct a triangle with mDE~="1.3 cm, m<D = 42° and mEF = 5.4 cm.
Construct a triangle XYZ with mYX =8cm, mYZ =7 cmand mXZ = 6.5 cm.
Draw the locus of all points'which are equidistant from XY and XZ .
Construct a triangle /'GH such that mFG = mGH = 6.4 cm, m2G = 122°.
Draw the locus-ef'all points which are:

(a) equidistant from F and G,

(b) - equidistant from FG and GH .

(c) Mark the point where the two loci intersect.

Two houses QO and R are 73 metres apart. Using a scale of 1 cm to represent
10 m, construct the locus of a point P which moves such that it is:

(1) at a distance of 32 metres from Q

(i1) at a distance of 48 metres from the line joining Q and R.

The field is in the form of a rectangle ABCD with mAB = 70m and

mBC = 60 m. Construct the rectangle ABCD using a scale of 1cm to represent
10 m. Show the region inside the field which is less than 30 m from C and

farther than 25 m from AB.
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Information Handling

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Construct a grouped frequency table, histogram (with unequal class interval) and frequency

polygon.

» Calculate the mean, modal class and median of a grouped frequency distribution.

» Solve real life situations involving mean, weighted mean, median and mode for given data (such
as allocation of funds in different projects, forecasting future demographics, marketing,

forecasting government budgets).

INTRODUCTION

Before knowing about information let us think how
can we answer the question like how many students
were there in each class of a particular school.

How many patients visited in a hospital within.a
particular week.

To answer these questions, we need to have
quantitative information and it can be.obtained by
counting.

It should be kept in mind that simple numbers 85,
96, 70, 80, 73, 70, 65, 83,(89,75 are not data but if
we say that the above-data indicates the marks of
students of different'classes, the above figures are
considered as data and have precise meaning.
Hence, to know. about something is known as
“Information” and to represent that information in a
manageable way so that useful conclusions can be
drawn is called information handling. So, the

In statistics, information handling
is also known as data handling.
“Data Handling” plays vital role to
represent the information in a
manageable way.

The word “Data Handling was first
used by Sir Ronald Fisher.

Sir Ronald Aylmer Fisher
(17 February 1890 — 29 July 1962)

collection of meaningful information in the form of facts and numerical figures is

known as data.

The numerical figures are obtained from any field of study e. g., the mass of the students
of your class, the number of pair of shoes sold by a shopkeeper in a month etc. Data
can be obtained from existing sources i.e., office records, published papers or the same
can be obtained directly from the field according to needs.
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Information Handling
Information handling is the process of collecting, organizing, summarizing, analyzing
and interpreting numerical data.

Data is further classified into two categories.

(i) Discrete data: It can take only some specific values. whole numbers are used
to write discrete data. e.g., number of books sold by a shopkeeper, number of
patients visited a hospital in a week etc. This data is only obtained by counting.

(i) Continuous data: It can take every possible value in a given interval. Decimal
numbers are used to write continuous data. The data is only obtained by
measuring e.g., the mass of students in class i.e., 28.5 kg, 26.5.kg, 27.5 kg etc.

12.1 Ungrouped and Grouped Data
Data which is not arranged in any systematic order.(groups or classes) is called
ungrouped data. For example, the number of toys soldby a shopkeeper in a month is
given below:

10, 5, 8, 12, 15, 20, 25, 30, 23, 15, 23, 21, 18,1517, 23, 22, 15, 20, 21, 24, 18, 16, 21,
23,21,17,19, 21, 23. This data is called ungrouped data.

If we arrange the above given data in.groups or classes, then | Ungrouped data is also
known as raw data.

Do you know?

it is called grouped data.

Classes Tally markC)\No. of toys sold
5-9 I 2

Teachers’ note!

10-14 | 2 By using more examples, clear
the concept of grouped data

15-19 N T 10 and ungrouped data to the

20 — 24 |TH W Il 14 students.

25-29 | 1

30-34 | 1

In above grouped data, 5, 10, 15, 20, 25 and 30 are lower class limits and 9, 14, 19, 24,
29 and 34 are upper class limits.

12.1.1 Frequency Distribution
A distribution or table that represents classes or groups along with their respective class
frequencies is called frequency distribution. In other words, the various items of data
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are classified into certain groups or classes and the

number of items lying in each group or class is put | If the size of class limits is 6. The
greatest value is 80 and the smallest
i ) ) ] value is 25. Can you find the number
summarized in this way is known as frequency | of class limits for the data?

against that group or class. The data organised and

distribution.

Formation of Frequency distribution

In this method, the raw data or the ungrouped data is presented into a grouped data.

Choice is yours to select the number of classes.

Generally, the size of class limits is determined on the basis of the greatest value,

smallest value and the desired number of groups or classes.

Following are the major steps to construct frequency distribution;

(i) Find the range of the data. Range is the difference between the greatest value
and the smallest value i.e., Range = Ximax — Xmin Keep in mind!

(if) Find the size of the class by dividing the range by the | The number of times a
number of classes or groups you wish to make. value occurs in a data

For example, the greatest value is 136, the smallest value is 30 | 1S called the frequency

. . of that wvalue. It is
and if we have to make 10 classes or groups,then the size of | 4./ icq by /7.

class limits is found by the given formula.

. Range Greatest Value — Smallest Value
Size of class = =
Number of classes Number of classes
_ 136230 17106 _ 06 ~ 11
10 10

So, size of class limits.= 1

(ii1))  Prepare four columns.
(a) Class limits (b) Tally marks
(c) Frequencies (d) Class Boundaries

(iv)  Make classes having size of 11. Start from the smallest value.
For example, 30 — 40, 41 — 51, 52 — 62 and so on.

(V) Look for the class in which each element of ungrouped data falls. Draw a small
tally mark (]) against that class and also tick the element concerned with a sign
(¥). In this way you can remember that you have counted for the element.
Continue this way with the next element that upto the last element of the data
set. If 5 or more tallies appear in any class, mark every 5" tally diagonally

as [\
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(vi)  Class boundaries usually are found by the

following method: Class boundaries may also be
«  Chose the upper class limit of the 1% class and | obtained from the midpoints (x)

lower class limit of the 2™ class. as [x Lk } where / is the
* Find the difference between these two limits. 2

«  The difference is divided by 2 and subtract it | difference between —any two
from the lower class limit and add it to the L °°™U1ve values of x.
upper class limit.
Example 1: Following are the number of telephone calls made in a week to 30 teachers
of a high school.
5 8 11 25 13 16 20 17 15 16 30 21y 14 18 19
6 22 26 15 19 35 29 31 23 25 20 1W..9 7 26
Construct a frequency distribution with number of classes 7.
Solution: (i) Find range
Greatest value (maximum value) = 35, Smallest value (minimum value) = 5
Range = Xmax — Xmin =35 — 5= 30
Range _ 30

=428 = 5

(i1) Size of class limits =
Number of classes 7

(111)  Make class limits having size 5. For example, 5 -9, 10 — 14, 15— 19 and so on.
(see 1% column of table: 1).

(iv)  Tally marks are used to cotint the values, fall in the given class limits. (See 2
column of table: 1).

(v)  Now, count the number, of tally marks and write the number as frequency in the
third column (see'3™.column of table: 1).

(vi)  Class boundaries
The differenee between lower class limit of the | Collect data of height of 50
second\class and upper class limit of the first | students in your class, and

class 15 1. i.e., 10 — 9 = 1. Now, divide the | convert the data into
grouped data.

difference of the limits by 2 i.e. % =0.5.

Lower class boundaries are obtained by “subtracting 0.5 from the lower class
limits.
Upper class boundaries are obtained by “adding 0.5 to the upper class limits.
Lower class boundaries Upper class boundaries
5-0.5 9+0.5
4.5 and so on. 9.5 and so on.
(see 4™ column of the table: 1)
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Table 1
Class limits | Tally marks | Frequency (f) | Class Boundaries (C.B)
5-9 il 5 45-95
10-14 Il 4 9.5-145
15-19 M| I 8 14.5-19.5
20-24 M| 5 19.5-24.5
25-29 M| 5 24.5-29.5
30-34 I 2 29.5-345
35-39 | 1 34.5-39.5

12.1.2  Graph of Frequency Distribution

The following are the types of graphs which can be used to représent a frequency

distribution on a graph.

(a) Histogram (b) Frequency polygon

(a) Histogram (with equal class limits)

This is a graph of adjacent rectangles constructed on xy plane. A histogram is similar

to bar graph but it is constructed for a frequency.distribution. In a histogram, the values

of the data (classes) are represented along the horizontal axis

and the frequencies are shown by bars perpendicular to the : ,

horizontal axis. Bars of equal width are used to represent Continuous _ data _is

mostly represented by
individual classes of frequency table. The procedure for | using histogram and
making histogram is explained below: frequency polygon.

(1) Draw lines as x — axis and\as y — axis on a graph paper
perpendicular to each other.

(i1) Class boundaries‘are.marked on x — axis and a rectangle is made against each
group with its width proportional to the size of the class limits and height
proportionalto the class frequencies.

(iii) Setting,a’seale, draw frequencies on y — axis. The resulting figure is called histogram.

Do you know?

Histogram of table: 1 is given below:

§)1it8 Histogram of telephone calls made in a week

AN
O =
8= lili Scale 1
2‘ 7= On x-axis: 1 box = I unit
g 6= On y-axis: | box = | teacher
T 5 -
e
= 4=
3 -
2 -
1= R
S
0 I
4.5 9.5 14.5 19.5 24.5 29.5 345 39.5
Class boundaries
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12.1.3 Histogram (with unequal class limits)
The procedure for making histogram is explained below:
1. Draw lines as x — axis and y — axis on a graph Histogram of unequal class limits

paper perpendicular to each other.

1i.  Class boundaries are marked on x — axis and a

rectangle is made against each group with its

width proportional to the size of class limits

and height
frequencies.
iil.

proportional to

the class

Ny

Adjusted frequency

ol TTTT1

o

Class boundaries

This can be achieved by adjusting the heights of rectangle. The height of each

rectangle is obtained by dividing each class frequency on its class limit size.

Example 2: The frequency distribution of ages (in years) of 76 members of a locality
is available. Draw a histogram for this data.

Class limits 2—-4

4-9

9-12

1217

17-20

20-27

27-30

Frequency (f) 7

10

18

20

10

7 4

Solution: Look at the table, indicates that the width of the class limits is not equal as
first class has width 2, second has 5, the.third has 3, the fourth has 5, the fifth has 3,
sixth class has 7, seventh class has width 3. So, there is need to adjust the heights of the

rectangles i.e., for the first
class we have 2 as width of
class and 7 as a frequency;
so the height of the first

class is %: 3.5, similarly

for the otherE—Z 18 =0,
5 3

20 4, Lol 3.3, 7 1,

5 3 7

to1a

3

These proportional heights
are also called adjusted
frequencies.

NOT FOR SALE-PESRP

Cl Frequency| Width of | Height of rectangle
i ) Class |(Adjusted frequency)
7
2-4 7 4-2=2 B =35
10
4-9 10 9-4=5 — =
5
18
9-12 18 12-9=3 ?26
20
12-17 20 17-12=5 ?:
10
17 -20 10 20-17=3 ?23.3
7
20 -27 7 27-20=7 7 =1
4
27-30 4 30-27=3 3 =13
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Taking class boundaries along 4511 (3 Histogram of ages (in years) of 76 members
YN

x — axis and corresponding

adjusted frequencies along | £e6—

. §5— Il Scale |y,
y — axis, rectangles are drawn g On.x-axis: 1 box =2 units
. . . =4 On y-axis: 1 box =1 unit
and the histogram is given | T,_
=]
below. S2-
<
" z
o 1 T 11 T 11 T
2 4 6 8§ 10 12 14 16 18 20 22 24 26 28 30

Class boundaries

12.1.4  Frequency Polygon

A frequency polygon is a closed geometrical figure used to. display a frequency
distribution graphically. A line graph of a frequency distribution is known as frequency
polygon in which frequencies are plotted against their midpoints.

Midpoint is the average value of the lower and upper class limits. Midpoint is also
known as class mark. Midpoint is calculated by.the given formula:

Lower class Jimit-tUpper class limit
2
The following steps are followed to~draw a frequency polygon for a frequency

Midpoint =

distribution:
(1) Draw lines as x — axishwand y — axis
perpendicular to eachother.
(i)  Take midpoints on”x — axis and class
frequencies on’y - axis.
(ii1))  Put a dot«mark against each midpoint
corresponding to its class frequency. Join
all the'dotted marks by straight lines to get the required frequency polygon.
(iv) _ Thelines at both ends are joined together with the next midpoints to touch the
bases of x — axis.

Example 3: The following are the marks obtained by 30 students out of 100 in the
subject of Mathematics at their final examination. Construct frequency polygon for the
following frequency table.

Marks 45-49 | 50-54 | 55-59 | 60—-64 | 65-69 | 70-74
Frequency 2 9 4 7 3 5
T 4 221 .
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Solution: | Marks | f | Midpoints
45 + 49 .
45-49 | 2 — =47 Y Frequency polygon
Scal
so_s4 | o | 203 s | [ t0- ’@-L'l'is;fifx'i'émq
2 t) ] — On y-axis: 1 box =2 units
55+ 59 %y
55-59 | 4 | ———=57 S 6=
2 5 4
60 + 64 =
60—64 | 7 | ——=62| |7 2
2 x
T T . T 11
65-69 | 3 | 2P g 00 471 5 sper61 2
2 Midpoint,(x)
70 + 74
70-74 | 5 Y =72

Remember!

Frequency polygon on histogram: In histogram, we mark the midpoints on the top of rectangles and
join all the points. To touch the base of x — axis, we extend the'line at both ends to the next midpoints.

The resulting (Example 2) graph is a frequency polygon.

45 Frequency Polygon on Histogram of ages (in years) of 76 members

YN
2
£ 6= a lili Scale |y,
55— N On x-axis: | box =2 units
£ On y-axis: 1 box = 1 unit
= 4] T~
3 N
2 N\
T2 ¥
<, -
N > N\
NS
01 rd
2 4 6 810 12 14 16 18 20 22 24 26 28 30
Class boundaries
1. The following distribution represents the scores achieved by a group of

chemistry students in the chemistry laboratory.

Scores 24 -28 |29 -33 | 34-38 | 39—-43 | 44 -48 | 49 — 53 | Total
No. of students 3 6 12 23 15 6 65

Answer the following questions.
(1) What is the upper limit of the last class?
(i1))  What is the lower limit of the class 39 — 43?
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(iii)
(iv)
(v)
(vi)
(vii)
(vii)
2.
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What is the midpoint of the class (34 — 38)?
What are the class frequencies of the classes 29 — 33 and 44 — 48?

What is the size of the class limits in the above frequency distribution?
In which class or group does minimum number of students fall?

What is the lower limit of the class having 15 as its class frequency?
What is the number of students having scores between 24 and 43?

For a school staff, the following expenditures (rupees in hundred) are.required
for the repair of chairs.

145, 152, 153, 156, 158, 160, 146, 1527 155, 159,
161, 163, 165, 147, 148, 151, 154, 156, 158, 160,
144, 167, 151, 150, 152, 149, 145,153, 152, 155

Prepare a frequency distribution by tally bar method.by taking number of
classes 8, also write down what are the frequéncics of the last three classes?

Given below are the weights in kg of 30.students of a high school.
30, 33, 24, 21, 15, 39, 37, 44, 42, 33,
33, 28, 29, 32, 3N 28, 26, 32, 34, 35,

41,

30,

35,

23,

26,

18, 34

Taking 6 as the number of classes, prepare a frequency table and construct

4. A group of Grade - 10 students obtained the following marks out of 100 marks

38, 36,
a frequency polygon.
in English test.
58, 59, 58,
50, 52; 49,
48, 44, 42,

33,
50,
47,

38,
52,
47,

45,
55,
46,

46,
49,
53,

43,
50,
40,

45, 45,
62, 49,
44

Classify the data into a frequency distribution by (direct method) taking 5 as

the.number of classes. Also find the class limit with least class frequency and

construct histogram for the data.

5. From the table given below. Draw a frequency polygon on histogram for the
given frequency distribution.
Weight (kg) 10-14 | 15-19 | 20-24 | 25-29 | 30-34 | 35-39
Frequency (f) 06 17 23 30 22 13
6. The following data shows the number of heads in an experiment of 50 sets of
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NOT FOR SALE-PESRP



Mathematics - 9 Unit — 12: Information Handling

tossing a coin 5 times. Make a discrete frequency distribution from the

information.
3,3,4,0,5 4,3,3,1,2,4,5,0,3,2,44,0,0,0, 5,5, 3,2, 1
4,3,2,53,2,1,3,5,4,3,2,1,3,2,1,3,1,3,1,4,3,2,2, 4
7. The marks obtained by the students of Grade - 10 in mathematics test were
grouped into the following frequency distribution.
Marks 35-37|38—-44 | 45-54 | 55-61 | 62—-67 | 6872
Frequency 2 12 16 13 9 3
Draw a histogram for the above distribution.
8. Make a frequency polygon on histogram for the following grouped data:
Class limits 5-8 8—12 | 12-20 | 20—-25..25-27 | 27-32
Frequency ( f) 2 12 25 32 14 5

12.2 Measures of Location (Central Tendency)

The measure that gives the centre of the data is.called measure of central tendency.
Therefore, measure of central tendency is used to find out the middle or central value
of a data set.

We have seen that when the raw data has'been condensed into a frequency distribution,
the information was easily understood.. The information given in the data can be further
condensed to a single representativewvalue for the entire distribution. It is more or less
the central value around which the data appear to be crowded. For example, usually,
we make statements such as:

(1) Hassan studies\6 hours daily.

(i1) The monthly-€xpenditure of Ayesha’s house is Rs.50,000.

(ii1))  Thesspeed of Maham’s car is 72 km per hour.
(iv) ¢ Ina country, yearly income is 70,000 rupees per head.
(v) The price of onion in the market is Rs.150 per kg etc.

If we look at the first statement, we come to know that Hassan does not study exactly
6 hours daily. Sometimes, he studies more than 6 hours and sometimes less. But still
why do we say that he studies 6 hours daily? As he studies near about 6 hours daily so
in his study time, 6 hours becomes an important figure because of its approximated
statement, which we call Average. Such an average value is known a measure of central
tendency because it is a representative value of the daily study time. Similarly, other
statements can also be treated as representative values. As each statement locates the
centre of a distribution so it is also known as a measure of central tendency.
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The following measure of central tendency will be discussed in this section:
(1) Arithmetic Mean (A.M.) (i1) Median
(ii1))  Mode (iv)  Weighted mean
12.2.1 Arithmetic Mean (A.M.)

It is defined as a value of variable which is obtained by dividing the sum of all the
values (observations) by their number of observations. Thus, the arithmetic mean of a

set of values x,, x,, x;,,...,x, 1s denoted by X (read as X-bar) and is calculated.as:

X tx, tx, o tx,

X = -z (Direct method)
n

n
where, the sign X stands for the sum and # is the number of observations.

Example 4: The marks of a student in five examinations were 64;-75, 81, 87, 90. Find
the arithmetic mean of the marks.

Solution:

_ z X The mean of 10, 30, 40, x,
AM. =X = &= 67 and 81 is 50. Find the

n
64 +75+81+87+90
5

value of the x.

or X = % = 79.4 marks

Example 5: A government allocates‘funds of Rs.200,000 to five sectors of a school i.e.,

(1) School Library: Rs. 35,000

(11) Sports facilities:.Rs. 25,000 The mean of 15 values was
. . 50. It was found on

(i)  Parking areayRs. 40,000 rechecking that the value

(iv)  Room renovation: Rs. 45,000 25 was wrongly copied as

v) Furriture: Rs. 55.000 52. Find the correct mean.

Find the average of fund allocation in each sector of a school.

Soluﬁg& To find out the average of each sector, we will find the mean of the given
data.

35,000 + 25,000 + 40,000 + 45,000 + 55,000

} =
5
+ — 200,000
5
X =Rs. 40,000

On average, each sector takes Rs.40,000 in funding.
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Method of finding Arithmetic Mean for Grouped Data
Let xy, x5, X3, ..., x, be the midpoints of the class limits with corresponding frequencies

say f1, 2, f3,..., fo. Then the arithmetic mean is obtained by dividing sum of the products
of fand x by the sum of all the frequencies.

Y= _ X
f1_|_f2_|_ ..... _|_f;l Zf

Example 6: Given below are the marks out of 100 obtained by 100 students in a
examination. Find the average marks of the students.

Marks 30-35 | 35-40 | 40—45 | 45-50 | 5055 | 55-60
No. of students 14 16 18 23 18 11
Solution:

Marks Midpoint (x) FrequeryQD fx

30-35 32.5 14 455.0

35-40 37.5 16 600.0

40 — 45 42.5 18 765.0

45 -50 47.5 23 1092.5

50-55 525 18 945.0

55-60 57.5 11 632.5

Total A&‘O‘__ Tf=100 Tfic = 4490

¥ - T3t

or X-=.44.9 marks
Hence,the average marks is 44.9 of the surdents.

Short Formula for Computing Arithmetic Mean

The computation of arithmetic mean using direct method for ungrouped data as well as
for grouped data is no doubt easy for small values. If x and f become very large, it
becomes difficult to deal with the problems so to minimize our time and calculations
we take deviations from an assumed or provisional mean. Let A4 be considered as
assumed or provisional mean (may be any value from the values of x or any number)
and D denotes the deviations of x from 4 i.e., D =x - 4. For x = D + A, the formula of
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arithmetic mean becomes;

X=A4+ % (for ungrouped data) (1)
X=4+ /D (for grouped data) ..(11)
xf
Example 7: Find the arithmetic mean using short formula
for the runs made by a batsman. If X=120;4%=85and
. n =25, then'can you find
Runs: 40, 45, 50, 52, 50, 60, 56, 70. the valudleNT
Solution: Taking deviations from 4 = 52 (assumed mean)
X 40 45 50 52 50 60 56 70
D=x-A —-12 7 -2 0 -2 8 4 18

Now: ID=-23+30=7
X=a+22
n

So, )_(252+%

= 52+ 0.875 = 5288 or 53 runs.

Example 8: Deviations from 12.5 of ten different values are 6, -2, 3.5, 9, 8.7, -5.5,
14, 11.3,-6.8,—4.2, find the arithmetic mean.

Solution: Deviations from*12.5 are:
6, 2,035, 9, 8.7, 5.5, 14, 11.3, 6.8, 4.2
Now, XD = 34. AlsoyA = 12.5, using the formula we have.

¥=a+ 2P
n

= 125+ 34
10

or X=125+34=159
Example 9: The heights (in inches) of 200 students are recorded in the following

frequency distribution. Find the mean height of the student by short formula.

Height (x) (in inches) | 51 | 52 | 53 | 54 | 55 | 56 | 57 | 58 | 59 | 60
Frequency (f) 2 5 8 |24 |55 45 |38 |16 | 6 1
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Solution: Heights (x) Frequency A=55 fD
(in inches) (f) D=x-4
51 2 —4 -8
52 5 -3 -15
53 8 -2 -16
54 24 -1 24
A« 55 55 0 0
56 45 1 45
57 38 2 76
58 16 3 48
59 6 4 24
60 5 5
Total Tf=200 /D =135
Now, using the formula (ii), we get
X-ua+ P
)y
X =55+ 22>
200

or X =55+0.675
X = 55.684néhes approx.
Hence, the mean height of the students is 55.68 inches.

Example((ﬁ Ten students each from Grade-V section A and B of a well reputed school
were takenrandomly. Their weights were measured in kg. and recorded as given below:

Weights (k
eights (ke) | 0 | ¢ | 32 |205| 35 | 34 |31 |33 |40 |375
Section 4

Weights (kg) | 15 |315 1345 35 (328 | 38 (295 | 36 |365 | 34
Section B

(1) Compute the mean weight for section 4 and B.

(i1) Conclude which section is better on Average?
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Solution: (i) We find arithmetic mean for Xu X
both the sections by direct method. (Any 30 35
method can be applied). 78 315
As number of observations n =10 .
32 34.5
- XXy
and X =—— 29.5 35
331(1) 35 32.8
X =2 =33kg 34 £
10 31 29.5
_ X
and X@i) = ——_ > 20
n 40 36.5
— 342.8 37.5 34
Xy = BT 34.28 kg EX.0 =330 ] EXp=342.8

(i1) We have seen from the results that
X ) 1s greater than X (). Therefore, we conclude that section B is better on
the average.

12.2.2 Median

Median is the middle most value in an arranged(ascending or descending order) data
set. Median is the value which divides the data into two equal parts i.e., 50% data is

before the median and 50% data after it. Median is denoted by)? .
Median for ungrouped data

The median of » observations x;,x,,%.., X, is obtained as:
o~ 1\ _ when 7 is
Median (X ) = (n j observation
2 odd number

the th 3
~ + when 7 is
Median (X )= l @ observation + u observation
2 2 2 even number

Example 11: The following are the scores made by a batsman. Find the median
of the data;, 8, 12, 18, 13, 16, 5, 20.
Solution: Writing the scores in an ascending order, we have
5,8,12,13, 16, 18, 20
Since, number of observations is odd i.e., n =7

th
Median ()? )= (HTH j observation

th
= (%j observation = 4™ observation = 13

Hence, 13 is the median of the given data.
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Example 12: Following are the marks out of 100 obtained by 10 students in English.
23,15,35,48,41,5,8,9, 11, 51. Find the median of the data.
Solution: Arranging the data in an ascending order.

5,8,9,11,15,23,35,41,48, 51
Since, number of observation is even, i.e., n = 10
2 th
) observation}

th
S +
Median (X ) = l n observation + "
2 2

+
Bl sag 22 g
272 2 2

As,

. 1 ) )
Median = E[Sth observation + 6™ observatlon]

or Median = l[15+ 23] = 38 =19
2 2
Hence, 19 is the median of the data.
Median for Grouped Data
The median for grouped data is obtained by the following formula:
Median (X) & + ﬁ(f_ c]
f\2

Where, ¢ = Lower class boundary of median class,

h = The size of class limits of median class,

/= Frequency of the median class,

n = Total frequency t.e.;2f,

and ¢ = Cumulative frequency preceding the median class.

Remember the following points:

(1) The: groups of classes must be in a continuous form i.e., we need class
boundaries.

(i)  Make the column of cumulative frequencies (c.f.)) from the column of
frequencies.

th
(ii1))  Locate median class i.e., (Ej see value in c.f. column wherever it lies.

(iv)  Underline the median class, then take the values of fand /4 of the median class
thus obtained

T 4 230 .
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Example 13: The heights of 100 athletes, measured to the nearest (inches) are given

in the following table. Find the median.

Unit — 12: Information Handling

Height
OIS ) 5 63.5(63.5-64.5(64.5-65.565.5-66.5 |66.5-67.5 |67.5-68.5 [68.5-69.5 | 69.5-70.5 |70.5-71.5
(in inches)

No. of 4 6 10 20 30 13 12 3 2
Students

Solution: In the above data, class boundaries have already been given:

Heights (inches) | Frequency (f) c.f.
62.5-635 4 4
63.5-64.5 6 6+ 4=10
64.5-65.5 10 10+10=20
65.5-66.5 20 20+20 =40 - "¢
66.5 —67.5 30 30 +40=70 — Median class
67.5-68.5 13 13.+70=83
68.5-69.5 12 12 +83=095
69.5-70.5 3 3495 =98
70.5-71.5 2 2+98=100—>n

Total Xf = 1{6,\
Here, »n =100
so, 221005
2 2

50™ itemlies in the class boundaries 66.5 — 67.5.

=606.5, h=1, f =30, c=40

Median =

73
+ = Zoc
72

1

66.5 + —(50 -
30

66.5 + 1—0
30

66.5+0.33

Median = 66.83 inches

40)

231

(Putting the values)
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Example 14: Following are the weights (in kg) of 50 men. Find the median weight.

Weights (kg) 110-114 | 115-119 | 120—-124 | 125-129 | 130- 134
No. of men 5 12 23 6 4

Unit — 12: Information Handling

Solution: As class boundaries are not given so, first of all we make class boundaries

by the usual procedure.

Weight (kg) | Frequency(f) | Class Boundaries c.f.
110-114 5 109.5-114.5 5
115-119 12 114.5-119.5 17 —>c¢
120 - 124 23 119.5-124.5 40 — Median class
125129 6 124.5-129.5 46
130 - 134 4 129.5-134.5 50 =n

Total Xf =50 N

n 50

Here n = 50 so, 5 = 7= 25. 25" jtem lies in 119.5— 124.5.
0=119.5, h=5, f=23, c=17
H5)
+—|=—c
2

=119.5+ 3(25—17)
23

Median =

(Putting the values)

=119.5 + ﬂ:119.5+1.74
23

Median = 12124 kg
12.2.3 Maode

In a data the values (observation) which appears or occurs most often is called mode
of the.data: It is the most common value. Mode is denoted by X.

Mode for Ungrouped Data

Example 15: The marks in mathematics of Jamal in eight monthly tests were 75, 76,
80, 80, 82, 82, 82, 85. Find the mode of the marks.

Solution: As 82 is repeated more than any other number so, clearly mode is 82.
Example 16: Ten students were asked about the number of questions they have solved
out of 20 questions last week. Records were 13, 14, 15, 11, 16, 10, 19, 20, 18, 17. Find
the mode of the data.
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Solution: It is obvious that the given data contains no mode. It is ill-defined.
Sometimes data contains several modes. If the data is: 10, 15, 15, 15, 20, 20, 20, 25,
32, then data contains two modes i.e., 15 and 20.

Example 17: A survey was conducted from the 15 students of a school and asked the
students about their favourite colour.

The responses are: purple, yellow, purple, yellow, yellow, red, blue, green, yellow,
yellow, red, blue, yellow, purple, green. Find mode of the data.

Solution: Mode is the most frequent colour.

Remember!

Mode = yellow

A data can-has more than one

So, the colour “yellow” is the mode of the given data. mode; A datamay or may not
h de.
Mode for Grouped Data /A s
Mode can be calculated by the following formula:
( f - f) Mode cannot be easily
Mode = + m 1 x h calculated from the data
(fm -/ )(fm - fz) presented in a frequency

distribution. As it has no
Where, /= Lower class boundary of the madal ¢lass. | individual values, so we do

_ not know which value
f = Frequency of the modal class. appears most frequently, We

ﬁ B Frequency preceding the'modal class. only assume the class with
f2=Frequency following the modal class and thedhliglllest frequency as a
h = Size of the modal.¢lass. modal class.

Example 18: Following are the heights in (inches) of 40 students in Grade - 8.
Heights (inches) 48=50|50—52|52—-54|54—-56|56—58|58—60

No. of students ‘c 5 7 10 9 6 3
Find mode of the abeve data.
Solution:
H*&&iﬁches) Frequency (f)
48 — 50 5
50352 AN Collect data of weights of 50
52-54 10 — fm students. Make a frequency
54 — 56 95 distribution and find mean, median
5658 6 and mode of the data.
58 - 60 3
Total Xf=40
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In the above data, class boundaries have already been given. Using the

formula for grouped data we find mode as: Skill practice!
(=52, h=2, fm=10, fi=7, £2=9 Find the mean, median
and mode of the first
Mode = ¢+ (f, _fl) X h twenty whole numbers.
10 -7 2
or Mode = 52+ ( ) -
(10-7) + (10-9)
or  Mode= 52+ 2_57+ 0
3+1 4

or Mode = 52 + 1.5 = 53.5 (inches)

12.2.4 Weighted Mean
Arithmetic Mean is used when all the observations are'given equal importance / weight

but there are certain situations in which the different observations get different weights.

In this situation, weighted mean denoted by X, is preferred. The weighted mean of
X1, X2, X3, ..., Xn with corresponding weights W1, W2, W3, ..., Whyis calculated as:

Swx,
WX AWX e WX+ X, ST Y wx
W+ W, + W, + ~ W, Swo XV
i=1

X

n

Example 19: The following data describes the marks of a student in different subjects
and weights assigned tothese subjects are also given:

“Mark(X) 74 | 78 | 74 90

| Weights() 4 3 5 6
Find.its weighted mean.
N - SWX
Solution: Weighted mean(X w) = X
w
¥ - 4(74) +3(78) + 5(74) + 6(90)
" 443+5+6
_ 296 +234+370+540 1440
18 18
X, =80

4 234 .
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Example 20: A medicine company started marketing of a sample of medicine in seven
different areas of a city. The company distributed the packets of medicine in each area
of the city and the weight of each area based on the demand of the medicine. Find the
mean and weighted mean of the given data.

Areas of a city | Number of packets (X) | Weights (W)
A 15 5
B 25 4
C 18 3
D 23 4
E 15 2
F 10 1
G 8 2

Solution: Mean = %(

CI5+25+18+23+15+10+8
7

= # = 16.29 ~ 16 packets

So, the average number of packets of the‘medicine distributed by the company per area
is 16.

Weighted mean = X
W

15(8)+25(4)+18(3) + 23(4) + 15(2) +10(1) + 8(2)
- S5+443+442+1+2

=ﬂ:17.95z18
21

12.2.5 " Real Life Situations Involving Mean, Weighted Mean, Median
and Mode

Sales and Marketing
Example 21: A toy factory sold toys in a month. Consider the following data:

Class limits 10-20 20-30 30-40 40 - 50 50 - 60
f 15 28 45 29 20
(1) Calculate mean, median and mode of the number of toys sold by the factory.

(i1) Also tell the modal class of the distribution.
T 4 235 .
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Solution: (i) For mean

Class limits f X | X c.f.

10-20 15 15 | 225 15

20-30 28 25 | 700 28 +15 =43

30-40 45 35 | 1575 | 45+43 =88 | Modal/Medianclass

40 - 50 29 45 | 1305 29+88 =117

50-60 20 55 | 1100 | 20+117=137

Total Xf=137 4905

Mean ()_() = Z_fx _ 205 =358 = 36
Xf 137

Average sale of the toys is 36.

For median: Here, n =137, so, 1377 =68.5; 68.5lies in30 — 40.

=30, h=10, f=45, n=137, c=43

Median ()N()=£+ ﬁ (z—cj
f 2

_304+ 0 (13_7 —43j
45 | 2

=30 + 10 (635" 43)
45

= 30.+ m(25.5)
45
=30+5.67
Median = 35.67 = 36

Thus, median of the sold toys by the factory is 36.
For mode: (=30, h=10, fu=45, f1=28, £,=29

Mode (X)=( + (fu=11) x
(fu= 1)) + (/= 12)
_ 304 (45-28)

(45-28) + (45-29)
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17

= 30+ x 10

17+16

= 30+1—7 x 10
33

= 30+5.15

Mode (X)=35.15 ~ 35
Thus, mode of the sold toys by the factory is 35.
(i1) The modal class of sold toys by the factory is (30 — 40).

{( EXERCISE 12.2 )

1. Find the arithmetic mean in each of the following:
(1) 4,6,10,12, 15, 20, 25, 28, 30.
(i1) 12,18 19, 0,-19,-18, -12
(i)  6.5,11,12.3,9,8.1, 16, 18, 20.5, 25
(iv)  8,10,12, 14, 16, 20, 22
2. Following are the heights in (inches) of 12°students. Find the median height.
55, 53, 54, 58, 60, 61, 62, 56, 57, 52, 51, 63.

3. Following are the earnings (in/Rs.) of ten workers:
88, 70, 72, 125,115, 95, 81, 90, 95, 90. Calculate
(1) Arithmetic Mean (11) Median (i11))  Mode

4. The Marks obtained by.the students in the subject of English are given below.
Marks obtained | 15-19 20-24 25-29 30-34 35-39
Frequency N 9 18 35 17 5

Find: (i) Arithmetic mean of their marks by direct and short formula.
(i1) Median of their marks.

5. Given below is a frequency distribution.
Class Interval | 5—-9 | 10-14| 15-19| 20-24| 25-29
Frequency 1 8 18 11 2

Find the mode of the frequency distribution.
6. Ten boys work on a petrol pump station. They get weekly wages as follows:
Wages (in Rs.) 4250, 4350, 4400, 4250, 4350, 4410,4500, 4300, 4500, 4390.

Find the arithmetic mean by short formula, median and mode of their wages.
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7. The arithmetic mean of 45 numbers is 80. Find their sum.
Five numbers are 1, 4, 0, 7, 9. Find their mean, median and mode.
9. A set of data contains the values as 148, 145, 160. 157, 156, 160.
Show that Mode > Median > Mean.
10.  The monthly attendance of 10 students for their lunch in the hostel is recorded
as: 21, 15, 16, 18, 14,17, 15, 12, 13, 11.
Find the median and mode of the attendance. Also find the mean if D=4 — 20.
11.  On a prize distribution day, 50 students brought pocket money as under:
Rupees 5-10 10-15 | 15-20 | 20—25.]"25-30
Frequency (f) 12 9 18 7 4
(1) Find the median and mode of the above data.
(11) Find the arithmetic mean of the data given above using coding method.
12.  The arithmetic mean of the ages of 20 boysjis 13 years, 4 months and 5 days.
Find the sum of their ages. If one of.the boys is of age exactly 15 years. What
is the average age of the remaining boys?
13.  Calculate the arithmetic mean from the following information:
(1) If D=X-140,ZD=500 and n =10
Gy =205 1s0andn=1s
(i) IfD="%x-+25%D =300and Xf =20
i) IPU= 20 500 = 60 and 37 = 100
14.  The three children Haris, Maham and Minal made the following scores in a
game conducted by a group of teachers in the school.
Haris scores 50 55 70 85 90
Maham scores 75 60 60 45 53
Minal scores 80 77 66 42 48
It is decided that the candidate who gets the highest average score will be
awarded rupees 1000. Who will get the awarded amount?
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15.

16.

17.

18.

19.

20.

Given below is a frequency distribution derived by making a substitution as
D = X —20. Calculate the arithmetic mean.

D -6 —4 -2 0 2 4 6

f 1 3 6 20 26 12 2

Being partners Hafsa and Fatima took part in a quiz programme. They made the
following number of points 45, 51, 58, 61, 74. 48, 46 and 50. Cempute the
average number of points using deviation D = x — 58.

A person purchased the following food items:

Food item | Quantity (in Kg) | Cost per Ws.)
96

Rice 10

Flour 12 48

Ghee 4 190

Sugar 3 49
Mutton 2 650

What is the weighted mean.of cost of food items per kg?
For the following data,findthe weighted mean.

e
Item 6‘ Quantity | Cost of item (in thousands)
¢
Washing Machine 5 35
Heater 3 5
Stove 2 13
Dispenser 6 18

A company is planning its next year marketing budget across five years: yearly
budgets (in million) are: 5, 7, 8, 6, 7. Find the average budget for the next year.

Ahmad obtained the following marks in a certain examination. Find the
weighted mean if weights 5, 4, 2, 3, 2, 4 respectively are allotted to the subjects.

Urdu | English | Science | Math | Islamiyat | Computer
78 65 80 90 85 72
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@(REVIEW EXERCISE 12 )P

1. Four options are given against each statement. Encircle the correct option.

(@)

(i)

(iii)

(iv)

V)

(vi)

(vii)

(viii)

(ix)

(x)

Which data takes only some specific values?

(a) continuous data (b) discrete data

(©) grouped data (d) ungrouped data

The number of times a value occurs in a data is called:

(a) frequency (b) relative frequency

(b) class limit (d) class boundaries.

Midpoint is also known as:

(a) mean (b) median

(c) class limit (d) class mark

Frequency polygon is also drawn /constructed bywusing:

(a) histogram (b) bar graph

(©) class boundaries (d) class limit

The difference between the greatestvalue and the smallest value is called:
(a) class limits (b) midpoint

(c) relative frequency (d) range

Measure of central tendency.is used to find outthe of a data set.
(a) class boundaries (b) cumulative frequency

(c) middle or centre value  (d) frequency
If the mean of 5, 7, 8, 9 and x is 7.5, what will be the value of x?

(a) 10 (b) 8 (©) 8.5 (d 5.8
Find the'mode of the given data: 2, 5, 8,9, 0, 1, 3, 7 and 10
(a) 5 by 7 (©) 0 (d) no mode

In'a’data the values (observations) which appears or occurs most often is
called:

(a) mean (b) mode

(c) median (d) weighted mean

Find the median of the given data: 110, 125, 122, 130, 124, 127 and 120
(a) 124 (b) 120 (c) 125 (d) 127

2. Define the following:

(1)
(iii)
4

frequency distribution ~ (i1)  histogram (unequal class limits)

mean (iv)  median

240 h |

NOT FOR SALE-PESRP



Mathematics - 9 Unit — 12: Information Handling

3.

Following are the weights of 40 students recorded to the nearest (Ibs).

138, 164, 150, 132, 144, 125, 149, 157, 146, 158, 140, 147, 136, 148, 152, 144,
168, 126, 138, 176, 163, 119, 154, 165, 146, 173, 142, 147, 135, 153, 140, 135
161,145,13 5,142,150, 156, 145, 128.

(a) Make a frequency table by taking number of classes as 6

(b) Draw histogram (c) Draw a frequency polygon of the given data.
From the table given below. Draw a frequency polygon on histogram for the
given frequency distribution.

Weight (kg) 50-56 | 57-59 | 60-64 | 65-72 | 73-75" 76-80

Frequency (f) 25 32 40 30 15 8

5. Given below are marks obtained by 45 students in the'monthly test of Biology:
Marks 20-24 | 25-29| 30-34 |35-39 | 4044 | 45-49
No. of students 05 08 12 I5 03 02

7.

With reference to the above table find.the following:
(1) upper class boundary of the 5% class.

(i1) lower class boundaries of all the classes.

(i11)  midpoint of all the classes.

(iv)  the class interval.with the least frequency.
Given below is frequency distribution.

Draw frequency polygon and histogram for the distribution.

Class limits | 5-9 10-14 | 15-19 | 20-24 | 25-29 | 30-34

Frequenfc}Q 1 8 18 11 2 5

For the following data, find the weighted mean.

Item Quantity Cost of item (Rs.)
Chair 20 500
Table 20 400
Black board 10 750
Tube light 25 230
Cupboard 09 950

4 241 .
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8. A principal of a school allocates funds of Rs.50, 000 to five different sectors:
(1) chairs: Rs. 15000 (11)  tables: Rs. 12,000
(iii))  black boards: Rs.6,000 (iv)  room renovation: Rs. 10,000
(v) gardening: Rs. 7,000

Find the average of funds allocation in each sector of the school.

9. The marks of a student Saad in six tests were 84, 91, 72, 68, 87, 78. Find the
arithmetic mean of his marks.

10.  Adjoining distribution showed maximum load (in kg) supported.by certain
ropes. Find the mean load using short method.

Max-Load kg | 93-97 | 98—-102 | 103-107 | 108 — 112 |.113=117 | 118 — 122

No. of ropes 2 5 8 6 2

11. Usman rolled a fair dice eight times. Each timetheir sum was recorded as 8, 5,
6,6,9,4,3,11. Find the median and mode of'the sum.

12. Two partners Mr. Aslam and Mrs. Kalsoom run a company. In the following
data the weekly wages (in Rs.) of employees who work in the company are
given:

Wages (Rs.) | 600—-700 | 700~ 800 800 —-900 | 900 - 1000 | 1000 - 1100
Employees 3 5 7 21 11
I 242 U
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Probability

Students’ Learning Qutcomes

At the end of the unit, the students will be able to:

» Calculate the probability of a single event and the probability of an event not occurring.
Solve real life problems involving probability.

Calculate relative frequency as an estimate of probability.

Calculate expected frequencies.

YV V VYV

Solve real life problems involving relative and expected frequencies.

INTRODUCTION

In our daily life, we normally say that | History!

manufacturing companies give warranty | The word “probability” is

on their products, there is chance that derived” from/’ the Latin
d ol word “Probabilitas”. It

sF)me prf) uct might got meet warranty | o oo «orobity”. Girolamo

time period. A person judges the chances |“@ardafio is known as the

of winning cricket match of a team based [«father of probability. He

on previous performances etc. All the, [ VS 21 Italian doctor and

A mathematician.
above statements have lack prediction
with certainty. In such situations,'what makes it easier for us to represent the chance of

an event occurring numerically.i.¢., probability.

Hence, Probability is the chance of occurrence of a particular event.
Probability is calculated,by using the given formula:

Number of favourable outcomes

Probability = :
Total number of possible outcomes
It is written as: P(A)= n(4)
n(S)

P(A4)= Probability of an event 4
n(A4) = Number of favourable outcomes
n(S) = Total number of possible outcomes

Basic Concepts of Probability

Experiment: The process which generates results e.g., tossing a coin, rolling a dice,
etc. is called an experiment.
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Outcomes: The results of an experiment are called outcomes e.g., the possible

outcomes of tossing a coin are head or tail, the possible outcomes of rolling a dice are

1,2,3,4,5,or6.

Favourable Outcome: An outcome which represents how many times we expect the

things to be happened e.g., while tossing a coin, there is 1 favourable outcome of getting

head or tail. While rolling a dice, there are 3 favourable

outcomes of getting multiples of 2 i.e. {2, 4, 6} Remember!

Sample Space: The set of all possible outcomes of an | Fach element of the
. . . con sample space is ‘called

experiment is called sample space. It is denoted by ‘S’ e.g., sample oI

while tossing a coin, the sample space will be S= {H, T}.

While rolling a dice, the sample space will be S = {1, 2, 3, 4, 5, 6}.

Event: The set of results of an experiment is called an event e.g., while rolling a dice

getting even number is an event i.e., 4 = {2, 4, 6}; n(4) = 3.

Recall! Types of Events:

* Certain event: An event which is sure to occur. The probability’of sure event is 1.

* Impossible event: An event cannot occur in any trial. The probability of this event is 0.

* Likely event: An event which will probably occur: Itthas greater chance to occur.

* Unlikely event: An event which will not probably occur. It has less chance to occur.

¢ Equally likely events: The events which have equal chance of occurrence. The probability of these

events is 0.5.

Impossible Unlikely Equally likely Likely Certain
event event event event event
| L L L LN
AL T T T LI
0 or 0% 25% 50% 75% 100%

13.1 Probability of Single Event

Example 1: Abdul Raheem rolls a fair dice, what is the probability of getting the
number divisible by 3? Keep in mind

Solution:", “When a dice is rolled, the sample space will be: | The range of probability

— . — for an event is:
§=1{1,2,3,4,5,6} :n(8) =6 <

Let “A” be the event of getting the number divisible by 3.
A={3,6};n(d)=2

n(A4 2 1

Pla) = 2 Clear th fall th
nS) 6 3 ear the concept of all the

types of events by using

different colours of balls or

pencils etc.

Teachers’ note:

The probability of getting the number divisible by 3 is % .
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Example 2: If Zeeshan rolled two fair dice, find the probability of getting:
(1) Even numbers on both dice.
(11) Multiples of 3 on both dice.
(ii1))  Even number on the first dice and the number 3 on the second dice.

(iv) At least the number 3 on the first dice and number 4 on the second dice.

Solution: When a pair of fair dice is rolled, the sample space will be:

1st
ond 1 2 3 4 5 6
1 L1 | L2 | L3 ]| 1L,4] 1,516
2 2,1 2,2 2,3 2,4 2,5 2,6 Can you find out the
3 3,1 3,2 | 3,3 3,4 | 3,5 3,6 sample space when 3 dice
4 |41 4243444546, Leerold
5 501 1 52 | 53 ] 54| 55456
6 6,1 | 6,2 | 6,3 | 6,4 | 6/5 |,6,6
(1) Even numbers on both dice.
Let “A4” be the event of getting even numbers on both dice.
A4=1{(2,2),(2,4),(2,6),(4,2) (4,4), (4,06), (6,2), (6,4), (6, 6)}
n(4)= 9; n(S) =136
P(A) = n(d) _ 9 L1
n(S) 36\ 4

- . .1
Thus, the probability-of getting even numbers on both dice is v

(i)  Multiple of 3 on both dice.
Let“B” be the event of getting multiples of 3 on both dice.
B =13, 3),3,06),(6,3), (6, 6);
n(B)= 4; n(S)=36
n(B) 4 1

PB= s 36 9

Thus, the probability of getting multiples of 3 on both dice is é .
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(ii1))  Even number on the first dice and the number 3 on the second dice.

Let “C” be the event of getting even numbers on the first dice and the number
3 on the second dice.

C =1{(2,3),(4,3),(6,3)}
n(C)=3;n(S)=36
P(C)= n(C) 3 1

n(S) 36 12

Thus, the probability of getting an even number on the first dice and the. number 3 on

the second dice isi .
12

(iv) At least the number 3 on the first dice and number 4 on.the second dice.
Let “D” be the event of getting at least the number 3°on the first dice and number
4 on the second dice.
D ={(3,4),(4,4),(5,4),(6,4)}
n (D) =4; n(S) =36
p(D):_"(D) _4_1
n(S) 36 9

Thus, the probability of getting at least'the.number 3 on the first dice and number 4 on

the 2" dice is é

13.2 Probability of-an Event Not Occurring

Sometimes, we are interested in the probability that the head will not occur while
tossing a coin.

Let “A” be the event of getting head while tossing a coin, then the event “ A" be the
event of not getting head while tossing a coin.

The probability of not getting head while tossing a coin is known as the complement

of thatevent. It is written as P(4") or P (4°).
The complement of an event “A4” is calculated by the | Give more examples to
given formula: expla.in compl@ment of even?s
L e.g., if the desired outcome is
P(4") =1-P(4) head on a flipping coin, the

For example, while tossing a coin, the probability of | complement is tail. The
getting a head is: compliment rule states that the

1 sum of the probability of an
— event and its complement
2 must be equal to 1.
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and the probability of not getting a head is:
P(A")=1-P(4)

L

2 2
1

Thus, the complement of the event of getting a head is —.

Example 3: Zubair rolls a dice, what is the probability of not getting the number 6?
Solution: Let “A” be the event of getting the number 6.
The sample space while rolling a dice is: S= {1, 2, 3,4, 5, 6}

n(S) =6
A={6};nA)=1 [ Remember!
The sum of the probability
P(A)= nd) _1 of-an event “4” and the

n(s) 6 probability of an event not

To find out probability of not getting the number6, we’ | occurring “4” is always “1”
P(A)+ P(A') =1

have
P(A)=1-P(A)
IR
6 6 6

Thus, the probability of not getting the number 6 is % :

Example 4: If two fair dice.are rolled. What is the probability of getting:
(1) not.a double six (1))  not the sum of both dice is 8
Solution: Sample.space’of two fair dice is given by:
S={(1,1),(1,2),(1,3),(1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6),
(3.1, (3,2), (3,3), 3.:4), 3,5), (3,0), (4,1), (4.2), (4.3), (4.4), (4,5),
(4,6), (5,1), (5,2), (5,3), (5.4), (5.5), (5,6), (6,1), (6,2), (6,3), (6,4),

(6,5), (6,6)}
n(S) =36
(1) not a double six.

Let “4” be the event that a double six occurs.
A={(6,6)};n(4)=1
n(4 _ 1
n(S) 36
Iy 247 U
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Let “ A" > be the event that not a double six occurs
As we know that

P(A)=1- P(A)
oL _36-1_ 35
36 36 36

Thus, the probability of not getting the double six is i—z

(i1))  not the sum of both dice is 8.
Let “B” be the event that the sum of both dice is 8.
B=1{(2,6),(3,5),(4,4),(5,3),(6,2)}

n(B)=5
P(B)= n(B) =i
n(S) 36
Let “ B"” be the event not sum of both dice is 8.
P(B'")=1-P(B)
_1_2 _36-5 31
36 36 36

Thus, the probability of not the sum of both dice be 8 is %

13.3 Real Life Problems Involving Probability

Example 5: Let 4, B and € are three missiles and they are fired at a target. If the
probabilities of hitting the target are P (4) = i, P(B) = %, P(C) = %, respectively.
Find the probabilities, of

(1) missile 4.does not hit the target. (i1) missile B does not hit the target.

(iii)  missile €does not hit the target.

Solutien: (1) missile 4 does not hit the target.

Since, P(A4)= %

Let ¢ A"’ be the event that missile 4 does not hit the target

P(A)=1-P(A)
_1_1_ 4__1 —é
4 4 4

Thus, the probability of missile ‘4’ does not hit the target is % .
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(i1) missile ‘B’ does not hit the target.
Since, P(B)= %
Let < B’ be the event missile B does not hit the target

P(B')=1-P(B)

Thus, the probability of missile ‘B’ does not hit the target is % .

(ii1))  missile ‘C’ does not hit the target.

Since, P(C)= g
Let < C" be the event missile C of not-hitting the target
P(CY=1-P(C)
1e-X -4
9. 9 9

Thus, the probability of missile ‘C”’ does not hit the target is % .

Example 6: A bag contains 5 blue balls and 8 green balls. Find the probability of
selecting at random:

(1) a blue ball (i) a green ball. (ii1) not a green ball.
Solution: (1) a blue ball
Let ‘4’ be the event that the ball is blue

Blue balls =n(4) =5
Total balls=n(S)=5+8=13 Can you find out the
complement of selecting
P(4y="D a blue ball?
n(s)
_2
13

Thus, the probability of selecting a blue ball is % :
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(i1) a green ball

Let ‘B’ be the event that ball is green
_ _ The probability that a person 4
Green balls = n(B) =8 will be alive 0.75. Can you find
Total balls =n(S)=5+8=13 out the complement of that event?
P(B) = nB) _8
n(S) 13

Thus, the probability of selecting green ball is % .

(ii1))  not a green ball
Let ¢ B'’ be the event that the ball is not green.

P(B')=1-P(B)
_1- 8
13
_13-8 5
13 13

Thus, the probability of not selecting a green ball is % .

Example 7: A card is drawn at random, from a pack of 52 playing cards. What is the
probability of getting:
(1) a card of heart (11) neither spade nor heart
Solution: (i) a card of heart
Total number of cards =52 ; n(S) =52

Let ‘A’ be the event of selecting a card

of heart. \L ‘L \L \L

Numbet-of heart cards = 13 ; n(4) =13 13 Spades 13 Clubs 13 Hearts 13 Diamonds

Total cards = 52

4 suits

(Black) (Black) (Red) (Red)
p(ay= D) — U J
n(S) ing 1 king 1 king 1 king
1 Queen 1 Queen 1 Queen 1 Queen
= E = l 1 Jack 1 Jack 1 Jack 1 Jack
52 4 1 Ace 1 Ace 1 Ace 1 Ace
Thus, the probability of getting a card of |2~ 10) cards | |2 - 10) cards | |2 - 10) cards | |2 - 10) cards

heart is l )
4
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(i1) neither spade nor heart
Let ‘B’ be the event of selecting a card of spade or heart
Number of spade and heart cards =26 ; n(B) =26
P(B)= n(B)
n(S)
26
)

Let ‘B’’ be the event of selecting neither spade nor heart card.
P(B") =1-P(B)

L
2

1
2

1
Thus, the probability of getting neither spade nor heart cards is 7

{( EXERCISE 13.1 )

1. Arshad rolls a dice, with'sides labelled L, M, N, O, P, U. What is the probability

that the dice lands on consonant?

2. Shazia throws a, pait of fair dice. What will be the probability of getting:

(1) sum of dots is at least 4.
(i) s product of both dots is between 5 to 10.
(111) *.~ the difference between both the dots is equal to 4.

(iv)" number at least 5 on the first dice and the number at least 4 on the second dice.
3. One alphabet is selected at random from the word “MATHEMATICS". Find

the probability of getting:
(1) vowel (i1) consonant
(iv) anA (v) not M

an E

not T

4. Aslam rolled a dice. What is the probability of getting the numbers 3 or 4? Also

find the probability of not getting the numbers 3 or 4.
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5. Abdul Hadi labelled cards from 1 to 30 and put them in a box. He selects a card
at random. What is the probability that selected card containing:

(1) the number 25 (i1) number between 17 to 22
(ii1)  number at least 20 (iv)  number not 27 and 29
(v) number not between 12 to 15

6. The probability that Ayesha will pass the examination is 0.85. What.will be the
probability that Ayesha will not pass the examination?

7. Taabish tossed a fair coin and rolled a fair dice once. Find the probability of the

following events:

(1) tail on coin and at least 4 on dice.

(i1))  head on coin and the number 2,3 on dice.

(111)  head and tail on coin and the number6'on dice.
(iv)  not tail on coin and the number 5'on dice.

(v) not head on coin and the number 5-and 2 on dice.

8. A card is selected at random fromea well shuffled pack of 52 plying cards. What
will be the probability of selecting:

(1) a queen (1)  neither a queen nor a jack

9. A card is chosen at randem from a pack of 52 playing cards. Find the probability
of getting:
(1) a jack (i)  no diamond

13.4 Relative Frequency as an Estimate of Probability

Relative frequency tells us how often a specific event occurs relative to the total number

of frequeney event or trials. It is calculated by using the following method:

Relative frequency = Frequency of specific event =X , where N =Xf
Total frequency N

Example 8: Find the relative frequency of the given date.

X 2 3 4 5 6 7 8
f 3 5 6 9 10 | 8 2
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Solution: X f Relative frequency

2 3 3 0.07
43

3 5 S 0.12
43

4 6 LI 0.14
43

5 9 2 0.21
43

6 10 10 0.23
43

7 8 L 0419
43

8 2 £- 0.04
43

Total | Xf =43 |

13.5 Real Life Application of Relative Frequency

Keep in mind

Example 9: A survey was conducted on 80
students of Grade — IX and.asked about their
favourite colour. The responses are:

The sum of all the relative frequencies is
always equal to or approximately equal to 1.

(1) Red colour =23 students (i1) Green colour = 15 students

(ii1))  Pink colour =25 students (iv)  Blue colour = 10 students

(v) White colour = 7 students. Remember!

Find the relative frequency for each colour. Ssij‘;z:d f;:jt;l:l?ijiyty i(s)f :E
Solutien: Total number of students = 80

event occurring when an
experiment is repeated a fixed

(1) Relative frequency for red colour = % =0.29 number of fimes.

It means that 29% students prefer red colour.

(i1) Relative frequency for green colour = ;—5 =0.19

It means that 19% students prefer green colour.
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(iii)  Relative frequency for pink colour = ;—(5) =0.31

| Try Yourselr! JEEEEEN

It means that 31% students prefer pink colour. Out of 200 students in a
school, 80 play cricket, 50

- - 10 lay football, 25 pla
(iv)  Relative frequency for blue colour —=0.12 piay ’ p'ay
80 volleyball and 45 do not play

any game. Can you find out
the probability of the students

) . 7 who do not play any. game and
(v) Relative frequency for white colour = 30 =0.09 | relative frequency | of the

It means that 12% students prefer blue colour.

students who play cricket?

It means that 9% students prefer white colour.

Example 10: Abdul Rehman obtained different marks in different subjects out of
100 marks. The detail is as under:

Subject Urdu | English |Islamiyat| Mathematics{ Science | Computer Science

Marks Obtained | 75 80 72 95 81 85

Find the relative frequency of above'given data.

Solution:
Subject }\\&@s obtained Relative frequency
75
Urdu 75 —=0.15
488
80
English 80 —=0.16
488
72
Islamiyat 72 —=0.15
488
. 95
Mathematics 95 —=0.19
488
81
Science 81 —=0.17
488
Computer 85 5 o7
Science 488
Total Yf=488
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13.6 Expected Frequency

Expected frequency is a measure that estimate JEEB A 0

how often an event should be occurred | Clear the concept to the students that
depended on probability. Expected frequency | relative frequency as an estimate of
probability by using different real life

is found by using the following method: problems.

Expected frequency = Total number

of trials x Probability of the event.
=N x P(A)
Example 11: Six fair dice are rolled 50 times. The probability of occurrénce of

different number of sixes are given below. Find the expected frequency of the
following data:

X 0 1 2 3 4 5 6
Px)| 009 | 0.10 | 0.12 | 0.24 j£ 0.107| 0.20 | 0.15

Find the expected frequency of occurrence of eachssix.

Solution: | No, of Sixes (x) | P(x) JQMed frequency =N x P(x) =50 x P(x)
0 0.09 50 x 0.09 =4.5
1 0.10 50 x 0.10=5
2 0.12 50 x0.12=6
3 0.24 50 x 0.24 =12
4 0.10 50 x 0.10=5
5 0.20 50 x 0.20 =10
6 0.15 50 x 0.15=7.5

13.7 _Real Life Application on Expected Frequency

Example 12: Find the average number of times getting 1 or 6, when a fair dice is
rolled 300 times.

Solution: Let “S” be the sample space when a fair B
dice is rolled: Sum of all expected frequencies is
always equal to or approximately
§=1{1,2,3,4,5,6}; n(S)=6 equal to a fixed number of trials.

Let “B” be the event that 1 or 6 comes up.
B={1,6} ; n(B)=2
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So, ppy="8_2_1
nS)y 6 3
Therefore, E (B) = N % P(B)
=300 x % =100

Thus, the average number of times 1 or 6 comes up is 100.

Example 13: If the probability of a defective bolt is 0.3. Find the number-of non-
defective bolts in a total to 800.
Solution: The probability of defective bolt is = 0.3
Probability of non-defective bolt =1 —-0.3.= 0.7
Number of non-defective bolts = 0.7 x.800 = 560
Thus, the non-defective bolts will be 560.

¢ EXERCISE13.2 )

1. A researcher collected data on number of deaths from Horse-Ricks in Russian
Army crops over to years. The table is as follows:
No. of death 0 1 2 3 4 5 6
Frequency 60 | 50 87 40 32 15 10

Find the relative frequency of the given data.

2. The frequency of defective products in 750 samples are shown in the following
table. Find the relative frequency for the given table.

No. of d&f@g per sample | 0 1 2 3 4 5 6 7 8

No.g@ple 120 | 140 | 94 | 85 | 105 | 50 | 40 | 66 | 50
3

A quiz competition on general knowledge is conducted. The number of
corrected answers out of 5 questions for 100 sets of questions is given below.

X 0 1 2 3 4 5

f 10 23 15 25 18 9

Find the relative frequencies for the given data.
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4. A survey was conducted from the 108 students of a class and asked about their

favourite food. The responses are as under:

Name of food item Biryani | Fresh Juice | Chicken | Bar. B.Q Sweets
No. of students 40 07 21 15 25

(1) how many percentages of students like biryani?
(i1)  how many percentages of students like chicken?
(ii1))  which food is the least like by the students?

(iv)  which food is the most prefer by the students?

5. In 500 trials of a thrown of two dice, what is expected frequency that the sum
will be greater than 8?

6. What is the expectation of a person who is to.get-Rs. 120 if he obtains at least
2 heads in single toss of three coins?
7. Find the expected frequencies of the givenydata if the experiment is repeated
200 times.
X 0 1 2 3 4 5 6

P(x)| 0.11 | 0.21 | 0.17 | 0.18 | 0.09 | 0.17 0.07

8. The probability of getting’S sixes while tossing six dice is % , the dice 1s rolled

200 times. How-many times would you expect it to show 5 sixes?

@(REVIEW EXERCISE 13)Pp

1. Four eptions are given against each statement. Encircle the correct option.

(1) Each element of the sample space is called:
(a) event (b) experiment
(c)  sample point (d) outcomes

(i)  An outcome which represents how many times we expect the things to be

happened is called:
(a) outcomes (b) favourable outcome
) sample space (d) sample point
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(ii1)) ~ Which one tells us how often a specific event occurs relative to the total
number of frequency event or trials?
(a) expected frequency (b) sum of relative frequency
(©) relative frequency (d) frequency
(1v) Estimated probability of an event occurring is also known as:
(a) relative frequency (b) expected frequency
(©) class boundaries (d) sum of expected frequency.
(V) The sum of all expected frequencies is equal to the fixed number of:
(a) trials (b) relative frequeneies
(c) outcomes (d) events
(vi)  The chance of occurrence of a particular event is called:
(a) sample space (b) estimated probability
() probability (d) expected frequency
(vil)  An event which will probably occur. It has greater chance to occur is
called:
(a) equally likely event (b) likely event
(c) unlikely event (d) certain event
(viii)  Find out the total number of possible sample space when 4 dice are rolled.:
(a) 6° (b) .6 (c) 6* (d) 6°
(ix)  While rolling a pair.of dice, what will be the probability of double 2?
1 1 5 1
(a) 3 (b) 3 (c) 3 (d) IS
(x) A card is.chosen from a pack of 52 playing cards, find the probability of
getting no jack and king:
2 11 2 11
(a) 3 (b) e () 5 (d) 5
2. Define the following:
(1) relative frequency (i1) expected frequency

3. An urn contains 10 red balls, 5 green balls and 8 blue balls. Find the probability

of s

(1)

(iv)
4

electing at random.
a green ball (i1) a red ball (iii))  ablue ball
not a red ball (v) not a green ball
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4,

Three coins are tossed together. what is the probability of getting:

(1) exactly three heads

(i1) at least two tails

(ii1)  not at least two heads

(iv)  not exactly two heads

A card is drawn from a well shuffled pack of 52 playing cards. What will be the
probability of getting:

(1) king or jack of red colour

(i1))  not “2” of club and spade

Six coins are tossed 600 times. The number of occurrence of tails are recorded
and shown in the table given below:

No. of tails 0 1 2 3 4 5 6

Frequency 110 90 105 80 76 123 16

Find the relative frequency of given-table:

From a lot containing 25 items, 8 'items are defective. Find the relative
frequency of non-defective items, also find the expected frequency of non-

defective items.
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{( Exerase 11 )

1. (i) Rational (i1) Rational (iii) Irrational (iv) Irrational (v) Irrational
(vi) Irrational  (vii)lrrational  (viii) Irrational (ix) Rational (x) Irrational
2.
(@) P (i) <
< ' ' |/Il‘.' ' ' LS
3 2 i % AT g
< 0 DFy; 7
A
@iv) Sl

™) (vi)
< - JHHH— > P T I
2 -1 0 1 2 T3 2 o0 LR
3. () : (i) l (iif) =
.0 - i) — i) —
9 99 99
4. (i) Associative property over addition (i) Commutative property over addition
(iii) Additive inverse (iv) Left distributive property of multiplication over addition
(v) Additive identity (vi) Multiplicative identity

(vii) Associative property under multiplication  (viii) Commutative property under multiplication
5. (i) Additive property, (i) Reciprocal property (iii) Additive property
(iv) Multiplicative property  (v) Multiplicative property  (vi) Trichotomy property

{( Exerase12 )
Jo+is Jio-5
3 5

L () 4=\3 (ii)

(iif) (iv) 17-12/2
8 10
i) 2437 -5) 2. () " ()12 (i) @) >yzt
9 27
o) 3 i) D 2A3 G919 3 @) 6 G 23
. . 3375
(v) 1248 (v) 1154 (V)32 4. P=-25¢=18 50

(iif) g (iv) a+ b?

4 260

NOT FOR SALE-PESRP

v)5- 246
1

(v) p

(iii) 34

(i) 2
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Answers
( exercise13 )

13, 14, 15 2. AB=4 25 . A2 -2m" . 45,23
5. 1184 6.20years 7. 133% 8. Rs.6225 _ 9. Rs.52500
(reviEW EXERCISE 1))
1. ()¢ (i) d (i) d (v) d (v) a (V) b (vi) b (viii) a (i) d (x) d

3.7

(i) 3% (i) 27 8. 15,17,19 9. 34,62  10/540750

{( Exeraise21 )

1. (i) 2x10° (i) 4.89 x 10* (iii) 4.2 %107 (iv) 9 x 107 (v) 7.3 x 10*
(vi) 6.5x 10" 2. (i) 804 (ii) 300000 (iii) 0.015 (iv) 17700000
(v) 0.0000055 (vi) 0.00004 3. 300,000,000 m/sec 4.74.0075 x 10’ m

5. 6779 km 6. 12756 km

{( Exercise2. 2 ))

1. (i) log,,1000=3 (ii) log,256 =8 (iii) log3 27 @iv) log,,400=2
) 1 L] (vi) log,,121 =2 (vif) 1 (viii) L
og —=-—— = = og. —=——
\% gm 2 4 V1 Ogll Vi1 qup r Vil g32 2 5
2. (i) 5*=125 (i) 2¢=16 @ii) 23°=1 (iv) 5'=5
1 !
) 2" =3 (vi) 9> =3 (vii) 105 =100000  (viii) 4~ = "
1
3. (1) x=4 (i) x=0 «(i)x=8 (iv)y x=——  (v) x=8 (vix=10
1000
{( Exercise23 )
1. (i) 3 (i) 1 (i) —2 (iv) 2 v) =5 (vi) 5

2. (i) 1.6335. (i), 2.7627 (iii) 0.2971 (iv) —-1.0575  (v) —1.3279  (vi)—3.4510
3. () 3.5019- (i)' 1.5019 (iii)-1.4981 4. (i) x=1015 (i) x=15.56

(iii) x £0:0003681 (iv) x=0.02675  (v) x=2270  (vi) x =0.009585
(( EXERCISE 2.4 ))
L oG 1 (i) 7 (i) -2 (iv) 2 ) 5 (vi) 1

243
ab

4
X'z
2. () log45 (i) log27  (iii) 6 log,b (iv) log; x%y (v) log, — (vi) In
y c

3 1
3. (i) logll—log5 (ii) =log, 2+3log,a (iii)2Ina+b-Inc (iv) g[logx+logy—logz]
2

) §1n2+lnx (vi) 5[10g2(1—a)—10g2 b] 4. (i) x=5 (ii)x=4 (i) x=-10
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p—
.

@

o |
12. (@ 5 (b) 6’“ 13. @ 8 (b) 45 (¢) 27 (d)
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(iv) x=5 V)x=22  (vi) x= 5% 5. () 2960 (i) 23.62 (iii) 1.339
(iv) 14.21 6. M=3 7. 14 years 8. 17.17°C
@(rEViEW EXERCISE2))

() ¢ ()b ()b (@(v)d (v a (vic (vi)d (viije (x)d ()¢
(i) 5.67x10* (i) 7.34x 10  (iii) 3.3 x 10? 3. (i)2600 (ii) 0.0008794
(ii) 0.000006 4. (i) log,2187=7 (i) log c=b (iii) log,, 144 =2
() 4=8 (i) 9°=729 (iii) 4°= 1024

7

1 3
(i) x=3 (i x=-2 (iii)x=—g 7. () logx—6 (i) log2 (i) log,2
y

1 3
(i) logx-+logy+6log:z (i1) —[ Slog, m+3log, n] (ii1) —[ log 2 +log x]
6 ) 2

(i) 4.086 (i) 1133 (iii) 24.01  10. 2035

{( exercisesa )

(i) {x|x=m’,neNAl<n<22} (i) xIx=2",ne NAl<n<8}
(i) {x|xe Z A-1000 <x <1000} (iv). fx|x=6nneNA1<n<20}
v) {x]x=100+2nne WA0<n<150} (vi) pi{x|x=3"new;

(vii) {x]|x is adivisor of 100} (vil))” {x|x=5n,neNA1<n<20}

(ix) {x|xe Z A 100 < x 1000} 2. %) '43,6,9,...,36} (i) {_%}

>iii) {2,3,5,7, 11} @iv) {1,2,4,8,16,32,64,128}  (v) {2,4,8,16,32,64,128}

(vi) {} (vii) {1,2, 334, 5,...} (viii) { }

yes, { } or @ 5.. {a, b} is a set containing two elements a and b while {{a, b}} is a
set'Containing one element {a, b}

G 1 (i) 4 (1i1)/128 (iv) 256 ) 4 (vi) 8

@ {0,193, {11}, {912}}

(D) ot L L I L I Do o i s sl i)

(i) {0,{0}} _ (V){o,{a}, {{b,c}}, {a, {b,c}}}

{( exercises2 )

() #=46,12,18,24,30}, B = {8, 16,24} (ii) 4~ B= {24} (iii)gj
(iy~G=11,2,4,8, 16, 32, 64, 128},

H=1{1,4,9,16,25,36,49, 64, 81, 100, 121, 144}
(i) GUH={1,2,4,8,9, 16,25, 32, 36, 49, 64, 81, 100, 121, 128, 144}
(iii) G H= {1, 4, 16, 64}
Q) PnO=12,3,57" (i) PuO=1{1,2,3,56,7,10,11,13,14,15,17, 19}
9 8. 130 9. 9 10. 18 11. (@) {1,2,...,49,90,91,...,100} (b)40

e/
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(exercisess))

i
. 54
L) {(1,1),(22),3,3),44); i ()
Domain of (i) = {1, 2, 3, 4} ’
Range of (i) = {1, 2, 3, 4} 31 °(3.3)
21 *(2,2)
1T 1,0
7 01 5 5 4 5 %
51
. 414 x(14)
(i) 5l % (23) {(1,4),(2,3),(3,2), (4, 1}
) ’ . Domain of (i) = {1, 2, 3, 4}
o Range of (ii) = {1,2, 3, 4
A D) ange of (ii) = { }
01 5 3 4 5 %
vy
5¢
44
(i) {(1, 1D, (1,2),(1,3),(2,1),2,2), 3, D} 3«
Domain of (iii) = {1, 2, 3} PY RV
Range of (iii) = {1, 2, 3} N
: IBRRREIE
54
41 X X X
31 x X
(IV) 2+ X {(27 4)7 (3: 3), (37 4)’ (4: 2): (47 3): (4’ 4)}
4 Domain of (iv) = {2, 3, 4}
— & Range of (iv) = {2, 3, 4}
0f 1 2 3 4.5 ¥
2. Fig (1) does not represent a function. Fig (2) represents a function, which is a bijective function.
Fig (3) represents a function, which is a bijective function.
Fig (4) represents a function, which is an into function.
5 10 5
3. (1) 2 a)=7 (i4d (Gv)2 (v) 17 (vi) Z 4. a=2,b=1 5. a= ?,b=—g
4 14
6. x=6 7. ¢c=—,d=—
3 3
@ reviEwExercises P
1. (i) b (i) c (@i)a (@v)d (v) d (vijb (vi)b (vii)d (ix)a x)b
2. (1)1{2,4,6,8,10,...} (i) {3,5,7,9, 11, ...} (iii) {0, 11,22, 33, 44, 55, 66, 77, 88, 99, 110}
ivie (v) @ vi)o (vi){0} (viii) Q 3. () {1,3,5,7,9}
(ii) {6,7, 8,9, 10} (1ii) {1,2,3,4,5,6,8, 10} (iv) {6,8,10} (v) @
(vi) {1,2,3,4,5,6,7,8,9,10} (vii) {1,3,5,7,9}  (vii) ©
T 4 263 .
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41
8. {10,20,30,40,50,...} 10. (i) —2 (i) —9 (iii)—? (iv) 5 (v) 645 (vi) 95

7 16 15
1. a=—,b=— 12. 15 13. m=—,n=5
6 3 16
14. 4=1{1,2,3,...,30}, B={31,32,33, ..., 55}, C=1{76,77,78, ..., 100}.
AUBUC={1,2,3,...30,31,32, ..., 55,76, 77, ...,100}

15. (@) 150  (b) 30 (c) 30 (d) 90 16. (@) 260  (b) 160  (c) 40 d) 50

((exercise 4.1)

1. () 6(x+2)  (i)5y@y+4) (iii)—3x@x+1)  (iv) 4ab(a + 2b) (V)X =3x +2)
(vi) 3ab(a — 3b + 5) 2. () 5(+3) (i) (rD+3) (i) (et 2) b S (iv) (x+2)
3. D@ +Hr-3) G) G+ +2) (i) c-Hr—-2) (V) (x =8 *7)
V) = 12)(x+2) (VDO +6)(y—2) (ViDE+D@+4)  (vii) (¥ 2)x + 1)
4. () Qx+DE+3) (i) @e+5)x+3) (i) @+ D +3)  ([iv)@xt 2)(x + 1)
V) Gy-2)—-3) i) Qv— D —2) (vii) @z - 3)z - 2) . (¥ii).(3x + 2)(3 — x)

((exercise42))

1. (i) (2= 6xy + 92 (2x% + 6xp + 9?) (ii) (@’ — dab + 8b°)(a’+ dab + 8b7)

(i) (22— 2x + 4)(2 + 2x + 4) (iv) (2 — 4 1Bt dx + 1)
(V) (= 6xp + 3p7)(x’ + 6xy + 3)7) (Vi) (¥ =3xp + )7 + 3xy +37)
2. (1) (x> +5x +5)? (i) (x*= 5x + 3)( x> — 5x — 13)
(iii) (2x% + 7x + 4)? (iV)3x? + 5x + 6)(3x> + 5x + 2)
(V) (2 + 4x + 6)(x2 + 8x + 6) V% - 5x + 2)(x2+5x +2)
3.() Qc+1P (i) Ga+4by (i) @F6yY  (iv) 2x— 5
4. () (Sa-1)25+5a+1) (i) "(dx + 5)(16x2— 20x +25)  (iii) (2 — 3)(x'+ 322 + 9)

(iv) (10a + 1)(100a”— 10a 1)\ (v) (Tx +6)(49x7— 42x +36)  (vi) (3 — 8)(9 + 24y + 64y7)

((exercise 43))

1. ()HCF=7xy (i) (HCF=2x-3y (iii) HCF =x® +x + 1 (iv) HCF = a(a + 3)
(vVHCF=¢+1 (vi)HCF=x+8 2. ()HCF=3x-2  (ii) HCF = X’ —4x +3
(iii) HCF =2@™% 1) (iv) HCF=x(x—2) 3. (i)LCM =124 (i) LCM = x*(x + 1)

(iii) LCMSa(a—2)? (iv) LCM =x(x*—16) (v LCM =44 —x)(x +3) 4. 1>~ 12y+35

5. gx)=9% (¥ -ad) 6. 12X'(x—a)(x +a)’
((ExercisE44))
1. (1) +(x-4) (i) +(3x+2) (iii) + (6a + 7) iv)+ 8y -2)

(v) +V2(10/=3)  (vi) £ V10(2x + 3)
2. (1) +@2x?-7x-3) (i) +(11x°-9x-12) (i) + (x>~ Sxy +17) (iv) + @Qx*—3x +7)
3. x=2or x=4 4., x=5 5.x=0,x=1 or x=2 6.x=1 or x=3

ReviEw ExERCISE )
L G a ()b Gi)b (Ve )¢ (i)a @iDe (vma (e ()a

4 264 .
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2. (i) 2x(2x*+9x—6)
(iv) —(+3)(x+20) (V) (2x+1)(x+3)
(viii) x(x+9)(x*+9x+38)

3. (i) LCM = 8x2(x+2)(x+3), HCF = 4x
(iii) LCM = (x — 4)(x + 42, HCF = x + 4

4. +(4x™+1) 5. 3 years or 5 years

(i) (x+4y)(x*—4xy+16y°)
(vi) (2 +4x+8)(x*—4x+8)

Answers

(iii) (xy — 2)(xH’+2xy+4)
(vii) (2 4+2x+3)(x*—2x+3)

(ix) (x* + 6x — 3)?

(i)

LCM =x(x—-1)(x-3)(x+4), HCF=x-1

(iv) LCM = x(x + 2)(x>— 9), HCF = x — 3

((exercisesa))

L0 x=3¢———————
1
(iii) x=—g bR S S S A S £
—14
(V) x=-14 20 15 10 5 0 5 10
. < °
2. () x<4<4+—+———F—+—+—+>
86 -4-2 0 2 4 6 8
L ————
(iii) x>0 <—+———F+—4—"—+—+—
8 -6-4-2 0 2 4 6 8
2 < ?
\% x<—<—|—|—|—|—|-H+0-I—|—|—I—>
) 5 4321 0931 2 3 4
y
3. . A
(1) Y
L6
A
T
. (310
X > » X
yl
N
(ii1)
o/ﬂii
'//
/|
wif
, (2]0) -
X 5 »X
/
0.3
/
\
yl
4 265

54

(i) x =-54 DT 450 73:0 72:0 71:0 R 2:0\
'x:71,====1===1=\
(iv) 8 6 -4 2 (0 2ANI6 8
(Vi) x=6 <AH—+——F——+— >
-8 6 4 £2%0 2 4 6 8
< o
(11) x<7e|_|—‘|——|——|—|_|_|—|\ >
8 642 (o 2 4 6 8
(iv) x<40<4+—+—4+—+—+—+++—>
72015105 0 5 10 15
. ® >
V) x>2 —4+—+—+—+—t+—+—+—+—
-3 -2-1 0 1 2 3 4
.o y
(1)
0,3) 5
»\)/\ -
X’ 0 710) »> X
yl
. y
(iv)
<
YA
4
7.0)
X" 0 X
/0
/s
A/f
(015
r
y/
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Answers
) v
: 3y-14 0
- 1
o T
: 7 o > x
x' <€ 7 > x
Ty
\ 2 V)
2. (1) (11) }
> A
Nl 4 0K 5
< X /
xx;ﬁ’o S 1
o 01 G0 N > ¥ 0 I/](T]0) > x
d Z (0-1)
7 10,-2) 3
r —
v )
A . y
v
(iii) (iv) l;r*
/
= //,\)‘
L /v | ||
X’ ) € > x
/V
v 4
0.3 A
SERN Ry o=
%
. (710) =
X X
3 »
0 (210) ¥ 1\ 3 ﬂ
0]-2)
\/ Y’
’ y
y .
) Y (vi)
A (0,5
A= N y
N yrd NE
0, X' o D) (; 5 X
* 5
B N (0]-1) B S
~ > x 7
0 GDRNN 5
\ 4
Vv
4 266
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((exercises2))
1. Maximum at the corner point (16, 12)
2. Maximum at the corner point (0, 5)
3. Maximum at the corner point (0, 4)
4. Minimum at the corner point (0, 3)
5. Maximum at the corner point (2, 6)
6. Maximum at the corner point (9, 0) and minimum at the corner point (0, 3)
@(review exercises )P
1.()c ()c (i)c (@{Av)d (V)b (vijb (vi)b (vii)c (ix)b (x)b
1
2-(1)x=—53 T S O R S A i‘(ll)x=53 £ S S S SR S S
(i)x<3 T T+ (iVxs-] T+

v N y

3 (i) ] A (ii) Nl
N 04
L N
B o
GIN Vol X
dn dEND o T dn 0 CEEE N
X
(043) .
r//l \\

Y

y v
4. Maximum at the corner point«(0, 4). 5. Minimum at the corner point (%, %j

{( exercise s )

1 () 1425° ()02, 225° (i) 4,320°  (iv) 3, -150°  (v) 3%,210°
2. () 123°27.01%6" (i) 58°47'20.76"" (iii) 90° 34’ 4.08"'
3. () 65.5375°. % (i) 42.3125° (i) 78.76°
T T 3n ° o o
4 () 3 rad () < Gi) rd s (@) 1129 (i) 396°  (iii) 210
6. (i) (a) 6.28cm (b) 18.84 cm?>  (ii) (a)4cm (b) 3.06 cm?
7. 754 cm?, 16.67% 8. 6.25% 9. 12cm,S5cm
{( exercises2 )
L4 3 45 5 43 5 L0 4
1. (& (@ — () — @) — @Gv) — (v) — (vi) — (vi))— (viii)) — ix) — x) —
5 3 3 4 3 4 3 4 5
8 158 17178 15 17 11 8
b O — @ — @) — @Gv) — (v) — (vi) — (vii) — (vii) — (ix) — x) —
17 17 15 15 8 15 8 15 8 17
T 4 267 .
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5 12 5 13 13 5 12 13 13 5
(© ) — @) — (i) — ({v) — v) — (Vi) — (vii) — (vii)) = (ix) = () —
13 13 12 5 12 12 5 12 5 13

Answers

2 0 S ) ) W W ()
.G - i) — (i) — (Gv) — (v) — (vi) —
b b a b b c
4. (1) cos 60° (ii) sin 60° (iii) cot 60° (iv) cot 30° (v) cos 30° (vi) sin 30° (vii) cos 45°
a a c b a
(viii) cot 45° (ix) sin 45° 5. () — (@()— ai)— @Gv)— () —
b b a c c
. a L C ..a . b c
(vi) — (vil) = (viii) — (ix) — x) —
b b c c a
(Exeraise63 )
5 2 3 3 NG
1. () cos=—, tanO=—=, cosecO=—, secO=—=, cot =—
3 J5 2 Js 2
(i) in 0 l tan 0 \/; 0 1 0 ! t 6 .
ii sinf=— ,tanO= — cosec= —=,sec 0= =, cot= —=
4 ; N A
(iii) 0 : 0 2 0 5 0 \/g th=2
iii sin = —=, cos 0 = —=, cosec 0 = ,sec0="5—,cot0=
U :
, b 1 3 1
(iv) sin 6 = ,cos0=—,tan 0= 24/2cosec0= —=,cot0 = —
3 3 N 2
. 2 3 \F \[ 5
v) sinf= ,/—,cos0=,[—,tan0=",|— ,cosecO= ,[— ,secO= ,|—
5 5 3 3
{(exercises.4)
1 3 3 1
1. (i) — (i) — (i) — (iv) \/g V) 2 (vi)— (vil)— (viil) —
2 2 3 2
(ix) & )2 (xi) ﬁ (xil) —
3 2 2
1
2. (i) £ (ii) ﬁ (iii) 2\/5 (iv) 1 v) 0 (vi) — (vii) £ (viii) 2
2 2 2 2
3.0 (i) % (i) \2
2
(exercisess)
1. ()x =icm, z =icm (i) x = \/gcm, z:\/gcm (iii)lecm,yzx/gcm (iv)x=4cm, z:4x/zcm
NE) NE)

2. () b=4dom, moA=2564° maC=6436° (i) b= 42em, mcA=mC= 45° 3. 6042 m

4. (i) a=3cm,b=6cm, msA=30°

NOT FOR SALE-PESRP

(i) b=8~/2 cm,c=8cm, mo4=45°
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Answers
(i) b=6 \/gcm, msA=634°, msC=26.6° (iv) b=8cm,a=4 V3 cm, m<C = 30°

V) a= %cm,b=%cm, mZC = 60° (vi) c¢=8cm, mL4=36.9°, mLC=53.1°

5. 12m, .18 rad 6. 5\/5_cm 7. 7.75m 8. 8m 9. (i) 16 cm (ii) Scm

((Exeraise 66 )

1. 6928 m 2. 2.89cm 3.35.7° 4.11.55m 5.86.6m  6.49.98°  7.33.69°

87.4m 9. 142.5m,109.2m 10. 91.92m
((REVIEW EXERCISE 6))
1. () d (i) a (i)a @Gb (v c (vib (viDd (viia (ix)d ((x)a
2 @ () rad ) T i) —Frd (b)) 127° 307 ()OS (i) 123°45
. (@ (1) —ra 11 ra 111) — ra 1 i1 ° (i1 °45"
12 240 24

3
4, sinh=— , cosf = i , csc6=ﬂ , secO'= E , cot@=£

N 11 3 2

5. 56.42m 6. 9.06 m

((exercisg 1))

1. (i) Right half plane (i) The 1% quadrant (iii) y-axis  (iv) x-axis (v) 4™ quadrant
and negative y-axis  (vi) Origin (vii)'It is a line bisecting 1% and 3™ quadrant.

(vii) The set of points lying on and right side of the line x = 3.
(ix) The set of points lying above x-axis. (x) The set of points in 2™ and 4" quadrants.

2 G) W13 i) 45 i) VS3 Gv) V113 3.G) @ V2 ) 2429

N 7
(i) (a) (— —) ® 3,1 (© (—2 5,—j 4. (i) ( 176, 7)is at distance
3 2.2 3

of 15 units from the origin. ~ (ii) (10,-10) is not a distance of 15 units from the origin.
(iii) (1, 15) is not a-distance from the origin. 6. h=0

7. h=1 8. ,C(0,-3) ; radius = /26 9.h=-10orh=6

(( Exercise 7.2 ))

1. (ym=10=45° (i)m=-9,a=96°20" (iii)m=0w,a=90° 3. (i) k=-11
23

(i) k=— 5. (a) lines are neither parallel nor perpendicular.

2
(b) lines are neither parallel nor perpendicular. 6. (@ y+9=0 b)x+5=0
()7x—y+47=0 (d) y+3=0 (e) x+8=0 ® x-7y-16=0
(g) 5x+y+7=0 (h) 4x3y+12=0 (i) 4x+y+36=0

1 23
© .

7. 4x+2y-37=0 8. 2x-3y-10=0 9. 24x+y-259=0
. 111 L XY : 11
10. (@) (1)) y=—x+— (i) ——+-—=1  (iii) xcos (116.57°) + ysin (116.57°) = ——=
2 4 - 245
2 4
T 4 269 .
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(®) @) - + 2 (i1) S (iii) (60.26°) + y sin(60.26°) 2
1 =X+ 11 —t— = 111) X COS . Sin . = —
SR ’ Jes
2 7
) 8 1 Xy . 3
© () y=—x-—-— (i) —+—=1 (iii) xcos (298.07°) + ysin (298.07°) = —
15 5 3001 17
8 5
11. (a) Parallel (b) Perpendicular  (c) neither parallel nor perpendicular.
12. 2x-T7y+57=0 13. x+y+3=0
(( Exercise 7.3 ))
1. /85 =~ 922km 2. (10,5) 3. ~J6l~ 781m 4. /3921943 km
5. (6,11) 6. (5,7 7. 4\/5 ~21.5units 8. 26 units 9. 10\/§ = 22.4 units
10. Perimeter =20 units 11. 16 units
(revViEW EXERCISET)))
1. () ¢ (i)a (@i)b (vya (v) b (vija (viDb (vilha=(ix)c (x)d
1 4 2
2. 52 3 (-LEJ 4. 3 5. y=2x+1 _6. P 7. 97 ~ 9.85 units
3
8. (6,5 O. 5,4\/Ez 144 units  10. (a)y="3x+2°  (b) y—2=-3(x1)
y=2 x- y X y 3% 2 o . o 2
©) =—— d) Z+==1 (e) + £ (f) x cos(-71.56") + y sin(-71.56")= —
7.2 44 2 % Jio &0 o Jio
((exercises))
1. ()a (i) d (Gi)ec (v)al b (vi)a (vi)ec (vii)b (@(x)c ()b
{(exerciseor))
1. Similar 3. mDF=10cmy mEF =8cm 4. ()x=3cm (i) x=2.25cm (iij) x=2.19 cm
2 | _
5. 10cm 6. 7.11m (/7 x=10§cm,y=8cm, z=l3gcm 8. mCE =15cm 9. 18v2
5
((exercises2))
1. (1) 1:9 (@) 9:16  (iii) 4149 (iv) 64:81 (v) 36:25 2. (i) 86.4 cm?
(i) 106..67cm? (iii) 7.03125 cm?*  (iv) 150 cm?  (v)12.6cm 3. (a) 100 cm?
(b) 64cm’> 4. 5§cm2 5. 1024 cm’ 6. % 7. 22.5 cm? 8. 289 cm?
((exercise93))
27 2 . .. 16 . . . .
1. — 2.— 3.(1) — (ii)) — 4. (i) 648 cm® (ii) 4 cm? (iii) 2744 cm® (iv) 8 cm 5. (1)42.67m?
64 3 5 25
(i) 810 cm’ 6. )90m’ (ii) 1250 m’
((exercise94))
1. () 1440° (i) 120°  (iii) 72° (iv) 9 sides  2.42.42cm’ 3. m/ABC = 110°
T 4 270 .
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mZBCD =70°, m£ZCDA=110° 4. The shape can tessellate, with interior angles summing to 360°.

5. 600 reflections needed to cover the square. 6. 1623.8 cm® ,190 cm 7. 180 tiles
8. 35 gallons 9. 6 litres 10. 45m’

(rEviEW EXERCISEY )
1. () a (@G)b (@i)b (@v)d (v)c (vi)d (vi)c (viii)a (ix)b (x)d
3. 4:1,8:1 4. (a) 1:100 (b)1:1000 (c) 1:10  (d)1:1 5. 1.69 litres, 4 litres
6. 125 millilitres, 216 millilitres 7. (a) 1:50(b) 1:125000 (c) 3cm  (d) 7500 cm?
8. (a)12:13  (b) 1728:2197 10. 6.69 m’

{( exercise 101 )
1. () y=3x-5 (ii) y=-2x%8
|
10 5120
> 15

5 4 3 2 10 2 3 4 5 2
_ / 4

=10 5\
-15 -6 4 2 0 2 N\
120 =5

y=05x-1 )
(1ii) 2..(1) y=x+2-5x-6
q 1o

N B N ©

X

35 A 25 2-15-1\0i50] 05 1 1.5 £ 25 3 35"
=2
6

Y ©3

A A4
L I
(i1) y=x+x-2 (iii) y=x+3x+2x
\ Aol 10f”
o SA 8 8
A\ \ 6 6
4 4
2 2
T4 3 Q\Lg/ 2 3 4 "3 259 15-1 050 051 1,52 25"
=2
=4 =4
-6 6
-8 _8vy'
10y’
4 271 -—

NOT FOR SALE-PESRP



Mathematics - 9

Answers

Graph of y =4"

y
70

60
50
40

30 1

(iv) y=5x*-2x-3 3.
14
12
10 0]
!
8 &
6 a
=
af-— i
5 ~
—5—4—3—2—1&(1/ 2 3 45
—4
-6
(i) Graph of y=57"
Aky
70
60 ~ |
50 G N
|
40 N
|
30 N\
) \
20 L \-
10
x!
—3—2—1?123456
. 2
(iv) y=5+3 W)
Y
‘N 10
[ 8
- 6
4
e )
~10 -8 -6 -4 -2 2 4 6 810
8
10
4 272
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. 3 4
(iii) 1
YTx-3
T
\ 10
8
6
Vertical 44
Asymptote 5 i
10 -8 6 4 2 4 6'[8 10
2
4 Y Horizontal
6 Asymptote
8
10
1
y=x
10]”
8
6
4
2
4 X
o 1 23 4 5 6
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Answers

. y:3x% ..
(vi) 1oy (vii)
8
6
4
, 2
X X
43 -2-10 1 2 3 4
—4
-6
-8
—10");’
{( exercise 102 )
1. 2.
y=2x"—4x+3
|
N X
D) S2-15-1-050[/0/5 1 1.5 2
4 3210 1 2.374 5 6
Gradient=4 -6
v
Gradient =7
3. y=1000¢" 4.
A AP
1200 | — 1500
10001 —
800
600
400
200
0 >
2016 2017 2018 2019 20202021 2022 2023 2024 2025

273
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(b) From the graph, students’ strength in 2019 is
approximately 50, and in 2023 approximately 1.
5. S(x) = 45000 + 4500x 6. (a) x=40Dbags
Ty (b) Profit=Rs. 6300
100000 (©) 1
80000 4000 Break-even point 0%
3000 RO
60000 20x
2000 - 12004
40000 1000 |
| X
' >
20000 N 0] 10 20 30 40.50.60 70 ~
> C(x) = 1500 + 10xa 022
0 1 2 3 4 5 6 8. ST )

Shahid’s salary increases linearly with years of
service and rises by Rs. 4500 for every year.

7. 1y
100

80
60
40
20

V=

of 2 4 6 81012141'6=

»

0] 100200300 400
Cost of 200 shirts = Rs. 11500

(reViEw EXERCISE 10)))
(1) ¢ (v)a (v) a (vi)b (vi)a (vii)d (ix)b (x)b

Profit for 500 newspapers = Rs.. 4930

1. () d (e

. - .. 2
2. (i) y=3 (i) y==<
oy LT a
| y
= 10
< 7h
P a 6
'\ I5
WA 4
2 3
pd 1\ P
‘—3—2—10" 1 23 4 57
4 274
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3. (a)

4.

§'=200000(1- ¢ ***)

Aky
200000

180000
160000
140000
120000
100000
80000
60000
40000
20000

X
>

0" 10 20 30 40 50 60

(b) Fort=15, S =44239.84 and for t = 35,

4. (a)

Answers

T 5 43 20 42 3

_5 L ¢
~10]

v

S =165245.2
(b) y= 15 ¥ § =2+ A - D -3)
'y a
25| / 20l
20 | "
I N X' 5\ X
10 Lo~ TS 5 43 200 N 456
5 O\ >
icr 1 \ x =10
5 /A3 -2 -] 1 23 5 7 Tt
-5 Gy =20
NETN PN 25
| 30
l 220 , v
. v
\ & Ap . Ay @*
NS 700 100000 o~ -8
600 80000 DA (e
)
500 60000 \
400 iy 40000 (63, 75790)
300 L% QQ/ 20000 Break-even point
200 4 A >
]’ 3 0] 20 40 60 80 100120 140 160 180
00 %
« 2 Profit = Rs. 35000
~25-20-15-10 -5 Oy "5 10 15 20 25
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Mathematics - 9 Answers
(( REVIEW EXERCISE 11 ))
1. () b (i) a (@i)c (@(v)a (v) a (vija (vi)b (vii)d (ix)c (X) ¢
{( exercisk 21))
1. (i) 53 (i) 39 (iii) 36 (ivi6and 15 (v)5 (vi) (24—-28) (vii) 44 (viii) 44
2. | Class limits | Tally marks f 3. | Class limits | Tally marks f
144 — 146 i 4 15-19 I 2
147 — 149 If 3 20-24 Il 3
150 — 152 N 7 25-29 N 5
153 - 155 M 5 30 -34 NN 10
156 — 158 Iif 4 35-39 N 6
159 - 161 i 4 40 - 44 il 4
162 — 164 1 Total =30
165 - 167 H 2 Frequemly‘m on histogram
Total Zf= 30 5- cale
|On x-axis: 2 boxes=5 units
4. |Class limits Tally marks| f 35 (On y-axis: 1 box_=5 units
33-38 | 1 . "
39 -44 N | 6 20
45 -50 WM N 15 A 'S
51-56 it 4 5
57762 ““ | 6 0 9.5 145 | 195 | 245 | 295 | 345 | 395 | 445 x
Class daries
Total Xf=30
i1i() Histogram of marks obtained by students
6. |No. of heads | Tally marks ,«‘ 7. - -
O ”’H\ 5 N 8n x-ax@s: %goxeszg gnits_
n y-axis: oxes=0.5 unit
. U i
2 rHl‘ |||| 9 .rl.Df.
R TN 14 3 ]
4 W 9 o
5 M | 6 s __F
Total >f=50 X
345 395 445 495 545 | 595 645 | 69,5
8. Frequency polygon on histogram Class Boundarie:
J
1 el ey {( Exercise 122 )
15 1. ()1667 (i) X=0 (i) X=14.04
EID (iv) X =14.57 2. Median height = 56.5 inches
o Vi \\ 3. () X=92.1 (ii) X =90 (i) X'=90and 95
. 4. (1) Xf=84, XfX=2223, X=26.46
o= _1 R (i) Median =26.64, c.f.=9, 27, 62,79, 84
Class Boundaric 5. Mode=17.44
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6. X =Rs.437, X =Rs.437, X =Rs. 425, Rs. 435, Rs. 450 7. Zx=23600

8. Mean =4.20, Median = 4, No mode 9. Mode > Median > Mean
10. Median = 15, Mode = 15, Mean=15.2,160 > 156.5 > 154.33

11. Median = 16.11, Mode = 17.25, Mean =15.70
12. 266 years,11 months and 10 days, average age of 19 boys = 13 years, 3 months and 4 days approx.

13. (i) X =190 (i) X =710 (i) X =40 (v) X=123

14. }(Haris) =70 , Y(Maham) =58.6, ?(Minal) =40, Haris will get awarded amount.

15.  X=21.17 16. X=54.13 17. X.=Rs120.74 18. X.=Rs20.25 (in thousands
19. Average budget = 6.6 (million) 20. X,=76.9 marks

(reviEW EXERCISE 12))
1. ()b (i)a @(i)d (@Gv)a (v)d (vic (vil) ¢ (viid)=d (ix) b (x) a

3 (a) Frequency table taking size of class limits as 10 (b) wow yweight of 40 students
Class Tally f )
TS [TES On vanis 1 box = 2 unie
119-128 ||| 4 &
129138 | N( |l 7 o —
139148 | M I I 13 = o —
149158 | W Il 9 i —
159168 | 5 4
169-178 | || 2 . Xy
Total =40 118.5 } 123.5} Cl:j I‘S'SJ i1{.:41.5} 168.5} 178.5
Frequency polygon of weight of 40 students Vi) Frequency polygon on histogram
(c) 4.
.) ') cale
N |On x-axis: 2 boxes=10 units A On x-axis: 2 boxes=5 units
|On y-axis: T:boX =42 units On y-axis: 1 box =2 units
" A :
Y = AU
s ) s
E. Y p /
. AN 4 Y ™
2 3 R 1 — X
0 7 T1235 [1335] 143.5] 1535 163.5]173.5 07 Ta93s 545 | 595 645 695 745 | 79.5 | 845 7
Midooi ‘ Cass‘Bwnd:*rie*
5. ()44 (i) 19.5,24.5,29.5,34.5,39.5,44.5 (i) 22,27,32,37,42,47 (iv) 5
6. Frequency polygon on histogram 7. Rs.473.81
N \ L 8. The average of funds allocation in each
6 ||| Ony-axis: 1 box_=2 units sector is Rs. 10,000
1 \ 9. 80 marks 10. 108 kg
5o é AK 11. Median = 6, Mode =6
g° 12. Mean = 918.09, Median = 940.46,
s / 27§ Mode = 958.33
=4 S5 X
0 45 [ 95 [ 145 ] 195 | 245 (295 | 345 i
| | | ClassBoundaries | | | |
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((exercisE 3.1))
2 11 11 1 1 4 7 1 2 9 9
1. - 2. (1) — i) — (i) — iv) — 3. (1) — i) — (i) — @(@v) — (v) — (vi) —
3 ()12 ()36 ()9 ()6 ()11 ()11()11()11()11()11
1 2 1 1 11 14 13
4. P(getting3 or4)= — , P(not getting3 or4)=— 5. (i) —(i1)) — (i) — iv) — V) —
(getting ) 3 (not getting ) 3 ()30()5()30 ()15 ()15
1 1 1 11 5 1 11 1 3
6. 0.15 7. i) — i) — iii) — iv) — (v) — 8. i) — i) — 9. () — i) —
()4 ()6 ()6 ()12()6 ()13 ()13 ()13 ()4
((exercise 132)
1. 2. No. of 3.
l;()' (;lf f r.f. defective f rf X f r.f.
e per sample
30 4 1
0 60 — 0 120 — 0 10 —
147 25 10
25 14 23
1 50 — 1 140 — 1 23 —
147 75 100
29 3
2 87 = 2 94 A7 2 15 =
98 375 20
20 17 1
3 40 — 3 85 g 3 25 -
147 150 4
16 21 9
4 32 — 4 105 — 4 18 —
147 150 50
5 1 9
5 15 — 5 50 — 5 09 —
98 15 100
5
6 10 = 6 40 L Total | £f=100
147 75
33
Total | Xf=294 q 66 —
150
1
8 50 —
15
Total > f=1750
4. () 37% (i) 19%((ii). freshjuice (iv) biryani 5. 83.33~ 83 6. Rs.60
X 0 1 2 3 4 5 6
P(X) 0.11 0.21 0.17 0.18 0.09 0.17 0.07 g
Expected/Frequency 22 42 34 36 18 34 14 86 times

(ReviEW EXERCISE 13))

1L () c™i) b (i)e (@(va (Wa i)c (vi)b (viijec (x)d )b 3. (i)%

Lo 10 o8 13 18 L 1 o | ) L1 08
my — () — @Gv) — (v) — 4. (1) - 1) — 1) — iv) — 5. (1) — (i) =
()23()23()23()23 ()8 ()2 ()2 ()8 ()13()26
6. No. of tails 0 1 2 3 4 5 6 Total
f 110 90 105 80 76 123 16 Xf=600

Relative 1 3 7 2 19 41 2

Frequency 60 20 40 15 150 200 75
7. Relative frequency = % =0.68

Expected frequency of non-defective items = 17
278 U
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Glossary

Antilogarithm: An antilogarithm is the inverse operation of a logarithm.

Axiom: An axiom is a mathematical statement that we believe to be true without any evidence or
requiring any proof.

Biconditional p < ¢: The statement p — ¢ A g — p is shortly written as p <> ¢ and is called the
biconditional or equivalence.

Binary Relation: Any subset of 4 x B is called a binary relation, or simply a relation, from A4 to B..

Centroid: The point of concurrency of the medians of a triangle is called centroid-of the triangle.

Characteristic: The characteristic is the integral part of the logarithme Itdells us how big or small the
number is.

Circular Measure (Radian): It is defined as, “the angle subtended at the centre of a circle by an arc
whose length is equal to the radius of the circle”.

Circumcenter: The point of concurrency of perpendicular bisector of the sides of a triangle is called
circumcenter.
Common Logarithm: The common logarithm is thedogarithm with a base of 10. It is written as log;,

or simply as log (when no base is mentioned, it 1s\usually assumed to be base 10).
Conditionals related with a given conditional: Let p and g be the statements and p —> ¢ be a given

conditional, then
@) q —.p 1§ called the converse of p — g;
(i1) ~ p.~— ~qis called the inverse of p — ¢;

(ii1) ~q -~ p is called the contrapositive of p — gq.
Conjecture: A conjecture'is a'mathematical statement or hypothesis that is believed to be true based on
observations but has notwyet been proved.

Conjunction: The conjunction of two statements p and ¢ is symbolically written as p A ¢ (p and q).
A conjunction'is considered to be true only if both statements are true.

Deductive Proof: Deductive reasoning is a way of drawing conclusions from premises believed to be
true. If the premises are true, then the conclusion must also be true.

th
1
Degree: A degree (°) is a unit of measurement of angles. It represents (— j of a full rotation around
360

a point.
Disjunction: The disjunction of p and ¢ is symbolically written as p Vv g (p or g). The disjunction
PV ¢ is considered to be true when at least one of the statements is true. It is false when both of them

are false.
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Domain: The set of the first elements of the ordered pairs forming a relation is called its domain.
Event: The set of results of an experiment is called an event

Expected Frequency: Expected frequency is a measure that estimate how often an event should be
occurred depended on probability.

Experiment: The process which generates results e.g., tossing a coin, rolling a dice, etc. is called an
experiment.

Favourable Outcome: An outcome which represents how many times we expect the things to be
happened.

Feasible region: A region which is restricted to the first quadrant is referred to as a feasible region for
the set of given constraints.

Feasible solution: Each point of the feasible region is called a feasible solution'of the System of linear
inequalities (or for the set of a given constraints).

Frequency Polygon: A frequency polygon is a closed geometrical figure used to display a frequency
distribution graphically.

Implication or conditional: A compound statement of the form if-p then g (p = ¢) also written as p
implies g is called a conditional or an implication. p is called the antecedent or hypothesis and g is
called the consequent or the conclusion.

Incentre: The point of concurrency of the angle bisectors of a triangle is called incentre of the triangle.

Linear Equation: An equation of the form ax + b =0Where ‘a’ and ‘b’ are constants, a # 0 and ‘x’ is a
variable, is called a linear equation in one variable.

Linear Functions: A linear function is a polynomial function of degree 1.

Loci: A locus (plural loci) is a set of points,that follow a given rule. In geometry, loci are often used to
define the positions of points relativetorone another or to other geometric figures.

Logarithm of a Real Number:~The logarithm of x to the base b is y, means that when b is raised to
the power y, it equals x. Therelationship between logarithmic form and exponential form is given as
log,(x) =y < b =x where b>0,x>0and b # 1..

Logic: Logic is a systematic method of reasoning that enables one to interpret the meanings of
statements, examine their truth, and deduce new information from existing.

Mantissa: The mantissa is the decimal part of the logarithm. It represents the "fractional" component
and is always positive.

Measures of Location (Central Tendency): The measure that gives the centre of the data is called
measure of central tendency.

Natural Logarithm: The natural logarithm is the logarithm with base e, where e is a mathematical
constant approximately equal to 2.71828.

Negation: If p is any statement, its negation is denoted by ~p, read ‘not p’. It follows from this definition
that if p is true, ~p is false, and if p is false, ~p is true.

Non-negative constraints: The variables used in the system of linear inequalities relating to the
problems of everyday life are non-negative and are called non-negative constraints.
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Non-Terminating and Recurring Decimal Numbers: The decimal numbers with repeating a pattern
of digits after the decimal point are called non-terminating and recurring decimal numbers.

Objective function: A function which is to be maximized or minimized is called an objective function.
Optimal solution: The feasible solution which maximizes or minimizes the objective function is called

the optimal solution.
Orthocentre: The point of concurrency of the altitudes of the triangle is called orthocentre of the

triangle.
Outcomes: The results of an experiment are called outcomes e.g., the possible outcomes of tossing a
coin are head or tail.

Point of concurrency: A point of concurrency is the single point where three or more lines, tays or line
segments intersect or meet in a geometric figure.
Problem constraints: The system of linear inequalities involved in the problem concerned is called

problem constraints.

Range: The set of the second elements of the ordered pairs forming a relation is called its range

Relative Frequency: Relative frequency is an estimated probability of an event occurring when an
experiment is repeated a fixed number of times.

Sample Space: The set of all possible outcomes of an experiment is/called sample space.

Scientific Notation: A number in scientific notation is written as: ax10” , wherel <a <10 and n € Z.
Here “a” is called the coefficient or base number.

Similar Solids: Two solids are said to be similar ifithey have same shape but possibly different sizes.
Two solids are similar if lengths of the corresponding sides are proportional.

Similarity of Polygons: Similar figures have/same shape but not necessarily of same size.

Slope or Gradient of a Line: The measure of steepness (ratio of rise to the run) is termed as slope or
gradient of the inclined path.

Square Root of an Algebraic Expression: The square root of an algebraic expression refers to a value
that, when multiplied by itself, gives the original expression.

Statement: A sentence or mathematical expression which may be true or false but not both is called a
statement.

Terminating Decimal Numbers: A decimal number with a finite number of digits after the decimal
point is called a terminating decimal number.

Tessellation: Actessellation is a pattern of shapes that fit together perfectly, without any gaps or overlaps,
covering a plane.

Theorem: A theorem is a mathematical statement that has been proved true based on previously known
facts.

Triangle Inequality Theorem: The sum of the measure of any two sides of a triangle is always greater
than the measure of the third side.
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Symbols Stands for Symbols Stands for
= is equal to v for all
# is not equal to T pi
€ belongs to/element of e euler constant
¢ not belongs to/not element of °C degree celsius
A logical and °F degree fahrenheit
\Y logical or log logarithm
U union In natural logarithm
N intersection AB line segment AB
> is greater than m AB measure of line segment 4B
< is less than AB ray AB
< is less than or equal to E line AB
> is greater than or equal to ZABC angle ABC
* is not greater than m-ABC measure of angle ABC
« is not less than AABC triangle ABC
| such that |4B| length of 4B
c subset AB arc AB
z not a,subset [ is parallel to
c proper subset b's is not parallel to
) superset L is perpendicular to
? not a superset - if . . . then or implies
O or{} empty set 0 theta
therefore/so ¢ phi
since a alpha
= is approximately equal to ° degree
~ is similar to / telly mark
= implies that X arithmetic mean
=S if and only if X. weighted mean
|x| absolute value of x X median
\/_ square root b e mode
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Logarithms

Mean Difference

3 4 5 6 7 8 9
13 17 21 26 30 34 38
12 16 20 24 28 32 37
12 15 19 23 27 31 35
11 15 19 22 26 .30 33
11 14 18 21 25 28 32
10 14 17 207 24 27 31
10 13 16 20, 23 26 30
10 12 16 19 22 25 29
12.°15,18 21 24 28
12 15,17 20 23 26
11 714 17 20 23 26
117 14 16 19 22 25
11 14 16 19 22 24
10 13 15 18 21 23
10 13 15 18 20 23
12 15 17 19 22

10 0000 0043 0086 0128 0170
0212 0253 0294 0334 0374

11 0414 0453 0492 0531 0569
0607 0645 0682 0719 0755
12 0792 0828 0864 0899 0934 0969

1004 1038 1072 1106

13 1139 1173 1206 1239 1271
1303 1335 1367 1399 1430

14 1461 1492 1523 1553
1584 1614 1644 1673 1703 1732
15 1761 1790 1818 1847 1875 1903

1931 1959 1987 2014

16 2041 2068 2095 2122 2148
2175 2201 2227 2253 2279
17 2304 2330 2355 2380 2405 2430

2455 2480 2504 2529

=
o

NN NN N NN N NN e ww ww wlw wfw wls e R

2
9
8
8
7
7
7
7
7
6 9
6 9
6 9
5 8
5 8
5 8
5 8
5 7
18 2553 2577 2601 2625 2648 5 7 9 12 14 16 19 21
2672 2695 2718 2742, 2765 5 7 9 11 14 16 18 21
19 2788 2810 2833 2856 2878 4 7 9 11 13 16 18 20
2900 2923 2945 2967 2989 4 6 8§ 11 13 15 17 19
20 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 4 6 8 11 13 15 17 19
21 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 4 6 8 10 12 14 16 18
22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 4 6 8 10 12 14 15 17
23 3617 3636 3655 3674 3692 3711 3729, 3747 3766 3784 4 6 7 9 11 13 15 17
24 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 4 5 7 9 11 12 14 16
25 3979 3997 4014 4031 4048 4065, 4082 4099 4116 4133 3 5 7 9 10 12 14 15
26 4150 4166 4183 4200 4216+, 4232 4249 4265 4281 4298 3 5 7 8 10 11 13 1S
27 4314 4330 4346 4362 T 4378 4393 4409 4425 4440 4456 3 5 6 8 9 11 13 14
28 4472 4487 4502 4518 w4533 4548 4564 4579 4594 4609 3 5 6 8 9 11 12 14
29 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 | 1 3 4 6 7 9 10 12 13
30 4771 4786 48004814 4829 4843 4857 4871 4886 4900 | 1 3 4 6 7 9 10 11 13
31 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038 | 1 3 4 6 7 8 10 11 12
32 5051 5065 4, 5079 5092 5105 5119 5132 5145 5159 5172 | 1 3 4 5 7 8 9 11 12
33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 | 1 3 4 5 6 8 9 10 12
34 5315 5328 . 5340 5353 5366 5378 5391 5403 5416 5428 | 1 3 4 5 6 8 9 10 11
35 5441 > 5453 5465 5478 5490 5502 5514 5527 5539 5551 | 1 2 4 5 6 7 9 10 11
36 5563 /5575 5587 5599 5611 5623 5635 5647 5658 5670 | 1 2 4 5 6 7 8 10 11
37 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786 | 1 2 3 5 6 7 8 9 10
38 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899 | 1 2 3 5 6 7 8 9 10
39 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010 | 1 2 3 4 5 7 8 9 10
40 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117 | 1 2 3 4 5 6 8 9 10
41 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 | 1 2 3 4 5 6 7 8 9
42 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325 | 1 2 3 4 5 6 7 8 9
43 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425 | 1 2 3 4 5 6 7 8 9
44 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 | 1 2 3 4 5 6 7 8 9
45 6532 6542 6551 6561 6571 6580 6590 6599 6609 6618 | 1 2 3 4 5 6 7 8 9
46 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 | 1 2 3 4 5 6 7 7 8
47 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803 | 1 2 3 4 5 5 6 7 8
48 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893 | 1 2 3 4 4 5 6 7 8
49 6902 6911 6920 6928 6937 6946 955 6964 6972 6981 | 1 2 3 4 4 5 6 7 8
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Logarithms

o . ) 3 4 5 6 . 8 9 Mean Difference

1 2 3 4 5 6 7 8 9
50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 1 2 3 3 4 5 6 7 8
51 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152 1 2 3 3 4 5 6 7 8
52 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235 1 2 2 3 4 5 6 7 7
53 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316 1 2 2 3 4 5 6 6 7
54 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396 1 2 2 3 4 5 6 6 7
55 7404 7412 7419 7427 7435 7443 7451 7459 7466 7474 1 2 2 3 4 5 5 6 7
56 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 1 2 2 3 4 5 5 6 7
57 7559 7566 7574 7582 7589 7597 7604 7612 7619 7627 1 2 2 3 4 5 5 6 7
58 7634 7642 7649 7657 7664 7672 7679 7686 7694 7701 1 1 2 3 4 4 5 6 7
59 7709 7716 7723 7731 7738 7745 7752 7760 7767 7774 1 1 2 3 4 4 5 6 7
60 7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 1 1 2 3 4 4 5 6 6
61 7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 1 1 2 3 4 4 5 6 6
62 7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 1 1 2 3 3 4 5 6 6
63 7993 8000 8007 8014 8021 8028 8035 8041 8048 8055 1 1 2 3 3 4 5 5 6
64 8062 8069 8075 8082 8089 8096 8102 8109 8116 8122 1 1 2 3 3 4 5 5 6
65 8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 1 1 2 3 3 4 5 5 6
66 8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 1 1 2 3 3 4 5 5 6
67 8261 8267 8274 8280 8287 8293 8299 8306 8312 8319 1 1 2 3 3 4 5 5 6
68 8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 1 1 2 3 3 4 4 5 6
69 8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 1 1 2 2 3 4 4 5 6
70 8451 8457 8463 8470 8476 8482 84838 8494 8500 8506 1 1 2 2 3 4 4 5 6
71 8513 8519 8525 8531 8537 8543 8549, 8555 8561 8567 1 1 2 2 3 4 4 5 5
72 8573 8579 8585 8591 8597 8603 8609 . 8615 8621 8627 1 1 2 2 3 4 4 5 5
73 8633 8639 8645 8651 8657 8663 8669 . 8675 8681 8686 1 1 2 2 3 4 4 5 5
74 8692 8698 8704 8710 8716 8722 8727 . 8733 8739 8745 1 1 2 2 3 4 4 5 5
75 8751 8756 8762 8768 8774 8779, 8785 8791 8797 8802 1 1 2 2 3 3 4 5 5
76 8308 8814 8820 8825 8831..,8837 8842 8848 8854 8859 1 1 2 2 3 3 4 5 5
77 8865 8871 8876 8882 " 8837 8893 8899 8904 8910 8915 1 1 2 2 3 3 4 4 5
78 8921 8927 8932 893878943 8949 8954 8960 8965 8971 1 1 2 2 3 3 4 4 5
79 8976 8982 8987 8993 8998 9004 9009 9015 9020 9025 1 1 2 2 3 3 4 4 5
80 9031 9036 90429047 9053 9058 9063 9069 9074 9079 1 1 2 2 3 3 4 4 5
81 9085 9090 9096 9101 9106 9112 9117 9122 9128 9133 1 1 2 2 3 3 4 4 5
82 9138 9143 4, 9149 9154 9159 9165 9170 9175 9180 9186 1 1 2 2 3 3 4 4 5
83 9191 9196 9201 9206 9212 9217 9222 9227 9232 9238 1 1 2 2 3 3 4 4 5
84 9243 9248 9253 9258 9263 9269 9274 9279 9284 9289 1 1 2 2 3 3 4 4 5
85 9294 »9299 9304 9309 9315 9320 9325 9330 9335 9340 1 1 2 2 3 3 4 4 5
86 9345 9350 9355 9360 9365 9370 9375 9380 9385 9390 1 1 2 2 3 3 4 4 5
87 9395 9400 9405 9410 9415 9420 9425 9430 9435 9440 0 1 1 2 2 3 3 4 4
88 9445 9450 9455 9460 9465 9469 9474 9479 9484 9489 0 1 1 2 2 3 3 4 4
89 9494 9499 9504 9509 9513 9518 9523 9528 9533 9538 0 1 1 2 2 3 3 4 4
20 9542 9547 9552 9557 9562 9566 9571 9576 9581 9586 0 1 1 2 2 3 3 4 4
91 9590 9595 9600 9605 9609 9614 9619 9624 9628 9633 0 1 1 2 2 3 3 4 4
92 9638 9643 9647 9652 9657 9661 9666 9671 9675 9680 0 1 1 2 2 3 3 4 4
93 9685 9689 9694 9699 9703 9708 9713 9717 9722 9727 0 1 1 2 2 3 3 4 4
94 9731 9736 9741 9745 9750 9754 9759 9763 9768 9773 0 1 1 2 2 3 3 4 4
95 9777 9782 9786 9791 9795 9800 9805 9809 9814 9818 0 1 1 2 2 3 3 4 4
96 9823 9827 9832 9836 9841 9845 9850 9854 9859 9863 0 1 1 2 2 3 3 4 4
97 9868 9872 9877 9881 9886 9890 9894 9899 9903 9908 0 1 1 2 2 3 3 4 4
98 9912 9917 9921 9926 9930 9934 9939 9943 9948 9952 0 1 1 2 2 3 3 4 4
929 9956 9961 9965 9969 9974 9978 9983 9987 9991 9996 0 1 1 2 2 3 3 3 4
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Antilogarithms

0 1 2 3 a 5 6 7 s 9 Mean Difference

1 2 3 4 5 [3 7 8 9
00 | 1000 | 1002 | 1005 | 1007 | 1009 | 1012 | 1014 | 1016 | 2019 | 2022 | 0 O 1|1 1 1|2 2 2
.01 | 1023 | 1026 | 1028 | 1030 | 1033 | 1035 | 1038 | 1040 | 1042 | 2045 | 0 0 1|1 1 1|2 2 2
.02 | 1047 | 1050 | 1052 | 1054 | 1057 | 1059 | 1062 | 1064 | 1067 | 2069 | 0 O 1 (1 1 1|2 2 2
.03 | 1072 | 1074 | 1076 | 1079 | 1081 | 1084 | 1086 | 1089 | 1091 | 1094 | 0 0 1 (1 1 1|2 2 @
.04 | 1096 | 1099 | 1102 | 1104 | 1107 | 1209 | 1112 | 1124 | 1127 | 1119 | 0 1 1 [ 1 1 2|2 2.2
.05 | 1122 | 1125 | 1127 | 1130 | 1132 | 1235 | 1138 | 1140 | 1143 | 1146 | O 1 1 [ 1 1 2|20 2 |2
.06 | 1148 | 1151 | 1153 | 1156 | 1159 | 1161 | 1164 | 1167 | 1169 | 1172 | 0 1 1 [ 1 1 24 2% 27 2
.07 | 1175 | 1178 | 1180 | 1183 | 1186 | 1189 | 1191 | 1194 | 1197 | 1199 | 0 1 1 [ 1 1 2 fh2.2 2
.08 | 1202 | 1205 | 1208 | 1211 | 1213 | 1216 | 1219 | 1222 | 1225 | 1227 | 0 1 1 [ 1 _ 1 22 2 3
.09 | 1230 | 1233 | 1236 | 1239 | 1242 | 1245 | 1247 | 1250 | 1253 | 1256 | 0 1 1 [ 1. a 2] 2 2 3
.10 | 1259 | 1262 | 1265 | 1268 | 1271 | 1274 | 1276 | 1279 | 1282 | 1285 | 0 1 1 [ 1 " 2|2 2 3
.11 | 1288 | 1291 | 1294 | 1297 | 1300 | 1303 | 1306 | 1309 | 1312 | 1315 | 0 1 @ f 172 2|2 2 3
12 | 1318 | 1321 | 1324 | 1327 | 1330 | 1334 | 1337 [ 1340 | 1343 | 1346 | 0 1. 1.f1 2 2|2 2 3
.13 | 1349 | 1352 | 1355 | 1358 | 1361 | 1365 | 1368 | 1371 | 1374 | 1377 | 0. 1 &1 2 2|2 3 3
.14 | 1380 | 1384 | 1387 | 1390 | 1393 | 1396 | 1400 | 1403 | 1406 | 14094 0 =1 1 [ 1 2 2|2 3 3
.15 | 1413 | 1416 | 1419 | 1422 | 1426 | 1429 | 1432 | 1435 | 1439 |/1442 | O 1 1 (1 2 2|2 3 3
.16 | 1445 | 1449 | 1452 | 1455 | 1459 | 1462 | 1466 | 1469 | 1472, 14765 0 1 1 (1 2 2|2 3 3
.17 | 1479 | 1483 | 1486 | 1489 | 1493 | 1496 | 1500 | 1503 | 1507 | 1520 | 0 1 1 (1 2 2|2 3 3
.18 | 1514 | 1517 | 1521 | 1524 | 1528 | 1531 | 1535 | 1538 | 1542 [ 1545 [ 0 1 1|1 2 2|2 3 3
.19 | 1549 | 1552 | 1556 | 1560 | 1563 | 1567 | 1570 | 1574 |ja578 | 1s81 | 0 1 1 (1 2 2|3 3 3
.20 | 1585 | 1589 | 1592 | 1596 | 1600 | 1603 | 1607 [ 1611 | 1614 | 1618 | 0 1 1 (1 2 2|3 3 3
21 | 1622 | 1626 | 1629 | 1633 | 1637 | 1641 | 1644 |,1648 | 1652 | 1656 | 0 1 1 (2 2 2|3 3 3
.22 | 1660 | 1663 | 1667 | 1671 | 1675 | 1679 | 46837 1687 | 1690 | 1694 | 0 1 1 (2 2 2|3 3 3
.23 | 1698 | 1702 | 1706 | 1710 | 1714 | 1718 | 1722 f 1726 | 1730 | 1734 | 0 1 1|2 2 2|3 3 4
.24 | 1738 | 1742 | 1746 | 1750 | 1754 | 1758 | 1762 | 1766 | 1770 | 1774 | 0 1 1 (2 2 2|3 3 4
.25 | 1778 | 1782 | 1786 | 1791 | 1795 |%1799 | 1803 | 1807 | 1811 | 18166 | 0 1 1 (2 2 2|3 3 4
.26 | 1820 | 1824 | 1828 | 1832 | 4837 | 1841 | 1845 | 1849 | 1854 | 1858 | 0 1 1 (2 2 3|3 3 4
.27 | 1862 | 1866 | 1871 | 1875+ 1879 | 1884 | 1888 | 1892 | 1897 | 1900 | 0 1 1 (2 2 3|3 3 4
.28 | 1905 | 1910 | 1914 | 1919471923 | 1928 | 1932 | 1936 | 1941 | 1945 | 0 1 1|2 2 3|3 4 4
.29 1950 | 1954 | 1959 | 1963 |=1968 | 1972 | 1977 | 1982 | 1986 | 1991 | O 1 1 2 2 3 3 4 4
.30 1995 | 2000 | 2004<| 2009 | 2014 | 2018 | 2023 | 2028 | 2032 | 2037 | O 1 1 2 2 3 3 4 4
.31 | 2042 | 20464f 2051 | 2056 | 2061 | 2065 | 2070 [ 2075 | 2080 | 2084 | 0 1 1 (2 2 3|3 4 4
.32 | 2089 | 2094 | 2099 | 2104 | 2109 | 2113 | 2118 | 2123 | 2128 | 2133 | 0 1 1 (2 2 3|3 4 4
.33 | 2138|2143 | 2148 | 2153 | 2158 | 2163 | 2168 | 2173 | 2178 | 2183 | 0 1 1|2 2 3|3 4 4
.34 | 2188 (12193 | 2198 | 2203 | 2208 | 2213 | 2218 | 2223 | 2228 | 2234 | 1 1 2 |2 3 3|4 4 s
.35 |\ 2239 [2244 | 2249 | 2254 | 2259 | 2265 | 2270 | 2275 | 2280 | 2286 | 1 1 2 (2 3 3|4 4 s
36n) 2291 | 2296 | 2301 | 2307 | 2312 | 2317 | 2323 | 2328 | 2333 | 2339 | 1 1 2|2 3 3[4 4 5
.37 | 2344 | 2350 | 2355 | 2360 | 2366 | 2371 | 2377 | 2382 | 2388 | 2393 | 1 1 2 |2 3 3[4 4 5
38| 2399 | 2404 | 2410 | 2415 | 2421 | 2427 | 2432 | 2438 | 2443 | 2449 | 1 1 2|2 3 3|4 4 5
.39 | 2455 | 2460 | 2466 | 2472 | 2477 | 2483 | 2489 | 2495 | 2500 | 2506 | 1 1 2 (2 3 3[4 5 5
.40 | 2512 | 2518 | 2523 | 2529 | 2535 | 2541 | 2547 | 2553 | 2559 | 2564 | 1 1 2 (2 3 4|4 5 5
.41 2570 | 2576 | 2582 | 2588 | 2594 | 2600 | 2606 | 2612 | 2618 | 2624 1 1 2 2 3 4 4 5 5
.42 | 2630 | 2636 | 2642 | 2649 | 2655 | 2661 | 2667 | 2673 | 2679 | 2685 | 1 1 2 (2 3 4|4 5 6
.43 | 2692 | 2698 | 2704 | 2710 | 2716 | 2723 | 2729 | 2735 | 2742 | 2748 | 1 1 2 (3 3 4|4 5 6
.44 | 2754 | 2761 | 2767 | 2773 | 2780 | 2786 | 2793 | 2799 | 2805 | 2812 | 1 1 2 (3 3 4|4 5 6
.45 | 2818 | 2825 | 2831 | 2838 | 2844 | 2851 | 2858 | 2864 | 2871 | 2877 | 1 1 2 (3 3 4|5 5 6
.46 | 2884 | 2891 | 2897 | 2904 | 2911 | 2917 | 2924 | 2931 | 2938 | 2944 | 1 1 2 (3 3 4|5 5 6
.47 | 2951 | 2958 | 2965 | 2972 | 2979 | 2985 | 2992 | 2999 | 3006 | 3013 | 1 1 2 (3 3 4[5 5 6
.48 | 3020 | 3027 | 3034 | 3041 | 3048 | 3055 | 3062 | 3069 | 3076 | 3083 | 1 1 2 (3 4 4|5 6 6
.49 | 3090 | 3097 | 3105 | 3112 | 3119 | 3126 | 3133 | 3141 | 3148 | 3155 | 1 1 2 [ 3 4 4|5 6 6
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Mathematics - 9 Antilogarithms

0 1 ) 3 4 5 6 . s 9 Mean Difference

1 2 3 4 5 6 7 8 9
.50 3162 3170 | 3177 | 3184 3192 3199 3206 | 3214 | 3221 | 3228 1 1 2 3 4 4 5 6 7
.51 3236 | 3243 | 3251 | 3258 | 3266 | 3273 | 3281 | 3289 | 3296 | 3304 1 2 2 3 4 5 5 6 7
.52 3311 | 3319 | 3327 | 3334 | 3342 | 3350 | 3357 | 3365 | 3373 | 3381 1 2 2 3 4 5 5 6 7
.53 3388 | 3396 | 3404 | 3412 | 3420 | 3428 | 3436 | 3443 | 3451 | 3459 1 2 2 3 4 5 6 6 7
.54 3467 | 3475 | 3483 | 3491 | 3499 | 3508 | 3516 | 3524 | 3532 | 3540 1 2 2 3 4 5 6 6 7
.55 3548 3556 | 3565 3573 3581 3589 3597 | 3606 | 3614 | 3622 1 2 2 3 4 5 6 7 7
.56 3631 3639 | 3648 | 3656 3664 3673 3681 | 3690 | 3698 | 3707 1 2 3 3 4 5 6 7 8
.57 3715 3724 | 3733 3741 3750 3758 | 3767 | 3776 | 3784 | 3793 1 2 3 3 4 5 6 7 8
.58 3802 3811 | 3819 | 3828 3837 3846 | 3855 | 3864 | 3873 | 3882 1 2 3 4 4 5 6. 7 8
.59 3890 3899 | 3908 | 3917 3926 3936 | 3945 | 3954 | 3963 | 3972 1 2 3 4 5 5 6 7 8
.60 3981 3990 | 3999 | 4009 | 4018 | 4027 | 4036 | 4046 | 4055 | 4064 1 2 3 4 5 6 6 7 8
.61 4074 | 4083 | 4093 | 4102 4111 4121 | 4130 | 4140 | 4150 | 4159 1 2 3 4 5 6 7 8 9
.62 4169 | 4178 | 4188 | 4198 | 4207 | 4217 | 4227 | 4236 | 4246 | 4256 1 2 3 4 5 6 7 8 9
.63 4266 | 4276 | 4285 | 4295 4305 4315 | 4325 | 4335 | 4345 | 4355 1 2 3 4 5 6 7 8 9
.64 4365 | 4375 | 4385 | 4395 4406 | 4416 | 4426 | 4436 | 4446 | 4457 1 2 3 4 5 6 7 8 9
.65 4467 | 4477 | 4487 | 4498 | 4508 | 4519 | 4529 | 4539 | 4550 | 4560 1 2 3 4 5 6 7 8 9
.66 4571 | 4581 | 4592 | 4603 | 4613 | 4624 | 4634 | 4645 | 4656 | 4667 1 2 3 4 5 6 7 9 10
.67 4677 | 4688 | 4699 | 4710 | 4721 4732 | 4742 | 4753 | 47647 4775 1 2 3 4 5 7 8 9 10
.68 4786 | 4797 | 4808 | 4819 | 4831 | 4842 | 4853 | 4864 | 4875 | 4887 1 2 3 4 6 7 8 9 10
.69 4898 | 4909 | 4920 | 4932 | 4943 | 4955 | 4966 | 4977+, 4989 | 5000 1 2 3 5 6 7 8 9 10
.70 5012 5023 | 5035 5047 5058 5070 | 5082 | 5093| 5105 | 5117 1 2 4 5 6 7 8 9 11
71 5129 | 5140 | 5152 | 5164 | 5176 | 5188 | 52004 5212 |+5224 | 5236 1 2 4 5 6 7 8 10 11
.72 5248 | 5260 | 5272 | 5284 | 5297 | 5309 | 5321 | 5333 | 5346 | 5358 1 2 4 5 6 7 9 10 11
.73 5370 | 5383 | 5395 | 5408 | 5420 | 5433 | 5445 | 5458 | 5470 | 5483 1 3 4 5 6 8 9 10 11
.74 5495 | 5508 | 5521 | 5534 | 5546 | 5559 | 55727 5585 | 5598 | 5610 1 3 4 5 6 8 9 10 12
.75 5623 5636 | 5649 | 5662 5675 5689 5702 | 5715 | 5728 | 5741 1 3 4 5 7 8 9 10 12
.76 5754 5768 | 5781 5794 5808 5821 5834 | 5848 | 5861 | 5875 1 3 4 5 7 8 9 11 12
.77 5888 5902 | 5916 | 5929 5943 5957 5970 | 5984 | 5998 | 6012 1 3 4 5 7 8 10 11 12
.78 6026 6039 | 6053 6067 6081 6095 6109 | 6124 | 6138 | 6152 1 3 4 6 7 8 10 11 13
.79 6166 | 6180 | 6194 | 6209 | 6223 | 6237 | 6252 | 6266 | 6281 | 6295 1 3 4 6 7 9110 11 13
.80 6310 6324 | 6339 |/6353 6368 6383 6397 | 6412 | 6427 | 6442 1 3 4 6 7 9 10 12 13
.81 6457 6471 | 6486 |=6501 6516 6531 6546 | 6561 | 6577 | 6592 2 3 5 6 8 9 1 12 14
.82 6607 6622 | 6637 | 6653 6668 6683 6699 | 6714 | 6730 | 6745 2 3 5 6 8 9 1 12 14
.83 6761 6776 | 6792 6808 6823 6839 6855 | 6871 | 6887 | 6902 2 3 5 6 8 9 11 13 14
.84 6918 6934 | 6950 | 6966 6982 6998 | 7015 | 7031 | 7047 | 7063 2 3 5 6 8 10| 11 13 15
.85 7079 7096 | 7112 | 7129 7145 7161 7178 | 7194 | 7211 | 7228 2 3 5 7 8 10 [ 12 13 15
.86 7244 7261 | 7278 | 7295 7311 7328 | 7345 | 7362 | 7379 | 7396 2 3 5 7 8 10 [ 12 13 15
.87 7413 7430 | 7447 | 7464 7482 7499 7516 | 7534 | 7551 | 7568 2 3 5 7 9 10| 12 14 16
.88 7586 7603 | 7621 | 7638 7656 7674 | 7691 | 7709 | 7727 | 7745 2 4 5 7 9 11| 12 14 16
.89 7762 7780 | 7798 | 7816 7834 7852 7870 | 7889 | 7907 | 7925 2 4 5 7 9 11|13 14 16
.90 7943 | 7962 | 7980 | 7998 | 8017 | 8035 | 8054 | 8072 | 8091 | 8110 2 4 6 7 9 11|13 15 17
91 8128 | 8147 | 8166 | 8185 | 8204 | 8222 | 8241 | 8260 | 8279 | 8299 2 4 6 8 9 11|13 15 17
.92 8318 | 8337 | 8356 | 8375 | 8395 | 8414 | 8433 | 8453 | 8472 | 8492 2 4 6 8 10 12|14 15 17
.93 8511 | 8531 | 8551 | 8570 | 8590 | 8610 | 8630 | 8650 | 8670 | 8690 2 4 6 8 10 1214 16 18
.94 8710 | 8730 | 8750 | 8770 | 8790 | 8810 | 8831 | 8851 | 8872 | 8892 2 4 6 8 10 12|14 16 18
.95 8913 8933 | 8954 | 8974 8995 9016 | 9036 | 9057 | 9078 | 9099 2 4 6 8 10 12|15 17 19
.96 9120 | 9141 | 9162 | 9183 | 9204 | 9226 | 9247 | 9268 | 9290 | 9311 2 4 6 8 11 13|15 17 19
.97 9333 | 9354 | 9376 | 9397 | 9419 | 9441 | 9462 | 9484 | 9506 | 9528 2 4 7 9 11 13|15 17 20
.98 9550 | 9572 | 9594 | 9616 | 9638 | 9661 | 9683 | 9705 | 9727 | 9750 2 4 7 9 11 13|16 18 20
.99 9772 | 9795 | 9817 | 9840 | 9863 | 9886 | 9908 | 9931 | 9954 | 9977 2 5 7 9 11 14)16 18 20
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